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On Primitive Groups of Odd Order. 


By Henry Lewis 


INTRODUCTION. 


In his ‘Theory of Groups of Finite Order” (1897), p. 379, Burnside has 
called attention to the fact that no simple group of odd composite order is known 
to exist. Several articles* have recently appeared bearing on this question, in 
which, among other things, it was proved that no such group can be represented 
as a substitution group whose degree does not exceed 100. This result was 
obtained by showing that there is no simple primitive group of odd composite 
order whose degree falls within the given limits. Burnside determined all the 
primitive groups of odd order of degree less than 100.} 

Since any primitive group of odd order is simply transitive, a study of simply 
transitive primitive groups may throw light on the question of simple groups of 
odd order. Some important properties of simply transitive primitive groups 
have been given by Jordan, Miller, and Burnside. 

The main objects of the present paper are; first, to make a further study of 
primitive groups with special reference to those of odd order; secondly, to extend 
the determination of the primitive groups of odd order to all degrees less than 
243. 

It results that all groups arrived at in this determination are solvable. From 
this result it is evident that no simple group of odd composite order can occur 


* Miller, Proc. Lond. Math. Soc., Vol. 33, pp. 6-10. Burnside, Proc. Lond. Math. Soc., Vol. 33, pp. 
162-185 ; 257-268. Frobenius, Berliner Sitzungsberichte (1901), pp. 849-858; 1216-1230. 

¢ At the time of the publication of this work, I had also made this determination with the same 
results. 

} Jordan, ‘‘Traité des Substitutions,” pp. 281-284. Miller, Proc. Lond. Math. Soc., Vol. 28, pp. 533- 
542, Burnside, loc. cit., pp. 162-185. 
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as a substitution group of degree less than 243, since if a simple group is repre- 
sented as a substitution group on the minimum number of letters, it is primitive. 

Part I contains a number of theorems, most of which apply to primitive 
groups whether the order is even or odd, but some use can be made of nearly all 
of them in determining all the primitive groups of odd order of a given degree. 
Part II contains the determination of the primitive groups of odd order whose 


degrees lie between 100 and 243. 
I desire to acknowledge my indebtedness to ——— G. A. Miller for help- 


ful suggestions and criticisms during the preparation of this paper. 


Part I. 


§1.—On the Number of Substitutions of Degree less than n contained in any 
Transitive Group of Degree n. 


Let G be any primitive group of composite order g on the elements 
@,, Az, +--+, @,, and G, the subgroup leaving a given letter a, fixed. Ifn—A, 
is the degree of any substitution of G,, and uw, the number of substitutions of G, 
of this degree, then the total number of substitutions of degree less than n con- 


tained in G is 


where p is the number of different degrees occurring among the substitutions of 


G,. Since w+ Metust.--- +u,= £ , the above summation in the paren- 


theses may be considered as the sum of just £ terms of the form + . We may 


then rewrite the above expression for the number of substitutions of degree less 


than n in the form 
(1) 


Let 2 denote the number of systems of intransitivity of G,, and look upon 
G, as having just one system of intransitivity when it is transitive. Then x + 1 


* Jordan, Liouville’s Journal, Vol. 17 (1872), p. 852. 
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Retz: On Primitive Groups of Odd Order. 3 


is the average value of 4, since the average number of letters in the substitutions 
of an intransitive group is equal to the excess of the degree over the number of 
systems of intransitivity.* Hence we have 


n 


a+ (2) 


The 4’s in this summation cannot all be equal, since identity is included 
among the substitutions of G,. Since the arithmetic mean of any number of 
positive quantities which are not all equal is greater than their geometric mean, 
it follows that 


eat 
A. g 

AQ Ay (3) 
Gg n 
n 

and 

1 
f 1 

=e 

n 


e=l1 (5) 
a=] 
From (2) and (5) it follows that 
a= a= 


* Jordan, Comptes Rendus, Vol. 74 (1872), p. 977. Frobenius, Crelle’s Journal, Vol. 101 (1887), 
p. 288. 
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From (1) and (6) we obtain 
THEOREM 1.—Jn any primitive group G of degree n of composite order g there 


are more than “4 ; substitutions of degree less than n, where x is the number of 
systems of intransitivity of the subgroup which leaves a given letter fixed. 
In particular, for a multiply transitive group,~«=—1. Hence, 


Cor. 1. In a multiply transitive group of degree n more than one-half of the 
substitutions are of degree less than n. 


Cor. 2. If G is of degree kp(pa prime) and of order mp(m prime to p and 
p—1), the subgroup G, has at least p + 1 transttive constituents. 


For a group of this order contains exactly m operators whose orders divide 
m.* But all the substitutions of degree less than kp would be of orders prime 


or >p—l. 

Since mp must clearly be an odd number, 2 must be even. Hence, 
esp+i. 

While it is not our object to treat imprimitive groups, the above theorem 
can at once be extended to any non-regular transitive group. The only change 
in the argument is the substitution of a+ m in expression (1) for x + 1, where 
m represents the number of letters of the transitive group left fixed by the sub- 
group which leaves a given letter fixed. Hence, 


to p. Hence from the above theorem we have x > 


THEOREM 2.—Jn any non-regular transitive group of degree n of order g there 


are more than _ = - substitutions of degree less than n, where x and m are defined 


as above. 


When applied to known groups, I find that in many cases this simple formula 
gives very nearly the actual number of substitutions of degree less than the 
degree of the group. 


* Frobenius, Berliner Sitzungsberichte (1895), p. 1035. 
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§2.—Restrictions on the Order of G, when G, has a Transitive Constituent of 
Degree p, p*, pm or pq(p and g primes and m < p). 


If G is simply transitive, G, is intransitive and conversely. Use will fre- 
quently be made of the following known theorems : 

1. If G, contains an invariant subgroup H, of degree n—a, H, is intransi- 
tive, and of the ~ conjugates to which it belongs under G just a—1, besides 
Hi, (H,,, H,,, -..-, Hs,.—,) occur in G,. These a —1 subgroups generate a group 
of degree n—1. Furthermore, G, transforms H,, H,,, ..-- , Hs,_; in the same 
manner as the elements of one of its constituent groups are permuted.* 

2. Every prime which divides the order of one transitive constituent of G, 
divides the order of each of its constituents. 


THEOREM 3.—Jf in G, all the transitive constituents T,, Tz, 73, ...- of a given 
degree t are of orders 81, 82, 83, ..-- , and if do not contain a 


given prime p occurring as a factor in t, the order of G, is of the form tk, where k 
is prime to p. 

We shall assume that the invariant subgroup H, of G, corresponding to 
identity in 7, is of order h = Ap” (A prime to p, m > 0); this must be the case 
if the theorem is not true. It will be shown that this hypothesis leads to a con- 
tradiction. In HZ, all the substitutions whose orders are powers of p would gene- 
rate a group Hj} of order 4/p” invariant in G,. In the conjugate G, of G,, leav- 
ing fixed an element of 7;, there occurs just 1/t of the substitutions of G,. 
Hence the subgroup H/ would be one of a set of ¢ conjugates transformed by G, 
according to one of its transitive constituents 7’ of degree ¢. In the invariant 
subgroup H; of G, corresponding to identity in 7, all the substitutions are com- 
mon to G, and G,, since thes transform H! into itself. Now H! would be of 
order prime to p). Since in 7; all the substitutions whose orders are 
not prime to p are of degree ¢, all the substitutions whose orders are powers of 
p common to G, and G, are contained in H,. 

If H! contained all the substitutions whose orders are powers of p which 
occur in H,, the subgroup H; would be invariant in G, and G,. But this is 
impossible, since these subgroups are maxiinal. If H} contains only part of these 
substitutions, let P be such a substitution not contained in H/. The order of 


* Miller, loc. cit., pp. 534, 585. T Jordan, loc. cit., p. 284. 
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{H!, P} would then be divisible by p"*+' and there would be common to G, 
and G, subgroups of order p”*', which is impossible, since, by hypothesis, the 
order of H, is not divisible by p”**. Hence the theorem. 


Cor. 1. If G, has a transitive constituent of prime degree p, the order of G, 
is not divisible by p’. 

Cor. 2. [f any number of the transitive constituents of H, are of a given prime 
degree p, the constituent group formed of all these transitive constituents 1s formed by 
establishing a simple isomorphism between them. 

Cor. 3. [fin G, all the transitive constituents of a given degree p* are of class 
p* — 1, the order of G, is not divisible by p*t}. 

Cor. 4. If in G, all the transitive constituents of degree mp(p > m) have p sys- 
tems of imprimitivity, the order of G, is not divisible by p’. 


Lemma. When p and g are distinct primes each of the form 2” + 1, there is 
no imprimitive group of degree pq of odd order whose order is divisible by both p’ 
and q’; and there is no primitive group of degree pq involving in its order only 
the primes p and q. 

The part of this lemma which relates to the imprimitive groups follows at 
once from the fact, that the only transitive groups of degrees p and g whose 
orders are odd are the cyclical groups of orders p and g. Suppose there is a 
primitive group of degree pg of order p"q*. The maximal subgroup Gi, leaving 
a given letter fixed, is then of degree pg—1 and of order p"~'q*—*. Take 
p>q, then, since p*> pg —1, no transitive constituent can be of degree p’(y >1). 
The transitive constituents cannot all be of degree p, since p is not a divisor of 
pq—1. Since pg—1 is not divisible by g, we may assume that some of the 
transitive constituents are of degree p while others are of degrees equal to a 
power of g. But the order of a transitive constituent of degree p is p, and would 
therefore not contain q as a factor, but every prime which divides the order one 
transitive constituent of G, divides the order of each of its transitive constituent. 

THeorEM 4.—I// p and gq are distinct primes of the form 2" +1, and if G, is of 
odd order, and has as a transitive constituent an imprimitive group of degree pq ; 
then, according as T has p or q systems of imprimitivity, the order of G, is not 
divisible by or q’. 

To make the conditions definite, suppose that J has g systems of imprimi- 
tivity. These systems are then permuted according to the cyclical group of 
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order q, and all the substitutions in the tail of 7 are of degree pg. Corre- 
sponding to identity in 7, there is in G, an invariant subgroup H, of degree 
n—a(a<{pg-+ i). If we can show that the order of 4, is not divisible by q, 
our theorem is proved. Let G, be the conjugate of G, which leaves fixed an 
element of 7. Also let R, be the invariant subgroup of G, corresponding to the 
head of 7. In G, the subgroup 4, is one of a set of pq conjugates transformed 
by G, according to a transitive constituent 7, of order pg". According to the 
lemma, 7, is imprimitive and its order is not divisible by both p* and q’. The 
subgroup 7;, leaving a given letter fixed, would leave more than one letter fixed. 
Hence in G, the subgroup 4, is transformed into itself by some of its conjugates. 
Let H,, be one of these conjugates such that H,'H,H, = H,. 4H,, then occurs in 
both G, and G,. Hence, it occurs in R,. If R, contains operators of order q, 
they clearly occur in H,. Hence, H, and H, have the same substitutions of 
order g. But H, is invariant in G, and H, in G,,. The substitutions of order 
q in H, would then generate a group invariant in both G, and G,,. But this is 
impossible, since G, is maximal. Hence the theorem. 


§3.— On Certain Subgroups Contained in G. 


Let p* be the highest power of a prime p which divides the order of G, 
and suppose that the number p is prime to n, the degree of G. Let P be 
any subgroup of order p*. It must be contained in some of the subgroups 


= Gy, Ga, ...., G,, leaving a given letter fixed, since its degree is prime ton. If 


P is of degree n —A(A >1), it is proved by Burnside (‘‘ Theory of Groups,” p. 
202), that the subgroup of G, which contains all the substitutions of G which 
transform P into itself, permutes the 4 elements not occurring in P transitively. 
It is our object to consider the case A=1. Let P’ be a subgroup of order p® 
common to any two of the subgroups G,, G,, G3, ..--, G, such that there is no 
subgroup of order p’(y > @) common to any two of these subgroups. We shall 
first assume @ >0. PP’ must be contained in subgroups P, and P, of order p* in 
those subgroups which leave a given letter fixed in which it occurs. Since, in a 
subgroup of order p*, any subgroup P’ is transformed into itself by operators of the 
group not contained in P’, it follows that P’ is invariant in a subgroup P” of 
P, which is of degree n —1. Likewise in P, the subgroup P’ is invariant in a 
subgroup P’ of degree m —1. Hence, the subgroup P’ is invariant in { P’, P!’} 
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of degree n. Since n=1 mod p, the number of elements of G not occurring in 
P’ is congruent to unity mod p. Also, since P” and P” are each of degree n —1, 
it follows that {P”, P’’| has a transitive constituent of degree 1+ kp (k>0), 
formed of elements not occurring in P’, and whose order is multiple of p. 

When @= 0, the subgroup P is clearly formed by establishing a simple 
isomorphism between regular groups. Hence, 


THEOREM 5.—IJf p* is the highest power of a prime p which divides the order of 
G, and if a subgroup P of order p* ts of degree n —1, then, unless P is a regular 
group or is formed by establishing a simple isomorphism between regular groups of 
order p*, G contains an intransitive subgroup of degree n having a transitive con- 
stituent of degree 1+ kp (k > 0) and of order lp. 


Cor. If p* is the highest power of a prime p which divides the order of G,, and 
of the degree of each transitive constituent of G, is divisible by p*, but at least one of 
them is not divisible by p**', then either a = B or the group G contains a subgroup 
of degree n having a transitive constituent of degree 1+ kp(k>0) and of order 
equal to a multiple of p. 


It may be observed that the theorem and corollary just stated apply to any 
transitive group in which the subgroup which leaves a given letter fixed leaves 
only one letter fixed, as well as to a primitive group. 


§4.—On the Transitive Constituents of G,. 


THeEoREM 6.—I/f G, has an invariant subgroup H, of degree n—a(a>1), 
then G, has at least one transitive constituent whose degree exceeds the degree of any 
transitive constituent of H,. 


Suppose, if possible, that H, has a transitive constituent J such that its 
degree is equal to the degree of the transitive constituents of G, of largest 
degree. 

Consider a conjugate G, of G,, leaving fixed an element of G, not occurring 
in H,. Since H, occurs in both G, and G,, these two groups have at least one 
transitive constituent in the same elements, i.e., in the elements of 7. The 
group {G,, G,} would then be intransitive. But {G,, G,} must be identical 
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with G, since G, is maximal. Hence the hypothesis that H, has the transitive 
constituent 7 leads to an absurdity. 


Cor. If all the transitive constituents of G, are primitive groups of the same 
degree t, then G, is formed by establishing a simple isomorphism between these tran- 
sitive constituents. 


This follows readily from the theorem if we remember that every invariant 
subgroup of a primitive group is transitive. 


THEOREM 7.—Jf G, has as a transitive constituent a regular group T of degree 
t, and if the order of G, exceeds t, then G, has another transitive constituent of degree 
t which has the property that its subgroup which leaves a given letter fixed permutes 
all the remaining letters. 


Consider the invariant subgroup H, of G, corresponding to identity in 7. 
In a conjugate H, of G,, leaving fixed an element of 7, there occur just 1/¢ of 
the substitutions of G, and the subgroup HZ, is one of ¢ conjugates transformed 
according to a transitive constituent 7,. If, in the group 7;, the subgroup which 
leaves a given letter fixed, leaves more than one letter fixed, H, is transformed into 
itself by some of its ¢ conjugates under G,. But the substitutions of H, are the 
only substitutions common to G,and G,. Hence, the transitive constituent T, 
has the property mentioned in the theorem. 


THEOREM 8.—If G, has % systems of intransitivity, and if H, is the invariant 
subgroup of G, corresponding to identity in any transitive constituent T, while G, 
transforms H,,, H,,, ..-.,H,_, (defined as in §2) according to a constituent group 


having u systems of intransitivity, then H, has more than = systems of intransi- 


tivity, excepting when u = 1, and then it has at least 2.* 


If H, has as few as & systems of intransitivity, the « conjugate sets under 

G, into which H,, H,,,..-.-, H, _, are divided could, at most, contain elements 
from (= — 1) “u+1=A—.u+1 of the @ systems of intransitivity of G,, since 


each of the subgroups H,,, H,,,...., H, , must contain at least a cycle from 7. 


* Of. Miller, loc. cit., p. 535 
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These subgroups could not then generate a group of degree n — 1 unless n= 1. 
Hence, by means of 1, §2, the theorem follows. 

Cor. If all the transitive constituents of G, are primitive groups, 
H,,, H,,, ..-++, Hy, cannot be a single conjugate set under G,. 


§5.—On the Transitive Constituents of G, when the Order of G is Restricted 
to be an Odd Number. 


Burnside recently proved the interesting theorem* that, if G is of odd order, 
G, has its transitive constituents in pairs of the same degree. 

Let %,, 5 be the elements of any transitive constituent of 
degree t. The above theorem was proved by considering the quadratic function 


faz (a, + My), 


which is transformed into itself by all the substitutions of G. In this summa- 
tion, a, occurs in the parentheses exactly ¢ times. Hence the function / may 
also be written 


fx (ag, tg, + + ds,) as, 


and it is shown in the proof of the above theorem that the elements 
As, A, A, -+++, @,, are elements of a transitive constituent 7’ of G, distinct 
from 7. The constituents 7 and 7’ will be spoken of asa “pair of transitive 
constituents.” Use will be made of the two ways in which / is written to prove 
some theorems in reference to the transformation by G, of its subgroups 
H,,, H,,,-..., H,_, (defined as in §2) when 4, corresponds to identity in 7. It 


is known (p. 5) that these a —1 subgroups are transformed by G, according 
to one of its constituent groups. But it is not known whether this constituent 
group ever contains elements occurring in H,. Form the conjugate Gs, of G,, 
leaving fixed an element of 7. From the two ways of writing /, it is seen that 
in Gs, the element a, occurs in the transform of 7’; i. e.,in R~'Z7’R, where & 
is such that R-'G,R= G;,. But H, is transformed by G in the same manner 
as a, is replaced. Hence, | 


* Loc. cit., p. 163. 
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THEoREM 9.—Some of the subgroups H,,, H,,, , H,_, are transformed 
according to T' when H, corresponds to identity in T. 
Cor. If the subgroups H,,, H,,, ...., H, _, we a single conjugate set under G,, 


they are transformed according to T' when H; corresponds to identity in T. 


Suppose, next, that G, has only two transitive constituents 7’ and 7. If, cor- 
responding to identity in one of these constituents, say 7’, there is in G, an inva- 
riant subgroup H,, the subgroups H,, H,,, ...- , H,,_, (Cor., Theor. 9) are trans- 


formed by G, according to the elements of H,. Then, for any two of the n 
subgroups H,, H,, .... , H,, which are conjugate under G, one of two relations 


HHH, =H, or Hz 1H,H,= H, (1) 


holds, but both cannot hold for any two of the subgroups. Let x be the number 
of elements common to H, and H,; then = is clearly the number of elements 
common to any two of the H’s. Also, let ~+y be the degree of H,. Let 
My, Ay, bg, ...-, be the elements of H,, and 8,, ...-, 5, 
Ci, Cy, --++ »¢, the elements of H,,, one of the subgroups H,, H,,, ...., H,,_, con- 


tained in G,. Since H, must be transformed according to an element of H, not 
contained in H,, it must be transformed according to one of the a’s. There 
must be substitutions in H, which do not transform H, into itself. If S is such 
a substitution, then S~1H, 8 contains all the a’s, since H,, and S~1H,,8 have just 
x elements in common. But since a,,, according to which H, is permuted, 
occurs in S~'H,S, this latter subgroup cannot transform H, into itself. By 
exactly the same reasoning H, cannot transform S~'H,S into itself. But this 


is contrary to relations (1). Hence, 

THEOREM 10.—J/, in a primitive group G of odd order, the subgroup G, has 
only two transitive constituents, G, is formed by establishing a simple isomorphism 
between them. 

THEOREM 11.—J/f, in a primitive group G of odd order, G, has not more than 
four transitive constituents, and if these are all primitive groups, then it is formed by 
establishing a simple isomorphism between them. 


Since G, has an even number of transitive constituents, we need consider 
only the cases where it has two or four transitive constituents. Since any inva- 
riant subgroup of a primitive group is transitive, and since a simply transitive 
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primitive group of degree: cannot have a transitive subgroup of degree less 
than 7, the theorem follows at once when G, has only two transitive constituents. 

If G, has four transitive constituents, and is not formed according to the 
theorem, there corresponds to identity in some transitive constituent 7 of degree 
¢ an intransitive subgroup H, invariant in G,. It has two or three systems of 
intransitivity. Suppose, first, that H, of degree n —a has three systems. Then 
a—1z=t. In the conjugate of G,, leaving fixed a letter of 7, the subgroup H 
is one of ¢ conjugates. But these a—41 subgroups cannot be conjugate (Cor., 
Theor. 8). It remains to consider the case where H, has two systems of intran- 
sitivity ; then » — a (the degree of H,) is an even number. Hence a—1 is an 
even number and the a — 1 subgroups H,, H,,,..--, H, , could only be trans- 
formed according to a group 7” having two transitive constituents. But by 
Theor. 8 this is impossible. Hence the theorem. 


§6.— Certain Primitive Groups of Odd Order contained in the Holomorph of the 
Abelian Group P of Order p™ (p an odd prime) of Type (1, 1,...-, 1). 


Represent P as a regular group. Suppose that the order of its group of 
isomorphisms ZL is divisible by g" (gq an odd prime). To any subgroup of order 
q" in L there corresponds in the holomorph of P a transitive group of degree p” 
and of order p"g". The subgroup of this transitive group, which leaves a given 
letter fixed, is of order g", and is clearly maximal, if m is the index to which p 
belongs mod g. Hence, 

THEOREM 12.—J/ p"=1 mod gq" (n { 1), m being the index to which p belongs 
mod q, there is a primitive group G of order p™q" contained in the holomorph of the 
abelian group of order p™ of type (1,1, ..-+, 1). 

Cor. 1. If g” ts the highest power of q which divides p™ — 1, there ts only one 
group G satisfying the above conditions. 

Cor. 2. If p—1(p #8) ts not divisible by 3, there exists a primitive group G 
of degree p* and of order 3p’. Furthermore, if p— 1 ts divisible by 3, there is no 
primitive group of degree p* whose order is 3p’. 


The first part of this corollary is merely a special case of the general 


theorem. 
The second part may be proved as follows: 
By Sylow’s theorem, a group of this order contains a single subgroup P of 
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order p*. Since G is primitive, an invariant subgroup P must be transitive. 
The subgroup is, therefore, regular, and it must be the non-cyclical group of 
order p*. P would contain p+ 1 subgroups of order p, these would have to 
occur in conjugate sets of three, since G cannot contain an invariant intransitive 
subgroup. But p + 1 is not divisible by 3 when p— 1 is divisible by 3. 


§7.— On the Class of Primitive Groups G of Odd Order. 


By the class of a substitution group is meant the smallest number of ele- 
ments in any one of its substitutions besides identity.* 

Let n— wu represent the class of G. For all odd values of uw less than 7 
there exist groups G of odd order of classn— yu. Thus: 


For « = 1, in any non-cyclic invariant subgroup of a metacyclic group. 
For «= 8, in the primitive group of degree 27 of order 27.39. 
For « = 5, in the primitive group of degree 125 of order 125.93.] 


It will now be shown that there is no primitive group of odd order in which 
mis even and less than 6. G, has an even number of transitive constituents in 
pairs of the same degree (p. 10), and is clearly formed by establishing a simple 
isomorphism between its transitive constituents. If w= 2, at least two of the 
transitive constituents must be non-regular, since they are in pairs of the same 
degree. Suppose that ¢, is the degree of one of these non-regular transitive con- 
stituents. It must clearly be of class ¢4;—1. In the constituent of degree 2¢, 
formed by combining these two, every substitution of degree ¢; — 1 would corre- 
spond to a substitution of degree ¢,, or G would contain substitutions of degree 
n—8. But this is clearly impossible, since a transitive group of degree ¢, and 
of class ¢, — 1, the order of the substitutions of degree ¢, is prime to the order of 
those of degree ¢,; — 1. 

It remains to consider the case when n= 4. Here again G, must be formed 
by establishing a simple isomorphism between transitive constituents, not all of 
which can be regular. If ¢, is the degree of any non-regular transitive constitu- 
ent, this constituent must either be of class ¢;——-3 or ¢;—1. Suppose that all 


* Jordan, Liouville, Vol. 16 (1871), p. 408. ft Burnside, loc. cit., p. 180. 
t See p. 30 of this paper. 
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the non-regular transitive constituents are of class one less than their degrees. 
Since there must be an even number of such transitive constituents, it readily 
follows that G, cannot have more than two such transitive constituents or G 
would contain substitutions of degree less than n — 4. But in this case G would 
have no substitutions of degree less than n— 8. Hence G, must have at least 
one transitive constituent 7 of some degree ¢, of class ¢,——3. Now, G, must 
have at least one more transitive constituent 7’ of degree ¢,. This constituent 
must be of class 4, — 1 or f, —1. In combining 7’ and 7” into a constituent of 
degree 2¢,, all the substitutions of degree 4,— 3 in one must correspond to sub- 
stitutions of degree ¢, in the other or G would contain substitutions of degree 
less than n—4. From this it is easily seen that substitutions of degree ¢,— 3 
and those of degree ¢, to which they correspond must be regular. Hence all the 
substitutions of degree ¢, — 3 would be of order 3. Consider the subgroup P; of 
G, corresponding to a subgroup of 7’ of degree ¢,— 3 of order 3* such that there 
is no subgroup of T of order 3*+! which is of degree 4; —3. P, would then be 
invariant in a subgroup of G of degree n, and the 4 letters of G not occurring in 
P, would be transitively connected so that the order of G must be an even num- 
ber. Hence there is no primitive group of odd order of class n — 4. 


Part II. 


§8.—On the Primitive Groups of Odd Order of Degree less than 2438. 


It is known* that all transitive groups of odd order of prime degree are 
invariant subgroups of the metacyclic group. Inasmuch as these groups are 
well known, we shall consider only those primitive groups whose degrees are 
not primes. As already stated in this paper (p. 1), the primitive groups of odd 
order have been determined for degrees not exceeding 100. It is the object of 
this part to extend this determination to all degrees less than 243. We are then 
concerned with the groups whose degrees lie between 100 and 2438. It is stated 
without proof by Burnside (loc. cit., note, p. 185) that any transitive group of odd 
order of degree 3p (p a prime) is imprimitive. We have examined all the com- 


* Burnside, loc. cit., p. 177. 
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posite numbers within the given limits for the degrees of primitive groups of odd 
order, and the results agree with this statement. We shall, therefore, for the 
sake of brevity, omit these degrees. 

Represent by G” a primitive group of odd composite order of degree n. As 
in Part I, let G, denote the subgroup of G” containing all the substitutions which 
leave a given letter a, fixed. The method is, briefly, as follows: 

For each odd degree n (n not a prime nor 3 times a prime) it is assumed 
that a group G” exists. The degree of any solvable primitive group is a power 
of a prime.* Hence, in order to prove that no group G” exists, for a given value 
of n which is not the power of a prime, it is sufficient to prove that there is no 
simple group G", provided there is no simple group of odd composite order of 
degree less than n. As the latter condition is satisfied, it is further assumed 
that G” is simple when it is not a power of a prime. 

We write down for examination all those, and only those, systems of intran- 
sitivity of G, which are not excluded by the conditions, 1°, that every prime 
which divides the order of one transitive constituent divides the order of every 
transitive constituent ;+ 2°, that the transitive constituents occur in pairs of the 
same degree ;{ 3°, that when G” is simple, there can be no transitive constituent 
whose degree is a prime of the form 2”+ 1;§ 4°, that if the degree of one tran- 
sitive constituent is a prime of the form 2"+1, all the transitive constituents 
are of this degree. 

This method of excluding transitive constituents of G, depends, of course, 
on a knowledge of the primes which occur in the orders of transitive groups of 
odd order of degree less than n/2. The following table shows the primes which 
may occur in the orders of transitive groups of odd order of degree less than 
120. The primes written under the degree are the primes which occur in 
the orders of some transitive groups of odd order of the given degree in addition 
to those primes contained in the degree itself. 


* Lettre de Galois, a M. Auguste Chevalier, Liouville’s Journ. (1846), p. 41. 
Tt Jordan, loc. cit., p. 284. t Burnside, loc. cit., p. 165. 2 Miller, loc. cit., p. 6. 
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Degree : 3 5 7 9 11 13 15 17 19 21 23 


Primes : 3 5 3 3 11 
Degree: 25 27 #829 31 33 35 37 39 41 43 45 
Primes: 3 13 7 3,4 5 3 3 6 3,7 
Degree: 47 49 651 58 55 57 59 61 63 65 67 
Primes: 23 3 13 29 3, 5 3 3, 11 
Degree: 69 71 73 + 175 77 79 81 83 85 8687 89 
Primes: 11 5,7 3 3,5 3,18 5,13 41 7 11 
Degree 96 87 99 191 103 105 107 109 111 
Primes: 3 5 3 3 9) 5 3,17 53 3 
Degree : 113 115 117 119 
Primes: 7 3. 

We shall use S,, S,,..-., S&, to represent the sets of systems of intransi- 


tivity of G, which are not excluded by the conditions above stated. The tran- 
sitive constituents thus obtained are either shown to lead to impossibilities or 
the orders and number of the groups are determined. 


§9.—Determination of the Groups G" (100<n < 248). 
G29, 
13, 14, = 138, 18, 39, 39. 

If G, has systems S,, the order of G'® would, by Cor. 2, Theor. 3, be 
5.13.3%7(a p> 2). But G'® would then contain in its order less than 7 prime 
factors, and could not be a simple group.* If G, has systems S,, the order of G 
would be 5.13.7.3° (Cor. 1, Theor. 3). Let » = 45 in Cor. 2, Theor. 1, and it 
follows that does not exist. 


S,=19,19,...., 19. S, = 57, 57. 


G5 would be of order 3%.5.19°. 28. Let » = 23 in Cor. 2, Theor. 1, and it 
follows that G" does not exist. 


* Burnside, loc. cit., pp. 265-268. 
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Gu7, 
S, = 29, 29, 29, 29. 


The order of G, would be, by Cor. 2, Theor. 3, 29.7* (a 1). But G™ 
would then contain in its order less than 7 primes, and could therefore not be a 
simple group. 


G9, 
S, = 59, 59. 


G' would be of order 17.7.59%. 298. Let p=17 in Cor. 2, §1, and it fol- 
lows that G"° does not exist. 


G"!, 
S,= 3,3, ..--,3. S,= 15, 15,...., 15. 
S, = 15, 15, 45, 45. 


If G, has systems S, the order of G'! would be 121.3.* By Cor. 2, §6, 
there is a group of order 3.121, and it is easily seen that there is only one such 
group. With S,, the order of G™ would be 121.5. Any group of this order 
contains at least one invariant subgroup of order 11. As this subgroup would 
be intransitive, it cannot occur in a primitive group. 

If G, has systems 8S, or S,, the order of G'*' would be of the form 11”. 3*. 5° 
If any transitive constituent of degree 15 has 5 systems of imprimitivity the order 
of G, is not divisible by 5? (Theor. 4). G"! would then be of order 11%. 3°. 5. 
The subgroup of order 3* would then be of degree 120. If a >1, from §3, G™ 
would contain an intransitive subgroup having a transitive constituent of degree 
1+ 3k(k>1), and whose order is divisible by 3. The number of the form 
1 + 3k could only be 55 and be a divisor of the order. But no transitive group 
of degree 55 of odd order has its order divisible by 3. The transitive constitu- 
ents of degree 15 must then all have 3 systems of imprimitivity, and G' would 
be of order 121.3.5°. If 8 > 1, it follows from §3 that a subgroup P of greatest 
order common to two subgroups of G™', leaving given letters fixed, is invariant 
in a subgroup of order 11%. 5°, 11.3.5° or 11.5%. The conjugate set to which 


* Miller, loc. cit., p. 586. 
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P belongs under G*! would then be transformed by G™, according to a transi- 
tive group of degree 3, 11 or 33. Now, it is easily seen that 6 > 2. We shall 
show that one group G"! exists when 6 = 1, and none when @ = 2. 

A group of order 11%. 5°.3(@ > 2) must, by Sylow’s theorem, contain an 
invariant subgroup P,; of order 11%. This subgroup in G”' must be of type 
(1, 1), since the cyclical group would contain a single subgroup of order 11 which 
would be an invariant intransitive subgroup of G. The group G”! must then 
occur in the holomorph of P,,,._ The group of isomorphisms Z of P,,; is of order 
120.110 =3.5°. 24.11. Now, Z contains just 55 subgroups* of order 3, each 
being invariant in a subgroup of order 3.5.24. Hence Z contains subgroups of 
order 15 and they are all conjugate. It results, therefore, that the transitive 
groups of order 121.15 in the holomorph of G,; are conjugate. The subgroup 
of order 15 which leaves a giving letter fixed, is clearly maximal. Hence the 
group is primitive. Similarly, examining Z, it is found to contain no subgroups 
of order 3.5°.. Hence there is no group G™ of order 11°. 3. 5® contained in the 
holomorph of P™. 


G5, 
&, 31, 31, 21, 31. 


The order of G” would be 5%.31.3°(a@=3 or 4,8 =0 or 1, Cor. 2, §2). 
By Sylow’s theorem, G'” would contain 1 or 31 subgroups of order 5%. If it 
contained only one, a= 3; for, if a= 4, G, and its conjugates would contain 
more than 5‘ substitutions of order 5. If it contained 31 subgroups of order 5%, 
they would be transformed by G* according to a non-cyclic transitive group of 
degree 31 isomorphic with G’®. The subgroup of G” corresponding to identity 
on this quotient group would contain a single subgroup of order 5°. Any group 
G then contains an invariant subgroup Py, of order 125. The group P;,, must 
be the abelian group of type (1, 1, 1), since all other groups of order 125 con- 
tain characteristic subgroups, and a characteristic subgroup of P;,, would be an 
invariant intransitive subgroup of G. The group G™ is then contained in the 
holomorph of P;,,. The group of isomorphisms Z of Py; is of order 2°. 3.5%. 31. 
The group Z contains, by Sylow’s theorem, 1, 2°, 5° or 25. 5° subgroups of order 


* This is shown from the composition series of L. The factor groups Of L are the cyclic group of 
order 10, the simple group of order 660 representable on 11 letters, and the group of order 2. 
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31. That itcould not contain 1 or 2° such subgroups is easily seen from tne fact that 
L occurs as a transitive group of degree 124. In Z a subgroup of order 381 is° 
then invariant in a subgroup of order 31.2°.3 or 31.2'.3. Hence Z contains 
subgroups of order 31 and 31.3, but it does not contain any subgroup of order 
31.5 or 31.15. Corresponding to these subgroups, there are in the holomorph 
of P,,, transitive groups of orders 5°. 31 and 5°.31.3. These groups are evi- 
dently primitive groups. That there is only one group G* of each of these 
orders follows from the fact that in Z the subgroups of each of the orders 31 and 
31.3 form a single conjugate set. 


S, = 27, 27, 39, 39. 
S, = 11, 11, 55, 55. 10518)... 1% 


S, = 33, 33, 33, 33. 


If G, has systems S, or S;, the order of G would be of the form 
19.7.117.5% Let p =19 in Cor. 2, §1, and it follows at once that G does no 
exist in the case under consideration. 

If G, has systems the order of would be 19.7.11%..5°. 3”. From 
§3 it follows thata—=1. Now, it is easily seen that an imprimitive group of odd 
order of degree 33 whose order is not divisible by 11*, does not have its order 
divisible by 5%. Hence, the order of any transitive constituent 7 would be 
11.3".5%. (@, p41). Corresponding to identity in 7’, there could be no substi- 
tutions of order 5 or there would also be substitution of order 11, and the order 
of G, would be divisible by 11%. Hence, @ 1. If 8=1, G'* contains an inva- 
riant subgroup of index 5.* If @=0, G'® contains an invariant subgroup of 
index 11. Hence, G* does not exist if G, has systems §;. 

If G, has systems S, or S,, the order of Gis of the form 7.19 .3*. 13°. 
The transitive constituents of degree 27 must be primitive groups. Let 7; and 
T, represent the transitive constituents of degree 27. Consider the invariant 
subgroup H, of G, corresponding to identity in 7;. If any elements of 7; occur 
in H,, the latter must have a transitive constituent of degree 27, which is an 

invariant subgroup of Z,. Now, it is easily seen that an imprimitive group of 
degree 39 of odd order cannot contain a transitive subgroup of degree 27. Hence 
a conjugate G, of G, in which H, occurs would contain a transitive constituent of 


* Burnside, loc. cit., pp. 261-262. 
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degree 27 having the same elements as 73. {G,, G,} would then be an intran- 
sitive group. But }G,, @,} must coincide with G, since G, is maximal. Hence 
H, has no transitive constituent of degree 27. 

7’, and 7, must then be combined by establishing a simple isomorphism 
between them, and H, could only be of degree = 39.2. From the fact that 2.27 
of the conjugates of H, under G contained in G, would be transformed accord- 
ing to the constituent of degree 54 in G,, this assumption as to the degree of H° 
readily leads to impossibilities. Hence, the order of G, is equal to the order of 
its transitive constituent of degree 27. The order of G* would then be 
133 .3*.13 (a } 4), but a group of this order could not, by Sylow’s theorem, con- 
tain more than 39 subgroups of order 19. Hence G* does not exist. 


G35, 
S, = 67, 67. S, == 27, 27, 27, 27, 13, 13. 


If G, has systems S,, the order of G™ would be 67.5.8*. 11° (a $4, B=0 
or 1, Cor. 2, Theor. 3). Let » = 5 in Cor. 2, Theor. 1, and it follows that G® 
does not exist. If G, has systems S,, the order of G® is 5.3.13. By Sylow’s 
theorem, a group of this order contains not more than 13 subgroups of order 3°, 
Hence G"® does not exist. 


G43. 
= 71, 71. 


G'® would be of order 11.13.71.5*. 7? (a<1, 8<1) Cor. 2, Theor. 3. As 
this order would be the product of distinct primes, G'* cannot be asimple group* 
and therefore does not exist. 


.... 


The group G would be of order 29.5.3% Let » =29 in Cor. 2, Theor. 1 
and it follows that G does not exist. 


* Frobenius, Berliner Sitzungsberichte (1893), p. 337. 
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G47, 
&, == 78, 73. 


By Cor. 2, Theor. 3, the order of G" would be 7°.78.3*(a 3). But a 
group of this order would, by Sylow’s theorem, contain a single subgroup of 
order 7°. As this subgroup would be an invariant intransitive subgroup, no 
group G"" exists. 

G53, 
S, = 19, 19, 57, 57. 


The group G'® would be of order 17.3%.19°. If in Cor. 2, §1, we make 
p= 17, it follows that G* does not exist. 


S,= any set of systems in which one system contains 7 letters. If G, has 
systems JS, or S,, its order is not divisible by 11° (§2, Cor.) The order of G'® 
would then be 11.31.5*%. By Sylow’s theorem, a group of this order would 
contain 1, 11, 31 or 341 subgroups of order 5. It could not contain 1, 11, 31 and 
be a simple group, since there is no simple group of odd composite order of 
degree << 155. If G™ contains 341 subgroups of order 5%, it occurs as a primi- 
tive group of degree 341. Since 340 is not divisible by 5’, the order of the sub- 
group which leaves a given letter fixed would not exceed 5. Buta group of order 
31.11.5 is clearly solvable. If G, has systems S;, the order of G"®™ is of the 
form 31.5%. 7.11”. 3°. Let p= 11 and 7 in Cor., §3, and it follows that y=1 
and 8=1. Since G, has only two transitive constituents, it follows that the 
order of G, is equal to that of one of its transitive constituents. But if the 
order of a transitive group of odd order of degree 77 is not divisible by 11? nor 
7°, its order is not divisible by 5? nor 3°. Hence a= 2 and 

If G, has systems S,, the order of G” is of the form 5.31.7°. 3° and G® 
contains an invariant subgroup of index 5. If G"* exists, its order would then 
be of the form 3%.5%. 7.11.31 (a, =0 or 1, a, } 2), but a group of this order 
cannot be a simple group as this number contains less than 7 prime factors. 
Hence G® does not exist. 
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G41, 
S, = 15, 15, 15, 15, 25, 25,...., 25. S, = 27, 27, 27, 27,18, .... , 18. 


The order of G'* would be of the form 7.23.5°.5°.13%. Let » = 28 in Cor. 2, 
Theor. 1, and it follows that G"* does not exist. 


G6, 
S, = 41, 41, 41, 41. 


By Cor. 2, Theor. 3, the order of G'® would be 11.5%.3.41(a } 2), and 
G'*® would, by Sylow’s theorem, contain a single subgroup of order 11. Hence 
G® does not exist. 


G®, 
== $i, 91, 64,02. 


If G, has systems S,, the order of G'® is 13°.3, but by Cor. 2, §6, there is 
no group G'® of this order. 

If G, has some transitive constituent of degree 7, the order of G"™ is of the 
form 13°. 7.3% (Cor. 2, Theor. 3). G® would contain 13, 91 or 169 subgroups 
of order 3%, ifa>0. For, since the number of such subgroup in G, must be 7 
the total number in G'® is oe where A is the number of letters of G left 
fixed by a subgroup of order 3*, anda >1. 

If the number is 13 or 91, by considering the isomorphic group of degree 
13 or 91, according to which the conjugate set is transformed, it is easily seen 
that a } 3. If the number is 169, a subgroup of order 3* is invariant in a sub- 
group K of order 3*.7 and of degree 169, since in any subgroup leaving a given 
letter fixed, a subgroup of order 8* is one of 7 conjugates. Since a substitution 
of order 7 in G® is of degree 168, every transitive constituent of has its order 
divisible by 7. Now there is no transitive group of odd order of degree 3° when 
3° < 169, which contains in its order the factor 7. Hence the degree of every 
transitive constituent of K is a multiple of 7. But 7 is not a divisor of 169. 
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Hence there cannot be 169 subgroups of order 3*. We have then shown that a 
is not greater than 3 when G, has a transitive constituent of degree 7. 

In all the remaining cases G'® would be of order 13*.7°.3°. Let p=7 in 
Cor., §3, and it follows that a =1. If 7 is a subgroup such that there is no sub- 
group of greater order common to two subgroups of order 3°, then 7’ is of order 
3°-1, From the reasoning of §3, it follows that 7 is invariant in a subgroup of 
degree 169 of one of the following orders: 137.3°, 13.7.3°, 13.3° or 7.3°, The 
subgroup 7’ would then be one of 7, 13, 91, or 169 conjugates in G® and just as 
before it follows that 6 } 3. 

It remains to consider the group G® of order 138°.7.3° (8 } 3). By Sylow’s 
theorem a group of this order contains 1 or 27 subgroups of order 13°. It could 
not contain 27; for, on account of the limitations on (@, they would be trans- 
formed according to a regular group of degree 27. Hence G™ contains a single 
subgroup order 18”, and is contained in the holomorph of the abelian group P of 
order 13° of type (1, 1). The group of isomorphisms Z of P is of order 2°.3°.7.13. 
It remains to examine Z for subgroups of order 7.3°(@ 3). Such a subgroup 
contains a single subgroup of order 7. The group Z contains just 78 subgroups 
of order 7.* Hach of these is then invariant in a subgroup of order 7.3.2. From 
this} it follows that Z contains subgroups of order 7 and 21 but none of order 
7.3°(@ > 1). The subgroups of order 21 are conjugate in Z. Hence there is in 
the holomorph of P just one subgroup of each of the orders 169.7 and 169.21. 
The subgroup leaving a given letter fixed is in each case maximal. Hence the 
groups are primitive. 


Gu, 
S, == 15, 15, ...., 15, 25, 25. S, = 15, 15, 45, 45, 25, 25. =2 86,86. 


If G, has systems S, or S,, by Theor. 4, the order of G, cannot be divisible 
by 3°, since the order must be divisible by 5” on account of the transitive constit- 
uent of degree 5”. The order of G™ is then of the form 19.3%.5%. Let p= 5. in 
Cor., §3, and it follows that a=1. As a group of 19.3°.5 contains a single 


subgroup of order 19, there is no simple group G@ in which G, has systems 
S, or 


* Shown by considering the composition series of Z. The factor groups of Lare the cyclical group 
of order 12, the simple group of order 1092, and the group of order 2. Tt Ibid. 
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If G, has systems 8;, by Theor. 4, the order of G" would be 19.3°.5.17* or 
19.3°.17.5°. But groups of these orders cannot be simple.* Hence G™ does 


not exist. 


Gs, 
S, = 29, 29,.... , 29. S, = 87, 87. 


If G, has systems S,, by Cor. 2, Theor. 3, the order of G'” would be 
7°.5°.29 (a } 2). Buta group of this order cannot be a simple group, since it 
contains not more than 5 prime factors. If G, has systems S,, the order of G™ 
is 7*.5°.29°.3". Let p= 29 in Cor., §3, and it follows that G=1. Since G, has 
only two transitive constituents, its order is equal to the order of each of its con- 
stituents (Theor. 10). Making use of this fact, it is easily seen that 7 cannot 
occur to a higher power in the order of G, than the power to which 29 occurs. 
Hence a $8 +1. If either transitive constituent of G, has 3 systems of imprim- 
itivity, the order of G{" is not divisible by 3°. But the order of G™ would then 
contain not more than 6 prime factors. Hence each transitive constituent must 
have 29 systems of imprimitivity. G, would then contain an invariant sub- 
group of order 3”. Now the subgroup of such an imprimitive group which leaves 
a given letter fixed would leave 3 letters fixed. The subgroup K, containing all 
the substitutions common to G, and any one of its conjugates G,, is of order 
7*—1! 3’—1 and is invariant in subgroups of G, and G, whose orders are equal to 
7*—1.3” and which contain a single subgroup of order 3”. The subgroup of G’® 
which contains all the substitutions which transform / into itself contains 
1+ 3k(k>0) subgroups of order 3%. Its order could then only be 7*.3” or 
7*—1 5.3” (other assumptions lead to transitive representations of G'” of degree 
less than 175). If subgroups of these orders occur in G”, it can be represented 
as a transitive group of degree 725 or 203. Since any divisor of these numbers 
is less than 175, these representations would be primitive. As a group of degree 
725 the subgroup which leaves a given letter fixed would be of order 7*.3%. As it 
is easily shown that there is no transitive group of odd order of degree 3°(d < 6) 
whose order contains the factor 7, the degree of each transitive constituent of 
above subgroup would be a multiple of 7. But 7 is not a divisor of 724. Asa 
group of degree 203, the subgroup which leaves a given letter fixed would be of 


* Burnside, loc. cit., p. 262. 
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order 7*~'.5*.3". But no intransitive group of degree 202 of this order can be 
constructed in which every prime which divides the order of one transitive con- 
stituent divides the order of every transitive constituent, and in which the tran- 
sitive constituents are in pairs of the same degree. 


G85, 
S, = 28, 23, .... , 23. ' = 27, 27, 13, 13,...., 13. 
27, 27, 39; 30; 18, 18; .... , 13 


The order of G® would be of the form 5.37.23%.11°.3".13°. But a group of 
this order cannot be simple.* 


(787, 
we 34, 34,..... , S, = 938, 93. 


The order of G™ is of the form 17.11.3°.31°.13% Let p= 17 in Cor. 2, §1, 
and it follows that G'®’ does not exist. 


G89, 
47, 47, 47, 47. Ayam 19, 18; 
S,= 13, 13, 81, 81. 

If G, has systems S,. the order of G'® is of the form 7.3°.47.23* (a =0 or 1). 
As the order contains at most 6 prime factors, the group cannot be simple. If 
G, has systems S, or S;, the order of G® is 7.13.3*(Cor. 2, §2). By Sylow’s 
theorem, a group of this order contains not more than 91 subgroups of order 3. 
The group G'™ could then occur on as few as 91 letters, but this has been shown 
impossible. Hence G'® does not exist. 


G9, 
S, = 97, 97. 


The group G'® would be of order 5.13.3*.97 (Cor. 2, Theor. 3). Let p=5 
in Cor. 2, §1, and it follows that G* does not exist. 


* Burnside, loc. cit., p. 170. 
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G03, 
S, = 101, 101. 


By Cor. 2, Theor. 3, the order of G would be 7.29.101.5* (a } 2). As this 
number contains not more than 5 prime factors, the group cannot be simple. 
Hence G” does not exist. 


Gn, 
61,61, 61. 


The order of G’” would be of the form 5.41.3%.17°. Let p = 5 in Cor. 2, §1, 
and it follows that G*” does not exist. 


(G07, 


S, = 103, 103. 


The order of G’” would be of the form 23.3%.103.17 (Cor. 2, Theor. 3). Let 
p = 23 in Cor. 2, §1, and it follows that G?” does not exist. 


q™. 
S,= 18, 18, ...., 18, 39, 39. 
S, = 13, 13, 18, 13, 39, 39, 39, 39. 


If G, has systems S, or S§,, it is easily seen that the order of G™ is equal to 
or a divisor of 11.19.13.3; but a group of this order cannot be simple, as the 
order is the product of distinct primes. If G, has systems S;, the order of G*” 
is 11.19.13%.3°. Let »= 11 in Cor. 2, §1, and it follows that G*” does not exist. 


S, = 107, 107. 48, 26,498, 18, . 


The order of G*” would be of the form 5.43.107°.53°.137.3°, Buta group of 
this order cannot be simple.* Hence G*”® does not exist. 


* Burnside, loc. cit., p. 170. 
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S,= 9, 9, ...., 9, 27, 27, 27, 27. 


For all these systems, except when in S, and S,, the transitive constituents 
of degree 27 are primitive groups, the order of G, is a power of 3. The order of 
G"" would then be 31.7.3%, with the exception just mentioned. From the argu 
ment of §3, it readily follows that, if a > 3, G’" would contain a subgroup of 
order 5 3*—*.7, which order contains a factor =1 mod 3. If the order of the 
subgroup were greater than this number, such a subgroup would lead to a tran- 
sitive representation of the simple group on less than 217 letters. Hence the 
subgroup, if G’" exists, is of order 3*-*.7. The simple group would then occur 


as a transitive group of degree 31.7.3" _ 279. When represented on 279 letters 


the group would be primitive and the subgroup which leaves a given letter fixed 
would be of order 7.3*—*. The degrees of all transitive constituents would be 
multiples of 7. But 7 is not a divisor of 278. 

It remains to consider the case where G, has for some of its transitive con- 
stituents primitive groups of degree 27. In this case all the transitive constitu- 
ents are either primitive groups of degree 27 or two of them are imprimitive 
groups of degree 81. In the former case, by Cor., Theor. 6, §4, the order of G?" 
would be 7.31.3°.13(a > 4). But, by Sylow’s theorem, a group of this order 
contains no more than 63 subgroups of order 31. But this is impossible, since 
the simple group of odd order would occur of degree 63. In the latter case, we 
shall also show that the order G, cannot exceed that of one of the transitive con- 
stituents of degree 27. Let 7’ be the transitive constituent of degree 27 distinct 
from 7. Let H, be the invariant subgroup of G, corresponding to identity in 
T, where 7 is so selected that its order is not greater than that of 7’. Then, by 
Theor. 9, 27 of the subgroups H,,, H,,....-, H,_, (defined in §2) are trans- 
formed by G, according to 7’. These 27 subgroups can contain no elements con- 
tained in 7’, or H, would have some transitive constituents of degree 13, which 
is impossible. Hence, these 27 subgroups generate a subgroup contained in the 
invariant subgroup of G, corresponding to identity in 7’. But this is impos- 
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sible, since, by hypothesis, the order of 7” is equal to or greater than the order 
of 7. 


26, 16, .... , 16, 96, 6, 26, 26. 
...~ S, = 15, 15, 25, 25, 25, 25, 45, 45. 


S3; = 55, 55, 55, 55. 


If G, has systems S,, the order of G** is, by Cor. 2, Theor. 3, 17.13.11.5* 
(a > 1). But a group of this order cannot be simple, since it is the product of 
distinct primes.* If G, has any of the other systems, the order of G*' is 


17.13.5°.3°.11% Let p= 17 in Cor. 2, §1, and it follows that G** does not exist. 


(775 


S, = any set of systems in which some systems contain 7 letters. 
S,= 21, 21, .... , 21, 49, 49. S, = 63, 63, 49, 49. 


If G, has some transitive constituents of degree 7, the order of G*® is of the 
form 5°.3*.7 (Cor. 2, Theor. 3). But, by Sylow’s theorem, a group of this order 
cannot contain more than 175 subgroups of order 3°. If G, has systems S, or S;, 
the order of G*” is of the form 5*.3%.7°. Let p=7 in Cor., §3, and it follows 
that @=1. Then as above G” would contain no more than 175 subgroups 
of order 3°. Since there is no simple group of odd composite order of degree 
175 the group G” does not exist. 


S, = 15, 15, 25, 25, ...., 25. S;, = 45, 45, 45, 45, 25, 25. 
Sp = 15, 15, 25, 25, 75, 75. S, = 23, 28,...., 23. 
S,== 15, 15, .... , 15, 25, 25. S, = 115, 115. 


S,= 15, 15, .... , 15, 25, 25, 45, 45. 


If G, has some transitive constituent of degree 15, the order of G, is not 
divisible by 3° (Theor. 4). Then would be of order 3°.7.11.5* and would 
contain an invariant subgroup of index 3*.¢ If G, has systems &, or S,, the 


t Burnside, loc. cit., pp. 260, 262. 


* Frobenius, loc. cit., p. 337. 
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order of G*! would be of the form 3.7.11°.23°.5"; but a group of this order has 
an invariant subgroup of index 38. 

If G, has systems S;, the constituents of degree 25 are the primitive group 
of order 75. As this group is of class 24, we have, by Cor. 3, Theor. 3, that 
the order of G, is not divisible by 5%. The group G*! would then be of order 
3°*.5°.7.11. By Sylow’s theorem, a group of this order which does not contain 
less than 231 subgroups of order 3*, contains 385 such subgroups. A simple 
group of this order would then occur as a primitive group of degree 385. The 
subgroup G}, leaving a given letter fixed, would then be of order 5.3%. The only 
systems of intransitivity of this subgroup G,, which are not excluded by the con- 
ditions stated on p. 15, are 81, 81, 81, 81, 15,15, 15, 15. In order that the 
transitive constituents of degree 81 contain in their orders the factor 5, they 
must be primitive groups of degree 81 of order 81.5. Consider the invariant 
subgroup H of G, corresponding to identity in a transitive constituent of 
degree 81. It follows from Theor. 6 that the degree of H cannot exceed 60. 
As G, could contain no other similar subgroup, the order of G, would be 81.5. 
The primitive group of degree 385 of order 3*.5*.7.11 then contains 324.77 substi- 
tutions of order 5 of degree less than 385. By Sylow’s theorem, a group of 
order 3*.5.7.11 cannot contain more than 11.81 subgroups of order 5*. As this 
number of subgroups contains less than 324.77 substitutions, we have arrived at 
an absurdity. 


== 39,30, .-. , 39. 


S,;= 138, 13, .... , 13, 39, 39, 39, 39. S;= any set of systems of which some 
contain 9 letters. 


The order of G** would be of the form 5.47.3°.13°. Let p= 47 in Cor. 2, 
§1, and it follows that G*® does not exist. 


This completes the determination of the primitive groups of odd order 
of degree less than 243. The results may be summarized as follows: 

Aside from the invariant subgroups of the metacyclic groups there are only 
ten primitive groups of odd order of degree less than 243. The following list of 
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numbers gives the orders of these groups, the first factor as they are written 
being the degree of the group of the given order:* 25.3, 27.13, 27.39, 81.5, 
121.3, 121.15, 125.31, 125.98, 169.7, 169.21. 

Each of these groups is solvable. The following theorem may then be 
stated : 

THEOREM 13.—A simple group of odd composite order cannot be of degree less 
than 243. 


CORNELL UNIVERSITY. 


* For the first four groups, see Burnside, Proc. Lond. Math. Soc., Vol. 83, pp. 178-185. 
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Theorems on Cardinal Numbers. 


By A. N. WHITEHEAD. 


In this paper it is proved (* 2) that for cardinal numbers (finite or infinite) 
ifa<a’ and @< thna+@8<a'+ '. It is already known (cf. 4°37 in 
my article on Cardinal Numbers, in this Journal, Vol. XXIV, 1902) that in this 
case a + GSa'+’. Another form of *2 is *1, which is the most useful 
form for deductions. By the help of *1, it is proved (*3 and * 4) that if n be 
a finite number and a, (as usual) the first infinite number, and ifnx 6 =a,x@, 
then 8 =a). It is already known (cf. Zermelo, Gott. Nachricht., 1901) that 
if then and also it is obvious that if 8 then 
@=nx: then the present theorem completes this set of results. 

Furthermore it is proved (* 6) that ifa is of the form a,xy [i.e. an Nap, 
ef. Cardinal Numbers, * 30] and @<a, then @+o=a implies c=a. This 
proposition was assumed without proof in my article on Cardinal Numbers 
(cf. 16°22, for example). It is already known that +a=a. 

It will be noticed that a condition attaches itself to the hypothesis of * 1, 
and thence to the hypotheses of the succeeding theorems, namely (stating it 
generally), that any two numbers less than the numbers considered, are such 
that one of them is either greater than, or equal to, or less than the other. I am 
not aware of any proof that one of these relations must hold for any two cardi- 
nal numbers; but classes of infinite cardinal numbers are known for which this 
condition is true. 

The proofs are written in Peano’s notation explained in the article on Cardt- 
nal Numbers, already cited ; except that here ( is used for ‘is contained in,” as 
applied to classes, and ) is used for “implies,” as applied to propositions, instead 
of ) for both these ideas. Also, in the proofs where a hypothesis is made to 
hold for the remainder of the proof “constr” for ‘constructive’ is written 
after it. 
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*1 


* 2 


*3 


* 4 


*5 


* 6 
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a, 3,a', Ble Nc.at+B=a+ 


constr (2) 
constr (3) 
R=R, SRY SR, constr (4) 
(5) 
(5).).wCpu.). Neu, (6) 
(2) .(6).:3 Ne’ (uA pv’) > Ne’ (vm pu’)... No’ ul Ne’ u. (7) 
Similarly Ne’ (v A pu!) > Ne’ (uapv').). Ne’v' < Ne’ v, (8) 


(7). :):Prop], 


a, B,a’, 
a+ B<al+@, 
[*1.).Prop.] 
m,ne Ne fn=10.m>n. BeNeitu< < 
(m+n) xX B=a,X B:).mx B=aX B. 
[*1.Hyp.):mx Btnx B=a xX B+a x B.): 
mx B>ax B.\V.nxX Bla XB, (1) 


le Ne fin.1 X B>a X B.).1X X B, (2) 
m>n.jyinxX B=a, XB, (3) 
(1). (2).(3).). Prop]. 


ne Nefin=.10.8e Nei u< BP. 


nx Poa X x 6. 
[*3.).Prop.] 


m, ne Ne fin =—10.mon. 
mx B=n x x B, 
[mx B=nx B.).mX B=a,xX B. (1) 
Note: This theorem (1) is given by Zermelo, Gott. Nachrichten, 1901. 


(1).%&4.). Prop.] 
(1) 
(1). (2) 
(3) 
(2) .(3).). Prop.] 


32 

|| 
|| 


The Caustic, by Reflection, of a Cirele. 


By T. J. PA. Bromwicu. 


Since the publication of Cayley’s ‘‘Memoir upon Caustics,’* but little has 
been done in this direction. In the text-books of Geometrical Optics (e. g. 
Heath and Herman) Cayley’s results and methods have been reproduced without 
alteration. 

Cayley’s work in the main is based upon the point-equation of the caustic 
(which is, of course, deduced from the equation of the reflected ray). But it 
is simpler, for most purposes, to work from the line-equation of the caustic,+ 
or, what is really the same thing, to work with the coordinates of the reflected 
ray, expressed as algebraic polynomials of a parameter ¢. 

Moreover, as in most questions dealing with circles and curves derived from 
circles, it is advantageous to use (instead of rectangular Cartesian coordinates 
&,m) the complex variables s=&+%y, y=&—iny. The use of x, y sim- 
plifies the arithmetic and makes most of the results more compact. 

The following work is equivalent to that contained in Arts. VIII-XI 
XVII-XXvV of Cayley’s memoir. It appears that, for the problem of refraction 
(either at a line or at a circle) the method used below does not lead to any 
special simplification ; and, accordingly, I have not reproduced any of my work 
on refracted caustics. 


* Phil. Trans. Roy. Soc. Lond., Vol. 147 (1857), p. 278=Collected Math. Papers, Vol. 2, p. 336 
(No. 145). 

+ That this is the more natural method seems clear from the singularities which are found ; thus 
we have 6 cusps (at least 2 of which are real) and no inflexions. 

} For illustrations of this, see Morley’s papers in the American Journal of Mathematics (Vols. XIII, 
XVI) and in Transactions of the American Mathematical Society (Vols I, IV). 
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Incidentally, I have noted a few misprints in Cayley’s memoir, which J 
have remarked in footnotes. 


1. Take the reflecting circle as the unit circle 
2+7?=1, or sy=1, 
Then a point Q on the circle is given by the equations 
where tan, 


and @ is the angle between the radius OQ and the axis of &. 
Suppose the rays start from a point P on the axis of &, say, 


ye, 


where, for convenience, c may be always supposed positive. 
Then P’, the reflection of P in OQ, is given by 
OP = OP 
P'OP = 29, 


so that, for P’, we have 
y=oe/t. 


The reflected ray, corresponding to an incident ray PQ, is clearly QP’, whose 
equation is 


ce, 4 
1 
1 
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or (1) 
1. =0. 
Since the equation to the reflected ray is of degree 4 in ¢, the class of the caustic 


is also 4; and further, the caustic is unicursal. By differentiating the equation 
(1) with respect to ¢, and solving for 2, y, we find 


x y 1 


(ct — 8ct + 2) (2 — 3c +c) #[3c— 2(1 + + 


so that the caustic is of degree 6. These expressions are easily seen to be equiva- 
lent to those given by Cayley in Art. XIX of his memoir (in which, however, the 
denominators should be 1 — 3a cos + 2a’ instead of 1— 8a cos 20 + 2a’). 
These expressions for x, y will not be of very much service to us; but it will be 
useful to obtain explicitly the point-equation of the caustic. The ¢ discriminant 
of the quartic (1) is 
gz — 279; = 0, 

where 

92 = (x + e)(y + c) — aye? = [xy (1— 4) +e(a +e], 

93 = — — 
hence the point-equation of the caustic is 

— 270 (x4 — y) (ay + 4[ay(1— 4c?) + e(a+y)+e]?=0. (2) 


This investigation of (2) is not essentially distinct from the second one given by 
Cayley (Art. XVIII). 


2. Since the cubic is unicursal and of degree 6, it will have 10 nodes 


(= 46—1. 6 — 2), including cusps; and since it is of class 4, it has 3 bitan- 


gents (= 44—1.4— 2), including inflexional tangents. Thus, using Pliicker’s 
equations, we see that— 

The caustic has 4 nodes, 6 cusps, 3 bitangents and no inflexions. 

The equation given by Klein (Math. Ann., Vol. X) relating to the reality of 
singularities, shows that the number of real cusps is 


2(1 +7" — 8"), 


where 7” is the number of isolated real bitangents, and 9” is the number of iso- 
lated real nodes (acnodes). 


4 
4 
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3. To determine the cusps, we make the equation (1), regarded as an equa- 
tion in ¢, have three equal roots a, a,a; the fourth root is then* — a (unless 
the repeated root is ¢ = 0 or t= , cases which are to be discussed separately). 
In this way we find the relations 

2 1 1 


1 1 
= 3 — 
x + c a’ y + , y ‘i 
leading to a* — 2a’e + 2ac —1=0. 
Thus we have 
fi) —e/(1+ 2), 


two cusps which are always real; and 
(ii), xw=ca*, y=c/a’, 


two cusps which are real if |a|=1, or if e<1; here the line joining the 
cusps is 
E=4(e@+y) — 1), 
and they are on the circle xy =c’, which passes through the bright point. 
If ¢= 0 is a triple root of (1), we have 


giving one of the circular points as a cusp; in like manner, if ¢ = & is a triple 
root, we find the other circular point as a cusp. 

Hence we have now 6 cusps, agreeing with the number determined in §2; 
and, by examining equation (2), we verify the correctness of the work. The 
number of veal cusps is 2ife>1, or 4ife<1. Thus, 


— §'=0, e>1, 
221, o< 1. 
4. The bitangenis. 
Construct first the relations between ¢,, ¢,, t;, ¢, the parameters of the points 
of contact of the tangents drawn from any point to the caustic. From equation 


(1) we find 
(St, + = 1+ 0. 


* This follows at once from the fact that equation (1) contains no terms in ¢?. 
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we have e(p+r+qr+ps)=1+ qs, g+s+pr=—0. 
From these equations 7, s can, in general, be found in terms of p, q; but if 4, ¢ 
belong to a bitangent, it is clear that ¢;, ¢, (and so 7,8) must be indeterminate. 
Thus for the bitangents, we have the conditions 

(cp—1)—q(ep—q) =9, =0. 
The first of these conditions is 


(1— 
so we have two cases, 


(i). gq=1, giving i.e, [1 + (1+ 


(ii). ep =q+1, giving p=0, g=—1. 
Remembering that the bitangent is a tangent at =7¢,, = ¢,, we deduce that its 
equation must be 
x+y lqg—p* + ep (p* — =e(p?—q—1). 
Thus, in case (i), the bitangent is «+ y—=por&=4p; that is, 


r= [1 (1 + 


while, in case (ii), the bitangent is s—y=0 or y=0. We have, accordingly, 
found the three bitangents; in case (i), the points of contact will be real if 


|p|<< 2, which is always satisfied by the line & = + [1— (1 + 8c’)*], but is 


only satisfied by the other bitangent ife > 1. In case (ii), the points of contact 
are always real, namely, the two cusps on the line y = 0. 
Hence, from §§2, 3, we see that 

W#=0, 

et, 
The equations just found for the bitangents agree with those given by Cayley in 
Art. XXI of his memoir; Cayley finds, however, the tangents which are parallel 
to the axis of 7, and these are clearly bitangents, owing to symmetry. From 
this point of view, we are to have equation (1) of the form 


x -+- y = const., 
so that 


a 
36 
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which may be written in the form 
e(t + 1/t)?— + 1/t)— 2e=0. 
In this way we get back to the original forms. 
So also we can find tangents parallel to the axis of £, from the condition 
e—t+#—ctt=0, 
i. (1—#)[c(1 + #) =0. 
The solution ¢=-+ 1 gives the third bitangent 7 =0; and the solution 
c(# + 1) =¢ gives the pair of parallel tangents 
a—y =t—1/t=+i(4e —1)/c 


or 2ey = + (4c* — 
as given by Cayley. 


5. The nodes. 

If (a, y) is a node of the caustic, the equation (1) is a perfect square, and so 
we can obtain the corresponding values of ¢ (t,, ¢,, say) by writing r=p,s=gq 
in the first set of equations of §4. Thus 

Wt 
and the corresponding values of x, y are given by 
yto= 2pey. 
Hence 
and g is a root of the quartic 
(1+ 
Thus there are four nodes, which are all imaginary; this can be proved by find- 
ing &£,7. We have 
+1) 
if k=43(q+ 1/9). 


Now k satisfies 
ke + 4c? (k+1)= 0, 


and so k= 2% [—c+(e—1)'], 
thus c[—e + (e — 1)*)’. 
Also n = (a— y)/ = — the (1 + g)/(1 
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since k= 2c/[—e (ce? — 1)]. 


These values of &, 7 agree with Cayley’s, given in Art. XXII of his memoir; but 
it is possible to verify that the nodes are imaginary, without carrying out the 
calculations quite so far. In fact, if (a, y) is a real point, we must have 


|x| = |y| or |g|=1. 


Thus & must be real and lie between + 1 fand —1; but it is clearly impossible 


to satisfy the equation 
42 (k +1) =0 


or real values of &, which are greater than —1. That is, (2, y) must be an 
imaginary point. 

Since all the nodes have been proved to be imaginary, it follows that there 
are no real acnodes; w hich agrees with §4. 


6. The asymptotes, 


If we make two consecutive tangents parallel,* we find the condition 
[3c(? + 1)— 2(1 4+ 2c’) t] = 0 


and rejecting the factor ¢ = 0, which corresponds to the cuspidal tangent at one 
of the circular points, we have that the values of ¢ giving the asymptotes are 
given by 

3c (? +1) —2(1 + 2c°)t= 0, 
or by 3ct = 1 + 2c? + 1 (4c? — 1)'(1 


The asymptotes are real if |¢| = 1, or if 1 > 4; and then the explicit equa- 
tions are given by substituting these values of ¢ in equation (1). Thus, for 
instance, the perpendicular from the origin} on an asymptote is 


ct (@ — 1) ke(t—1/t) 


* 


[4 (4c? 1)]'. 


* An alternative method is to make a, y infinite when expressed in terms of ft. See the expression 
given in §1. 
+ The perpendicular from the origin on the line Ja + my+ n=0 is + } n/(Im)?. 
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The final equations of the asymptotes are 


_ (4c? — 1)! 3c 


as found by Cayley (Art. XXI of his memoir). 


7. The caustic cuts the reflecting circle in the points given by zy = 1, taken 
together with equation (2). Expressing everything in terms of (2 + y) = 2&, 
we find 

(c& — 1)*[e& —1 +3 (1 —e)(1 + =0, 
so that, if c > 1, the caustic touches the circle at the two real points given by 
ck = 1; ifc <1, this contact is imaginary. 

The points given by c& = 1— $(1 —c’*)(1 + 3c’) are imaginary ife >1; 
for we have* 

1) = (1 — &)\(1 — 
and so these points are real only if 1 >c>4. Summing up, we see that 


c > 1, the caustic has double contact with the circle in real points (§ =1/c). 


1 >c > }3, the caustic cuts the circle in two real points, 
= 1— 3(1—e)(1 + 3c’). 
4 >c, the caustic is within the circle. 


8. The foci of the caustic. 
If the tangent, as given by equation (1), passes through the circular point 


we must have ?(1—ct)=0. 


The value ¢ = 0 gives the tangent x =0, which is the cuspidal tangent at this 
circular point ; and ¢= 1/c gives the tangent x = 1/c. 
Hence the four tangents from this circular-point are included in the equa- 


tion 
(cx —1)=0. 


* Cayley’s arithmetic appears to be a little wrong here. For he states that = +1 gives 
(c+1)(27%c? -+ 9c-+ 1) = 0, and he deduces the condition for reality c << 1, without including c > } (Art. 
XXI). But later on (Art. XXV) he states the correct result for ¢< 3. 


es 
= 
0 1 0 
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Similarly, the four tangents from the other circular point are determined by 
y(cy —1)=0. 

It follows that x = 0, y = 0 is a triple focus, and that the only other real focus 

is z=1/c,y=1/e. 

To make up the total of 16 foci belonging to curve of class 4, it should be 
observed that the triple focus counts for 9; and that there are two more imagi- 
nary foci (2 =1/c, y=0 and x=0, y=1/c) each counting for 3; then 
9+6+1=—16 

Hence: 

The real foci of the caustic consist of (i) a triple focus at the centre of the reflect- 
ing circle ; and (ii), a single focus at the point inverse to the bright point with respect 
to the reflecting circle. 


9. We have now all the general theorems for the caustic; but the special 
cases, c= 1, , deserve a little consideration. Take first the case c= 1, when 
the origin of light is on the reflecting circle. The equation (1) becomes 

(¢—1)[e + yt =0 
and equation (2) becomes 

(a + y — 2)? [272*y? — 18ay + y) —1] =0. 
Thus the curve degenerates into the line «+ y—2 counted twice and the 
cardioid 
— 18ay + y)—1=0, 
as given by Cayley in Art. XXIII of his memoir. Starting from the tangential 
equation 
2+ 

we find that points on the caustic are given by* 

8a= 2+, 3y=2/t+ 1/?, 
an epicycloid (cardioid) given by the rolling of a circle of radius 4 on an equal 
circle. Similarly, the line equation gives, for the degenerate form, the point 
% = y= 1 and the same cardioid. 

In this case, the class is 3 and the degree is 4; there is one bitangent, 
¢ = —4; there are 3 cusps (at & = — 4, 7 = 0 and at the two circular points) ; 


* These values are also found by putting c = 1 in the expressions given in @1, for ~, y in terms of t. 
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the imaginary nodes disappear ;* there are no real asymptotes and there are no 
inflexions (as in the general caustic). The point of contact of the cardioid and : 
line § =1 counts as the other 3 cusps of the general case ; while £=1 is the lim- | 
iting form of a bitangent. 

If c= ©, so that the incident rays are parallel to o£ , we find that equation 
(1) gives 


leading to = 3t— 8, 4y = 3/t—1/# 


for points on the caustic. This proves that the caustic is an epicycloid of class 4 
and of degree 6. This curve has the two real cusps = + 4,7 =0; and the 
two imaginary nodes §= 0, 7 = + 2i//8, the remaining singularities are all 
at the two circular points, there being two cusps and a node at each, as is easily 
verified by taking the penultimate form. The three bitangents are y=0, 
+ 1//2. 


This special caustic can be obtained by rolling a circle of radius } upon a 
circle of radius 3. The point equation is 


4(4xy— 1)? + 27(x— y = 0, 
as given by Cayley (Art. XXIV). 


10. In the two cases mentioned in §9, the caustic can be easily found after 


* If the cardioid and line are taken together, the 4 nodes coincide in pairs at the two imaginary 
intersections of the line and the cardioid. That is, at the points 


é=1, 


Q S2 
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\ 
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n reflections. Taking first the case when the origin of light is on the reflecting 
circle, it is easily seen that the n™ point of incidence Q, is 
y=1/é. 
Hence the equations to the ray, after reflections, is 
yf =f" (¢+ 1), 

since this is the equation to the line Q, Q,4,. If we writen=1, we get back 
to the equation of §8. We deduce at once, by differentiating with respect to ¢, 
the coordinates of a point on the envelope in the form 

(2n+1)e=(n+ 1) +nt*t}, 

(Qn + 1lhy=(n+1)/@+ 


These equations show that the envelope is an epicycloid of class (2n + 1) and of 
degree 2(n +1). It may be found geometrically by rolling a circle of radius 


n/(2n-+ 1) upon one of radius 1/(2n + 1); agreeing with what was found for 
the casen=1. 

The determination of the singularities need not be undertaken here, as those 
of the epicycloids are well known. 

For the case when the incident rays are parallel to &, we see that Q, +, is 
the point 

(— errs, y=(- 

Thus the n™ reflected ray (since it joins Q, 4, to Q,) is 


4 
a 
i 
4 
2, 
a 
£ 
| 
| 
| 
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leading to the caustic 
4nx = (— 1)" [(2n — 1) +! —(2n +1) 
4ny = (— 1)" [(2n — (Qn + 1)/*"—"]. 


This is an epicycloid of class 4n and of degree (4n-+ 2). It may be 
obtained by rolling a circle of radius (2n — 1)/4n upon one of radius 1/2n. In 
both these cases the epicycloids have a finite number of real nodes. 

These cases are given by Cayley (Arts. X, XI). 


QUEEN’s COLLEGE, GALWay. 


On Imprimitive Substitution Groups. 


By Harry Kuan. 


INTRODUCTION. 


The study of substitution groups first arose in connection with the solution 
of algebraic equations. In the earliest work that devotes considerable attention 
to these groups (Ruffini, Teoria generale delle equazioni, Bologna, 1799), we find 
the non-cyclic groups divided into three classes which correspond to intransitive, 
primitive and imprimitive groups. Of the substitution groups considered in this 
work, the group of the order 8 and degree 4 is the only imprimitive group that 
receives any attention. In a memoir two years later,* Ruffini shows that the 
group of an irreducible equation is transitive. When the group of an equation 
in x is not primitive, Jordan has proved} that the equation is the result of the 
elimination of y from two irreducible equations of the form 


y™ + ayy" 1 + 0,7 
a" +b, (y)a*~*+ + =0, 
and conversely. 

The systems of imprimitivity of any imprimitive group G are permuted by 
its substitutions according to a transitive group FP that has a 1,a isomorphism 
to G, and whose degree equals the number of systems in the given set. The 
invariant subgroup of G that corresponds to identity in P is intransitive and its 
substitutions leave the given systems unchanged.{ It iscalled the head of G and 
its order may equal unity.|| Ifthe group P is itself imprimitive, the correspond- 
ing systems can be united into larger ones which are permuted by the substitu- 


* Memoire della societa italiana delle scienze, Vol. 9, pp. 144-526. Modena, 1801. 

+ Traité des Substitutions, p. 259. 

t Jordan, loc. cit., p. 41; ibid., p. 399. 

|| Dyck, Mathematische Annalen, Vol. 22 (1883), pp. 94, 108; cf. also Miller, Bulletin of American 
Mathematical Society, Vol. 1 (1894), p. 257. 
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tions of G according to a primitive group.* The degree of any solvable primi- 

tive group is the power of a prime.t In order that an equation can be solved by | 
radicals, its group must be solvable. It follows directly that any imprimitive | 
group that belongs to a solvable equation has at least one set of p” systems of 
imprimitivity when p is a prime number. | 

If a given imprimitive group contains two distinct sets of systems of imprim- 
itivity, then under certain conditions new sets of systems can be formed from 
these. This can always be done in case some system of the one set has more 
than one element in common with some system of the other set.{ It is not true 
in general, however, that a new set of systems can be formed by combining all 
the systems of one set that have any elements in common with a given system of 
the other set. In his Traité des Substitutions, p. 34, Jordan states a theorem 
that says this can be done, but he afterwards notes the error himself.|| Start- 
ing with this theorem he proves some very interesting results in reference to 
what he terms “Facteurs de Non-Primitivitat.’”’ An interesting problem pre- 
sents itself here in the discussion of the imprimitive groups for which the theo- 
rem is true. An important property of such groups has recently been proved by 
Maillet.§ 

The important problem of determining when a given group can be repre- 
sented as a transitive group of a given degree (or in particular as an imprimitive 
group) has been completely solved by Dyck.{[ When the properties of the given 
group are known his investigations give all the ways in which such a represen- 
tation can take place. They do not determine, however, how many of the differ- 
ent representations of the same group are distinct as substitution groups.** This 
question finds its answer in a theorem due to Miller.+} In the particular case 
when the degree equals the order there is just one such group. 


* Jordan, loc. cit., p. 399. 

+ Galois, Oeuvres Mathematiques, p. 27. Cf. also Jordan, l. c., p. 398. 

t Jordan, loc. cit., p. 34. 

|| Giornale di Matematiche, Vol. 10 (1872), p. 116. 

§ Bulletin de la Societé Mathématique de France, Vol. 28 (1900), p. 15. 

{| Mathematische Annalen, Vol. 22 (1883), p. 94. 

** Burnside, Messenger of Mathematics, Vol. 23 (1898), p. 108. 

tt Bulletin of the American Mathematical Society, 2d Series, Vol. 3 (1896), p. 215. Cf. also Giornale 
di Matematiche, Vol. 38 (1900), pp. 1-9. 
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The investigations of Dyck just referred to determine also the different sets 
of systems of imprimitivity which are admitted by a given imprimitive group. 
In particular, when the group is regular, the number of such sets is shown to be 
equal to the number of subgroups (not counting identity) that are contained in 
the group. It is clear that any substitution that is commutative with all the 
substitutions of a given imprimitive group determines systems of imprimitivity 
of the group. The number of such substitutions for any regular group is well 
known to be equal to the order of the group.* 

The problem that has received the most attention recently in the study of 
imprimitive groups relates to the construction of such groups. The enumeration 
of the imprimitive groups of a given degree. has been carried through degree 
fourteen. The methods used in forming these lists have been chiefly of a tenta- 
tive nature. Recently, however, some theorems have been established that are 
useful in the determination of imprimitive groups of certain kinds. 

Any regular group of composite order is imprimitive. The determination 
of the number of distinct groups of a given order has been studied from the 
point of view of abstract groups and from that of substitution groups. By means 
of the latter method the regular groups whose order is less than 48 have been 
constructed.} 

Some imprimitive groups which do not belong to either of the two classes 
just mentioned have also been enumerated. These include certain groups whose 
orders are of a particular form. The orders that have been considered are 1) 
p-qd-yils 2) ps8; and 3) 8p], when p,q andy are distinct prime numbers. 
Another important class of transitive groups that has been studied is formed by 
the groups which are isomorphic to the symmetric and the alternating groups 
of a given degree.** The necessary and sufficient condition that a group is mul- 
tiply isomorphic to a non-regular transitive group has also been determined.}} 


* Jordan, Journal de 1’Ecole Polytechnique, Vol. 22 (1861), p. 153 

+ For full references to those through degree 10 cf. Miller, Bulletin of the American Mathematical 
Society, Vol. 2 (1895), pp. 138-145. Those of degree 12 and 14 are determined by Miller, Quarterly 
Journal of Mathematics, Vol. 28 (1895), p. 193, and Vol. 29 (1897), p. 234. Cf. also American Journal of 
Mathematics, Vol. 21 (1899), p. 287. 

t Ibid., Quarterly Journal of Mathematics, Vol. 28 (1895), p. 282. 

|| Ibid., Bulletin of the American Mathematical Society, Vol. 2 (1886), pp. 213-222. 

§ Ibid., Annals of Mathematics, Vol. 10 (1896), pp. 156-8. 

{| Ibid., Philosophical Magazine (5), 43 (1896), pp. 117-125; cf. Cayley. 

** Maillet, Journal de Mathématiques, 5 série, Vol. 1 (1895), pp. 5-34. 
tt Miller, Giornale di Matematiche, Vol. 38 (1900), p. 8. 
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In the preparation of the following paper I am indebted to Dr. Miller for 
helpful suggestions and criticisms. 

The first section of the paper relates to the imprimitive groups whose ele- 
ments can be divided into systems of imprimitivity in more than one way and 
whose substitutions permute all the sets of systems according to primitive groups. 
A few properties of the heads of such groups are first given. These are followed 
by the study of the groups that contain a given number of heads. Those that 
contain more than two heads, all different from identity, receive the most atten- 
tion. The cases for which one or more of the heads reduces to identity are then 
considered. A theorem is also given that relates to the holomorph of an abelian 
group of order p” and type (1, 1,...., 1). 

The second section considers the substitutions which are commutative with 
each substitution of a given transitive group. Jordan’s theorem on the number 
of substitutions that are commutative with each substitution of any regular 
group is generalized so as to apply to any transitive group. 

Section III relates to the construction of the imprimitive groups whose sub- 
stitutions permute the systems of intransitivity of the heads according to the 
metacyclic group of degree p or to one of its transitive subgroups of degree p. 
The heads considered are: 1), those whose transitive constituents are the sym- 
metric or the alternating groups of degree n(n > 2), and 2), those whose con- 
stituents are transitive subgroups of degree g having a given index under meta- 
cyclic groups of the same degree. 

In section IV the results of section III are made use of to determine the 
imprimitive groups of degree fifteen. 


Srction I.— On the imprimitive groups whose substitutions permute all their sets of 
systems of Umprimitivity according to primitive groups. 

1. Let G denote an imprimitive group that has more than one set of systems 
of imprimitivity, and let the corresponding heads of G be denoted by A, Ay, 
etc. Suppose, further, that the systems that correspond to the head J, are per- 
muted by the substitutions of G according to the group P,, where 7 equals 

THEorEM.—/f the heads H,, H,, .... are all different from identity, and if the 
groups P,, Ps,?.... are primitive, then 


48 
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(a). The heads can have no substitutions in common besides identity, and hence 

(b). Hach substitution of H, is commutative with each substitution of H, (i and j 
being any two of the subscripts of the H’s). 

(c). Each head contains at least one substitution whose degree equals the degree 
of G. 

(d). Any head H, is formed by establishing a one-to-one isomorphism between its 
transitive constituents. 


(a). The systems of intransitivity of any head of an imprimitive group are 
systems of imprimitivity of this group, and they are permuted by its substitu- 
tions according to a fixed transitive group. It follows that the systems of 
imprimitivity of the groups we are considering must be the systems of intransi- 
tivity of the heads.* Consider now any two of the heads, M, A, say. It 
results directly from what has been stated that H, and H, cannot consist of the 
same substitutions. 


Let us assume then that H, is contained in H,. In this case there must be 
ana, 1 isomorphism between P, and P,. The elements of any transitive con- 
stituent of H, are composed of the elements in a definite number (m say) of the 
transitive constituents of H,. Let the two sets of systems of imprimitivity be 
denoted by 


those in the first row composing the elements of P, and those in the second row 
the elements of P,. The subgroup h, of order a in P, that corresponds to iden- 
tity in P, can only permute the a’s among each other, the 6’s among each other, 
etc. That is, h, is intransitive, and hence P, is imprimitive. 

Assume next that H, and H, have a common subgroup H,,. This group, 
H,,, is intransitive, and since it is contained in both H, and Ah, it is invariant 
in G. Its systems of intransitivity are then systems of imprimitivity. These 
systems, which are different from those of H, or H,, are permuted by the sub- 
stitutions of G according to some transitive group P. As H,, is contained in A, 
and H,, the preceding argument shows that P is imprimitive. Hence, our proof 
of (a) is complete. 


* Miller, American Journal of Mathematics, Vol. 21 (1899), p. 305. 
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(b). That each substitution of H, is commutative with each substitution of 
H; (i and 7 being any two of the subscripts of the H’s) follows at once from the 
theorem: If every operator of a group G, transforms the group G; into itself, 
and every operator of G, transforms G, into itself, then when G, and G, have 
only identity in common every operator of G, is commutative with every opera- 
tor of G,.* 
(c). Let g, h; and p; be the orders of G, H, and P; respectively; let, further 
1, &, By. & 
be the substitutions of G, and 


be those of H,. Form the rectangular array 


&, 
Si, +15 415 By ts 


from the substitutions of G. None of the rows in this array can contain more 
than one substitution that belongs to any head different from H,. For if there 
were two substitutions in any row that belong to H, (say), then the inverse of 
one of them multiplied by the other would give a substitution, different from 
identity, that belongs to both H, and H,. This, however, cannot be true from 
what has just been proved. Further, to each row there corresponds one substi- 
tution of the group P,. Hence, it follows that any head that differs from H, is 
simply isomorphic either to P, or to some invariant subgroup of P,. Now an 
invariant subgroup of a primitive group is transitive, and every transitive group 
contains substitutions whose degree equals the degree of the group. Hence every 
head different from H, contains substitutions whose degree equals the degree of G. 
Similarly, by writing the substitutions of G in rectangular array with respect to 
the head H,, we see that H, contains substitutions whose degree equals that of G. 

(d). We have seen that any head, H,, that is different from 4,, is simply 
isomorphic to P, or to some invariant subgroup of P,. Denote by Q, that sub- 
group of P, to which H, is simply isomorphic. We shall prove now that the 
transitive constituents of H, are simply isomorphic to Q,. To establish this it 


* Dyck, Mathematische Annalen, Vol. 22 (1883), p. 97. 
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1s sufficient to prove that each substitution in H, involves elements from each of 
its transitive constituents. The subgroup Q, is transitive and so contains a 
substitution that puts any element into any other element. That is, H, contains 
a substitution that puts any system of A, into any other system. Since each 
substitution of H, is commutative with each substitution of H,, it follows there- 
fore that each substitution of H, contains elements from each of its transitive 
constituents. Similarly, each substitution of H, contains elements from each of 
its transitive constituents, and hence each constituent of H, is simply isomorphic 


to Q,. 
2. Let A; denote the order of the head #,. 


THEOREM.—// the order of G is equal to h,h,, and if H, and H, are the only 
heads that differ from identity, then when P,, P,, .... are primitive groups, G has 
just two sets of systems of imprimitivity. 

From the argument used in proving the theorem in paragraph 1], it is clear 
that H, and H, can have no substitutions in common besides identity, and hence 
that every substitution of H, is commutative with every substitution of H,. It 
follows that G is the direct product of H, and H,. We are to prove that G can 
have no set of systems of imprimitivity that are interchanged by its substitutions 
according to a simply isomorphic primitive group. 

If G has such a set of systems, it must be possible to represent it as a prim- 
itive group. It follows therefore that H, and H, must be simply isomorphic 
simple groups of composite order and that G, when so represented, is of degree 
h,.* The subgroup G, of G that gives rise to its representation in the primi- 
tive form is formed by establishing a simple isomorphism between H, and A). 
Let the substitutions of G be denoted by the symbols 


1, ’ Si 
and let them be written in rectangular array with respect to the substitutions of 


G,. Ifthe first 4, of the above substitutions form the subgroup G,, we have the 
arrangement 


1 ? Ss Si» A,, 
Son, Ss Si, Son, —1) A, 


* Burnside, Theory of Groups of Finite Order, p. 190; Miller, Transactions of the American Mathe- 
matical Society, Vol. 1 (1900). p. 70. 
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Denote the 7 row of this array by A; where i= 1, 2,....,A,. The symbols 
A may be taken for the elements of G when represented in the primitive form. 
Also to each element A; there corresponds a certain number of the elements 
of G. That is, the subgroup G, of G that gives rise to its representation in the 
given imprimitive form must be some subgroup of G,. The subgroup G, must 
in fact be maximal in G,; otherwise G would contain a set of systems of im- 
primitivity that is permuted by its substitutions according to an imprimitive 
group. Since G, is formed by establishing a simple isomorphism between two 
subgroups of H, and 4,, it follows that G, is contained in a subgroup 14, whose 
order is the square of its order. It is also contained in a subgroup JM, whose 
order is A, times its order and which contains U,. It follows that one of the 
corresponding sets of systems is permuted by the substitutions of G according to 
an imprimitive group. Hence G has just two sets of systems of imprimitivity. 


3. THEorREM.— When G is regular and has just two heads that differ from iden- 
tity, then if P,, P,, .... are primitive groups, G is the cyclic group of order pq 
where p and q are distinct primes. 


The number of sets of systems that belongs to any regular group is equal 
to the number of its subgroups, not including identity or the whole group.* 
Hence the two heads that differ from identity must be generated by substitu- 
tions of prime order and the order of one must be different from that of the 
other. 


4, TororeM.—IJf G contains more than two sets of systems of imprimitivity, 
and if H,, Hp, .... are all different from identity, then when P,, Ps, .... are 
primitive groups, 

(a). The degree of any substitution besides rdentity of each head is equal to the 
degree of G. 

(b). The heads are simply isomorphic abelian groups ; each is of degree p*™ of 
order p™ and of type (1, 1,.---,1) where p is a prime and m is a positive 


integer. 


(a). We prove first that in any such group the heads can contain, besides 


* Dyck, Mathematische Annalen, Vol. 22 (1883), p. 89. 
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identity, only substitutions whose degree equals that of G. As in the theorem 
of paragraph 1, write the substitutions of G in rectangular array with respect to 
the substitutions of H,. We know that any other head is simply isomorphic to 
P, or to some invariant subgroup of P,;. Consider the two heads H, and A, and 
let Q, and @; denote the respective subgroups of P, to which these heads are 
simply isomorphic. Both Q, and Q, contain substitutions whose degree equals 
the degree of P,, since an invariant subgroup of a primitive group is transitive. 
Further, neither Q, nor Q, can contain a substitution whose degree is less than 
that of P,;. This may be seen as follows: Each substitution of Q, is commuta- 
tive with each substitution of Q3, since the heads of H, and H; have this prop- 
erty. Suppose now that Q; contains a substitution S whose degree is less than 
that of P,. Then the group {Q,, S} that is generated by Q, and S is transitive 
since Q, is transitive. As the substitution S is commutative with each substitu- 
tion of Q, this transitive group will contain an invariant substitution S whose 
degree is less than the degree of the group. This, however, cannot be true, 
since an invariant substitution of a transitive group of degree m must be regular 
and of degree n. It follows, therefore, that the degree of each substitution, 
besides identity of any head that differs from H,, is the same as the degree of G. 
By writing the substitutions of G in rectangular array with respect to H,, it fol- 
lows by a similar argument that H, also possesses this property. 

(b). The group generated by any two of the heads, H, and H, say, must be 
transitive. If it were intransitive it would form a new head that contains both 
Hf, and H,, and this cannot be true according to theorem 1 of this‘section. Fur- 
ther, this group { H,, H,| must contain the substitutions of all the heads of G. 
For if it did not contain a substitution S of some other head, then {H,, H,! and 
S would generate a transitive group whose substitutions all have the same degree 
as that of the group and which contains a number of substitutions that is greater 
than this degree. This, however, cannot be true. It follows, therefore, that 
the heads are simply isomorphic to each other. 

In the group that is generated by the substitutions of H, and H; are found 
the substitutions of H,. Also any substitution of H, or of H; is commutative 
with each substitution of H,, and, therefore, any substitution in the group 
{ H,, H;} is commutative with each substitution of H,. It follows that H,, and 
hence also each of the heads of G, is abelian. Further, each head must be of 
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order p” (where p is a prime and m is a positive integer) and of type 
(1,1,....,1). For if the substitutions of the heads were not all of the same 
prime order, then the subgroup of | H,, H;} that is generated by its substitutions 
of lowest order would form a head that would not satisfy the requirements of the 
theorem in paragraph 1. Finally, since the group { H,, H,} is regular, it follows 
that the degree of G is p™. 

Corollary: Jf G is regular it must be the non-cyclic group of order p’. 

When @G is regular it must coincide with the group generated by any two 
of its heads. It is then an abelian group of order p™ and of type (1, 1, ..--, 1). 
The only groups of this type that satisfy the requirements of the above theorem 
are clearly the groups of order p’. 


5. Let P denote an abelian group of order p” and of type (1, 1,...., 1) 
when represented as a transitive group in the elements 


ay; gy » Apm- 


Wit each substitution of P associate that element which replaces a, in that 
substitution. The group of isomorphisms of P may then be represented as a 
transitive group in the p”— 1 elements 

when so represented, let it be denoted by R. The transitive group (A) that is 
generated by the two groups P and £& is simply isomorphic to the holomorph 
of P. 

Now to any subgroup of & whose degree is less than p"—1, there 
corresponds an imprimitive subgroup of hk. For such a subgroup of & would 
transform some of the substitutions of P into themselves, and these would form 
an invariant intransitive subgroup of the corresponding subgroup of h. 

Further, to any transitive subgroup (,) of R whose degree equals p™ — 1, 
there corresponds a primitive subgroup (f,) of h. For R, is the subgroup of 
h, that leaves one of its elements fixed ; since this is transitive, it follows that h, 


is primitive 

It remains to consider those intransitive subgroups (J) of & that are of 
degree p»—1. We note in the first place that if the subgroup (A’) of that 
corresponds to Z is primitive, then any substitution of J besides identity must 
contain elements from each one of its transitive constituents. Suppose that 
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some of the substitutions of J that differ from identity do not contain any ele- 
ments from a given one of its transitive constituents. These substitutions form 
an invariant subgroup (/’) of J whose degree is less than p"— 1. The substitu- 
tions of P that correspond to the elements of J that are not found in J’, form 
with identity a subgroup of P. This subgroup is invariant in h’, and hence the 
latter would be imprimitive. Hence, when A’ is primitive, J must be formed by 
establishing a simple isomorphism among its transitive constituents. Every sub- 
group J of this kind that is contained in & does not give rise, however, to a 
primitive subgroup of the holomorph. For example, when p equals 2 and m 
equals 4, & contains a subgroup of order 3 and of degree 15 that gives rise to an 
imprimitive subgroup of order 48 in the holomorph. The substitutions of P 
that correspond to the elements in each transitive constituent of the given sub- 
group of order 8 generate subgroups of order 4. In general, it is evident that 
the necessary and sufficient condition that h’ is primitive is that the elements 
of each transitive constituent of J contain a set of independent generators of P. 
If the substitutions that correspond to the elements of any transitive constituent 
of J generate asubgroup of P of order p* where a is less than m, then this sub- 
group is invariant in A’ and the latter is imprimitive. 
Hence we have this 


THEOREM.—A subgroup (h’) of the holomorph (h) of P, that corresponds to a 
subgroup (R,) of the group of tsomorphisms (f), is primitive 

(a). When R, is a transitive subgroup of degree p™ — 1, or 

(b). When R, is an intransitive subgroup of degree p"™ — 1 that is formed by 
establishing a simple isomorphism among its transitive constituents and that is such 
that the elements of each of its transitive constituents contain a set of independent gen- 
erators of P. 

Any other subgroup of R gives rise to an imprimitive subgroup of h. 

Corollary: When the number of elements in each transitive constituent of R 1s 
less than m, the subgroup h' is imprimitive. 


This follows at once from the above theorem, since the number of operators 
in a set of independent generators of P is m. 


6. The theorem just stated is useful in the determination of the primitive 


groups of degree 16. For it is known that every primitive group of this degree 
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that does not include the alternating group, contains an invariant abelian sub- 
group of order 16 and of type (1, 1, 1, 1).* 


7. By means of the two preceding theorems we can investigate the number 
of distinct imprimitive groups G of a given degree that have more than two sets 
of systems of imprimitivity (the heads differing from identity), and that have all 
their sets permuted according to primitive groups by the substitutions of G. 
Any such group is of degree p’”, and the transitive constituents of any of its 
heads are abelian groups of order p”™ and of type (1,1,...-,1). Also each 
head is formed by establishing a one-to-one isomorphism among its transitive 
constituents, the number of these being p”. Denote the transitive constituents 


of the head H, by the symbols 


It follows that P, is a transitive group in these symbols that contains a 
regular abelian group (P’) of type (1, 1,....,1) as an invariant subgroup. 
That is, P; must be some subgroup of the holomorph (A) of P’ that contains P’, 
h being represented as a transitive group in the symbols A,, A,,...., Aj». We 
consider then those imprimitive groups that contain the head H, and whose sys- 
tems of imprimitivity that are determined by H, are permuted according to the 
primitive subgroups of h that contain P’; the groups G must be found among 


these. 
Let the substitutions of H, be denoted by the symbols 


It is assumed that S; replaces a, by a;, and that the substitution of the con- 
stituent A; that occurs in S; is found by replacing the element a, of the substi- 
tution of A, that occurs in it by the corresponding element of A;, where 
k=1, 2,....,p™ and 7,7 are any two of these numbers. The substitutions 
that interchange the transitive constituents of H, in the simplest way according 
to the substitutions of P, form a second head H,. Let the substitutions of this 
head be denoted by the symbols 


1, tg, ts, bom, 


* Miller, American Journal of Mathematics, Vol. 20 (1898), p. 229. 
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¢; being that substitution of H, that corresponds to the substitution of P’ that 
replaces A, by A;. Now, any third head H; must be formed by establishing 
some simple isomorphism between the substitutions of H, and H,. Without loss 
of generality, we may assume that the substitutions of H; are represented by the 


symbols 


For let Hj} denote the group formed by establishing some other isomorphism 
between H, and H,. A certain permutation of the symbols that denote the sub- 
stitutions of H, will change H; into H;, and corresponding to this permutation 
there is a definite substitution (S’) in the group of isomorphisms of A,. Let S| 
denote one of the substitutions of the holomorph of A, that corresponds to S’ 
(the holomorph being represented transitively of degree p™), and let S/ denote 
the same substitution in the elements of the constituent A; where i=2, 3,..., p”™. 
Then the substitution Sj S,.....S8), transforms H, and H, into themselves 
and H; into H;. That is,a group that contains the heads H,, H, and H; can be 
transformed into one that contains the heads H,, H, and 4. 

The largest group within which J, is invariant without having its systems 
of intransitivity interchanged is the group generated by the holomorphs of each 
of its transitive constituents A,, A,, ...., A,n, these being represented as trans- 
itive groups of degree p”. The order of the resulting group divided by p” gives 
then the number of sets of substitutions of p” each that permute according to 
each substitution of P,. 

When P, is regular, that is when G is regular, it is clear that m must equal 
unity. Ifm were greater than unity, G would contain systems of imprimitivity 
that are not permuted by its substitutions according to primitive groups. 

When P, is not regular, let S’ denote any substitution in P that is not con- 
tained in P’; and let ¢ denote the substitution that interchanges in the simplest 
manner the transitive constituents of H, according to 8S’. The substitution S’ 
transforms the substitutions of P’ according to a certain operator in the group of 
isomorphisms of P’; and ¢’ transforms the substitutions of H, in exactly the same 
way. Further, ¢’ is commutative with each substitution of H,. Suppose now 
that any one of the substitutions which with H, generate the sets of substitutions 
that permute according to S’ be denoted by 


(A) 


4 
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where s; is some substitution in the holomorph of 4;, 7 being any of the numbers 
1, 2,....,p™. Since the substitution (A) must transform 4, into itself, it fol- 


lows that 


must be commutative with each of the substitutions ¢,, where 7 is as above. 
Hence s; must be the same substitution in the elements of A, as s, is in the ele- 
ments of A,,7 and 7 being any two of the numbers 1, 2,.... , p”. The number 
of substitutions (B) is then not greater than the number of operators in the 
group of isomorphisms of A,. Further, since (A) must transform 4; into itself, 
it follows that the substitution (B) must transform the substitutions of A, in 
exactly the same way as ?¢’ transforms the substitutions of H,. That is, (B) is a 
fixed substitution. It is clear also that the corresponding substitution (A) thus 
found has its proper power in the head H,. Hence there is one and only one 
generating substitution that permutes according to S’ that transforms H,, A, 
and H; into themselves respectively, and that has its proper power in H,. That 
is, there is just one imprimitive group of the given kind that is isomorphic to 
any primitive group P,. The number of primitive groups that contain P’ is 
given by the preceding theorem, so that we have determined now the number 
of imprimitive groups G of degree p”. Of the groups G@ thus found, it is evi- 
dent that to conjugate subgroups (/,) of the group of isomorphisms correspond 
conjugate groups G. We have then the 

THEOREM.—T he number of imprimitive groups G of a given degree that contain 
more than two sets of systems of imprimitivity (the heads differing from identity) and 
for which P,, Pz, .... are primitive groups, is as follows : 

(a). When G is regular, there is just one such group ; its degree is p*. 

(b). When G is not regular, the number is equal to the number of distinct prim- 
itive groups that are contained in the holomorph (h) of the abelian group P! and that 
contain P'. 

It is well known that the group of isomorphisms of an abelian group of 
order p” and of type (1, 1,...., 1) is simply isomorphic to the linear homo- 
geneous group.* It appears then that the study of the imprimitive group @ of 
the above theorem is closely associated with that of the linear homogeneous 


group. 


* Moore, Bulletin of the American Mathematical Society, Vol. 2 (1895), p. 34. 
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8. We proceed now to investigate the number of sets of systems of imprimi- 
tivity that belong to the groups just determined. When G is regular, it is the 
non-cyclic group of order p? and so contains p+ 1 sets of systems—this being 
the number of subgroups differing from identity that G contains. 

Suppose then that G is a non-regular group. Let R, denote the sub- 
group of P, that leaves any element fixed. We note first that G does not 
admit the head identity. The subgroup (G;,) of G that leaves any element fixed 
has one and just one substitution in common with any division of G—the divis- 
ions being formed with respect to the subgroup that contains the heads 
H,, H,, .... Ifnow G admits the head identity, then G, must be contained in 
a larger subgroup of G which contains no invariant subgroup of G. This is 
evidently not the case. Any head of G@ that differs from HA, and H, is then 
formed by establishing some simple isomorphism between these two heads. 
Denote by H, any such isomorphisms that differ from H;. Our problem is to 
determine under what conditions H, will be transformed into itself by the sub- 
stitutions of G. Corresponding to H, there is a definite isomorphism of H, to 
itself, viz., the one formed by replacing each S in H, by the corresponding ¢. 
And this again corresponds to a definite isomorphism of P’ to itself. That is, to 
H, there is associated in this way a definite substitution (r) of the group of iso- 
morphisms of P’. Also when H, is transformed into itself by the substitution 
of G, it is clear that 7 must be transformed into itself by the substitutions of R, ; 
and conversely. It follows, therefore, that the number of heads H, is equal to 
the number of substitutions differing from identity in the group of isomorphisms 
of P' that are commutative to each substitution of #,. To identity corresponds 
the head H;. Hence the 


THEOREM.— The number of sets of systems of imprimitivity of the groups G in 
the preceding theorem is as follows: 

(a). When G is regular, there are p+ 1 different sets. 

(b). When G is non-regular, there are c + 2 different sets, where c is the num- 
ber of substitutions in the group of isomorphisms of P' that are commutative with 
each substitution of R,. 


9. We consider now the imprimitive groups G that contain more than one 
set of systems of imprimitivity, each set being permuted by the substitutions of 
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G according to a primitive group, and that have all their heads identity except 
one. 

Suppose in the first place that G denotes a regular group of this kind. We 
know that every regular group contains a set of systems of imprimitivity that is 
permuted by its substitutions according to any transitive representation of the 
group. It follows then that G must be a group that can be represented in the 
imprimitive form only when its degree equals its order, and that can be repre- 
sented in the primitive form of a lower degree. The only groups that satisfy 
these requirements are the non-cyclic groups of order pq, where p and q are dis- 
tinct primes.* Ifp>q, these groups contain g+ 1 subgroups, not including 
identity and hence G contains g +1 sets of systems of imprimitivity. The 
heads that correspond to g of these are identity and the remaining head is of 
order p. Hence we have the 


THeroreM.— The only regular groups G that contain more than one set of sys- 
tems of imprimitivity, each set being permuted by the substitutions of G according to 
a primitive group, and that have only one head different from identity, are the non- 
cyclic groups of order pq, where p and q are distinct primes. If p>q, these groups 
have q + 1 sets of systems of imprimitivity. 


10. Suppose next that the subgroup (G,) of G@ that leaves one element fixed 
is contained in the head (#) that differs from identity. When G, is of order 
unity, the groups G are determined by the preceding theorem. Also when @ 
is regular, the subgroup G, is maximal in H. We prove now that this is true 
when G is non-regular. 

If G, is not maximal in H, there isa subgroup H, of H in which G, is maxi- 
mal. This subgroup H, determines a set of systems of imprimitivity of G. Two 
cases arise according as /, contains an invariant subgroup of G& or does not con- 
tain such a subgroup. In the former case the set of systems that corresponds to 
H, is left unchanged by the substitutions of the invariant subgroup contained in 
H,. The group G would contain then two heads that differ from identity ; this 
is contrary to the assumption made. In the latter case the set of systems that 
corresponds to H, is permuted by the substitutions of G according to a group (P) 


* Dyck, Mathematische Annalen, Vol. 22 (1883), p. 101. 


& 


Kuun: On Imprimitive Substitution Groups. 61 


that is simply isomorphic to G. Since H, is not maximal in G, the group P 
would be imprimitive. It follows, therefore, that G, is a maximal subgroup 
of H. 

Suppose now that H is contained in a subgroup (H’) of G whose order 
exceeds that of H. The subgroup H' gives rise to a set of systems of imprimi- 
tivity that are found by uniting the systems that correspond to H into larger 
systems. This new set of systems is left unchanged by the substitutions of H, 
and so in this case G contains two heads that differ from identity. It follows 
accordingly that H is a maximal subgroup of G. That is, the quotient group 
G/H is of prime order p. 

The systems of imprimitivity that are left unchanged by H are permuted by 
the substitutions of G according to a primitive group that is simply isomorphic 
to the quotient group G/H. Since these systems are the systems of intransi- 
tivity of H, it follows that the number of transitive constituents of H is equal 
to p. 

Consider now a set of systems that is not left unchanged by any substitu- 
tion of G besides identity, and let P denote the primitive group according to 
which this set of systems is permuted by the substitutions of G. The subgroup 
F' of P that corresponds to the subgroup H of @ is transitive. Suppose now 
that H is not formed by establishing a simple isomorphism among its transitive 
constituents. It contains then an invariant subgroup whose degree is less than 
the degree of H. The subgroup of P’ that corresponds to this invariant sub- 
group of H would be of a lower degree than the degree of P; also it would be 
invariant in P’, This, however, cannot be true, since an invariant subgroup of 
a transitive group is of the same degree as that of the group. Hence 4 is 
formed by establishing a simple isomorphism among its transitive constituents. 

The subgroup of G that gives rise to the primitive representation P just 
considered, must contain G, as an invariant subgroup, and its order is equal to 
pg, where g, is the order of G,. Its order could not be greater than pg, since 
then G, would not be maximal in H. It follows that the degree of P is equal 
to the degree of each of the transitive constituents of H, so that to each ele- 
ment of P there are associated p elements of G. Also since G, is maximal in 
H, it follows that P’ is a primitive group. 

When G is not regular, there is just one subgroup besides H that contains 
G,. That is, there is just one set of systems that is permuted by the substitu- 
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tions of G according to a simply isomorphic group. It follows, therefore, that 
when G is not regular, it contains just two sets of systems of imprimitivity. 
These results may be summed up in the 


THEoREM.—J/ G denotes an imprimitive group having more than one set of sys- 
tems of imprimitivity, each set being permuted according to a primitive group by the 
substitutions of G, and if just one of the heads (H) differs from identity, then when 
the subgroup (G,) of G that leaves any element fixed, is contained in H. 

(a). The head His maximal in G, the quotient group G/H being of prime 
order p. Also H is formed by establishing a simple isomorphism among its transi- 
tive constituents—the number of these being p. 

(b). The subgroup G, is maximal in H. 

(c). G has just two sets of systems when it is nut regular. The one whose head 
is identity contains p elements in each system. 


11. It is not difficult to construct general classes of groups that come under 
those defined in the preceding theorem. 

Suppose, for example, that the transitive constituents of H are alternating 
groups of degree n(n > 2) and that H is formed by writing after each substitu- 
tion of the first constituent the same substitution in the other constituent. H 
has just two transitive constituents. A substitution which with A generates 
a group G of the kind in question cannot be the ordinary ¢; for this would be a 
commutative substitution and the resulting group could not be represented in 
primitive form. Let s, denote any negative substitution of the symmetric group 
of degree n that contains the first transitive constituent of H; and let s, denote 
the same substitution in the elements of the second constituent. Then 


(A) 


is a substitution which with H generates a group G of the desired kind. Fur- 
ther, there is just one group of this kind. For any other substitution that could 
be used in place of (A) would be of the form 

8, , 
where S, is some substitution in the elements of the second constituent that is 
commutative with each substitution of this constituent. Since the constituents 


are primitive groups there is no such substitution except when n=8. In this 
latter case the group is regular and there is just one. 
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A second class of groups G is obtained in a similar way if we take for the 
transitive constituents of H semi-metacyclic groups of degree g. The groups 
thus obtained are of degree 2q¢, and they are simply isomorphic to the metacy- 
clic groups of degree gq. 


12. Let, finally, G denote an imprimitive group that contains no head that 
differs from identity and that has all its sets of systems of imprimitivity per- 
muted by its substitutions according to primitive groups. Denote by G, the 
subgroup that leaves a given element unchanged. 

The simple group of order 60, when represented as a transitive group of 
degree 12, illustrates the occurrence of a group of this kind that has just one 
set of systems. When the same group is represented as a transitive group of 
degree 20, it has two sets of systems, both of which are permuted according to 
primitive groups. In these examples the subgroup G, is maximal in larger sub- 
groups of G. In general, it is evident that the subgroup G, must be maximal in 
any larger subgroup (G,) of G in which it is found, and, further, that the subgroup 
G, cannot contain any invariant subgroup of G besides identity. It is clear that 
G cannot be regular. Also its order cannot be the power of a prime. The num- 
ber of sets of systems that belong to any such group is equal to the number of 
subgroups G, that it contains. 


13. THrorEM.—Lvery imprimitive group G that admits only the heads identity 
is insolvable. 


Since G admits only identity as a head, it must be possible to repre- 
sent it as a primitive group (P). If now G@ is solvable, so also is P. Suppose 
that Gis solvable. Then P must be of degree p*, where p is a prime, and it 
contains as a minimal invariant subgroup an abelian group (P,) of order p* 
and type (1, 1,..-..,1).* To the subgroup P, of P there corresponds an inva- 
riant subgroup of G; and since FP, is regular and of degree p’, it follows that this 
subgroup is also intransitive. Hence @ in this case contains a head that differs 
from identity, and this contradicts our hypothesis. 


* Galois, Oeuvres Mathématiques, p. 27. Cf. also Jordan, Traité des Substitutions, p. 398. 
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Section II.— The suhstitutions which are commutative with each substitution of any 
transitive group. 


1. THroreM.—Let G denote any transitive group of degree n and order g. The 
number of substitutions in the elements of G that are commutative with euch of tts 
substitutions is equal to the order of the quotient group H/G,, where G, ts a subgroup 
of G that leaves any element fixed, and H is the largest subgroup of G that contains 
G, self-conjugately. 

It is well known that this theorem is true when G@ is regular.* To prove 
that it is true for any transitive group G, let the substitutions of the group be 
denoted by 

1, 


and the elements of these substitutions by 


Ag, ++++ 5 Ane 


Suppose that G, is that subgroup of G which leaves a, fixed, and let its substitu- 


tions be denoted by 
1, S3,; y 


where g, is the order of G;. 
The substitutions of G may be arranged in the following rectangular array : 


1 ’ ’ | 

| 


In this array the substitutions of the «™ row replace a, by a; where 7 is any of 
the numbers 1, 2,....,2. Alsoif the 7 row is denoted by a;, then any substi- 
tution S, of G is given by the permutation on the symbols associated with the 
rows which arises when all the substitutions of the array are multiplied by S,.+ 
If the substitution S,, is commutative with each substitution of G', then evidently 
the same permutation of the rows will take place whether pre-multiplication or 
post-multiplication is made use of. 


* Jordan, Journal de 1’Ecole Polytechnique, Vol. 22 (1861), p. 158; cf. Traité des Substitutions, p. 60. 
t Miller, Bulletin of the American Mathematical Society, 2d series, Vol. 3 (1896), p. 214. 
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We prove now that any substitution C, which is not found in @ and which 
is commutative to each of the substitutions of G, is given by the permutation on 
the symbols associated with the rows that arises when some substitution of & is 
multiplied by all its substitutions, i. e., by pre-multiplication of some substitu- 
tion of G. Since C is not found in G, it will generate with G@ a larger transi- 
tive group G’ in the same elements. The subgroup Gj of G’ that leaves a, fixed 
will contain G,. Let §,C denote a substitution which with G, will generate Gi, 
S, being some substitution of G. As above, the substitutions of G’ may be 
arranged in the following array : 


“1 & * , 
Sy. 41 ’ Sp, 41 ’ 5 SOS), 41 As, Il 


The substitution Cis contained in this array, and, as noted above, if the 
pre-multiplication of C upon the substitutions of G is performed, the resulting 
permutation on the elements denoting the rows is identical with C. If pre-mul- 
tiplication be used with reference to any substitution in the first row of the 
array, then each row goes into itself. This follows at once from the fact that 
tthe substitutions in the 2 row replace a, by a;, where 7 equals 1, 2, .... ,n. 

Suppose now that the substitution S>'C~!C is multiplied by each substi- 
tution of G’. From what has just been said, it follows that the resulting per- 
mutation on the letters associated with the rows is identical with C. The sub- 
stitution S;!C-! C is identical with Sp}, and hence we have proved our 
statement. 

We prove now that the number ~ substitutions of G which by pre-multipli- 
cation give rise to distinct permutations on the elements associated with the 
rows of the array I, is equal to the order of the quotient group H/G,, where H 
is the largest group that contains G, self-conjugately. Let S;G, and G,S, denote 
the result of pre-multiplication and post-multiplication of G, with S, respec- 
tively. Then if S, by pre-multiplication gives rise to a permutation C of the 
rows of I, we must have 

SG, = 


G,8,,4.57'= G, r) (S, = S42 
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The right-hand member of this identity consists of the substitutions found in 
some row. And since the left-hand member contains the identical substitution, 
it follows that S, must transform G, into itself. Conversely, if S, transforms G, 
into itself, it gives rise to a permutation of the rows of I. 

It has been seen above that, if S, is a substitution of G,, the corresponding 
substitution C is the identical substitution. When S, is any substitution of H 
that is not found in G,, the corresponding substitution C will be different from 
identity. Also all the substitutions of H that are found in the same row with 8, 
will give rise to the same substitutions (’, since these substitutions are found by 
multiplying those of G, by S,. 

Finally, the substitutions C that correspond to substitutions 8, that are 
found in different rows of H are distinct. For each replaces a, by the element 
associated with the row in which it is found. The number of substitutions C is 
then equal to h, the order of the quotient group H/G,. It is clear also that 
the substitutions found in this way are all commutative with each substitu- 
tion of G. 

Since H is a subgroup of G, it follows that the number of rows contained in 
His a divisor of the number contained in G. Hence 

Corollary I.— The number of substitutions that are commutative with each sub- 
stitution of G is equal to some divisor of the degree of G. 

When @ is a primitive group, the subgroup G, that leaves one element 
fixed, is maximal, and in this case the order (A) of H/G, is equal either to unity 
or tog. Hence we have 

Corollary II.—Jdentity is the only substitution that 1s commutative with each 
substitution of a primitive group of composite order. 


2. If a denotes the number of letters left fixed by G,, then n/a is the num- 
ber of subgroups in the conjugate set to which G, belongs. The number of sub- 
stitutions, x, that transform G, into itself is the same as the number that trans- 
forms it into any one of its conjugates. 


x.n/a =g =ng,, 


or 


x/g,=h=a. 
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The above theorem may therefore be stated in this form: 


The number of substitutions in the elements of any transitive group G that are 
commutative with each of its substitutions is equal to the number of elements that are 
left unchanged by the subgroup G, that leaves any element of G unchanged. 


When the order of G is the power of a prime, then the order of the quotient 
group H/G, is also the power of the same prime. Hence we have 


Corollary I.*—Jf the order of G is the power of a prime, then the number of 
elements left unchanged by Gis a power >1 of the same prime. 


3. When G is a regular group, the substitutions that are commutative with 
each of its substitutions, form a group that is simply isomorphic to G. So in 
this case the order of each substitution that is commutative to all the substitu- 
tions of G is equal to the order of some substitution of G. When G is not reg- 
ular, this is still true. For, from the method of forming any substitution C that 
is commutative to all the substitutions of G, it follows that to C there corre- 


sponds a definite substitution in the associate of G whose order equals that of 
C. We have then the 


THEOREM.— The order of any substitution that is commutative with each substi- 
tution of a transitive group is equal to the order of some substitution of that group. 


4. Let the associate of a group G whose order is g be denoted by G’. If G 
contains no invariant substitution, then it contains no substitutions in common 
with G. In this case G and G’ generate a group |G, G’'} whose order equals 
g* and whose degree equals g. The subgroup G, that leaves any element fixed in 
1G, G'|, ts formed by establishing some simple isomorphism between G and Gi. 

For, suppose the substitutions of {G, G’} are written in rectangular array 
in such a way that the substitutions of G form the first row. The subgroup G, 
cannot have more than one substitution in common with any row of this array. 
If it had two, then one times the inverse of the other would belong to G, and 
this could not be true since this product would be a substitution differing from 
identity that is found in G. The group G, contains, therefore, just one substi- 
tution from each row of our array. The substitutions in any row are found by 
multiplying the g substitutions of G by some substitution of G’. Further, no 


* Miller, American Journal of Mathematics, Vol. 23 (1900), p. 173. 
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two substitutions of G, can involve the same substitution of G; for then one 
times the inverse of the other would be of degree g. It follows directly that G, 
consists of a simple isomorphism between G and G’. 


5. By means of the statement just proved in reference to G,, we can give 
an easy proof by substitution theory of the fundamental theorem that every 
group whose order is the power of a prime, contains invariant substitutions. Sup- 
pose that such a group @ of order p* does not contain any invariant substitution. 
Then {G, G’} is of order p”, and G, is formed by establishing some simple iso- 
morphism between Gand G’. The subgroup G; in this case leaves a multiple of 
p elements fixed and so is transformed into itself by some substitution S of G. 
This substitution S is commutative with each substitution of G’, and hence 
must also be commutative with each substitution of G. It follows that our 
hypothesis is wrong, and so G contains invariant substitutions. 


Section III.— Some theorems relating to the construction of imprimitive groups. 


1. In constructing the imprimitive groups of a given degree by means of 
tentative processes, the number of trials that needs to be made is frequently 
large, and much of the work is merely repetition. Further, it frequently hap- 
pens that the method by means of which certain groups of a given degree can be 
found, needs little change to determine corresponding groups of other degrees. 
It seems desirable then to establish general theorems which apply to groups of 
different degrees. Several theorems of this nature have already been proved.* 
Of these, one of the most useful states that ‘‘there is only one imprimitive group 
whose head is the product of the groups obtained by writing a given group in 
the different systems of elements, and which permutes the systems according to 
a given cyclical substitution.” 

The theorems in paragraph 2 to 7 will be found useful in constructing the im- 
primitive groups of degree np, where n is any integer greater than 2, and p any 
prime number. Let G’ denote the symmetric group in the elements a), a,, .. , Gn; 
G", the symmetric group in the elements 0, 6,,...-,6,; ....; G?, the sym- 


* Miller, Quarterly Journal of Mathematics, Vol. 28 (1895), p. 193; American Journal of Mathemat- 
ics, Vol. 21 (1899), p. 295. 
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metric group in the elements m,, m,,....,m,. Also let P denote the meta- 
cyclic group of degree p in the letters A, B, C,...., Mand P,, that invariant 
subgroup of P whose index under P is 7,. When 2, is different from p— 1, 
the group P;, may be generated by a substitution (p,) of order p and a substitu- 


tion (pz) of order 2 = : ; when 7, equals p—1, the group P,, is generated by a 
2 

single substitution of order p. The generator p, may be taken as the substitu- 

tion ABC .... M, and it may be assumed that the generator p, does not contain 

the letter 4. When p equals 2, P will denote the group (AB). The substitu- 

tions that permute the systems in the simplest way according to p, and p, will 


be denoted by ¢, and ¢, respectively. That is, 


and ¢, is a substitution of order 2 a 1 that does not involve the elements 
2 
As, y Ay. 


2. THEOREM.— The number of imprimitive groups of degree np that contain the 


head 
H= {G@', G", ...., pos* 


and whose substitutions permute the systems of intransitivity of H according to P,, is 
as follows : 


(a). When p = 2, there are two such groups. 
(b). When p > 2, there is one group if a is odd and two groups if P- 


2 


as even. 


The largest group within which the given head is invariant without having 
its systems of intransitivity interchanged is { G’, G"’,...., @{. Hence there are 
just two sets of substitutions that transform according to any substitution of P,, . 
Those that permute according to p, may be obtained by multiplying the substi- 


tutions in the head by 
t, and aj,a,.t¢,. 


* The notation used is that given by Cayley, Quarterly Journal of Mathematics, Vol. 25 (1890-1), 
71. 
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Both of these transform H into itself. The p™ power of ¢, is identity, while 
that of a,a,.t, is aya,.b,b, .... mym,. This latter is found in the head only 
when p=2. Hence there is just one imprimitive group that contains the given 
head and that corresponds to P,_, when p>2. When p=2, there are two 
such groups; these are distinct, since one contains negative substitutions while 
the other does not. 

When 3%, is less than p —1, the substitutions that permute according to p, 
may be obtained by multiplying the substitutions of H by 


t, and ty. 
Since there is just one group that corresponds to P,_,, each group that corre- 


sponds to P;, must contain this, and hence we may assume that ¢, is found in 
each such group. The substitutions ¢, and a,a,.f, both transform the head and 


also the group that corresponds to P,_, into themselves. The? a th power 
2 


of ¢, is identity, and hence there is always one group that corresponds to P,,. 


The th power of .¢, is identity or a,a, according as = is even orodd. 
2 2 


Hence a,a,.¢, may be used only when P = lis even. The corresponding group 
2 


is distinct from the one obtained when ¢, is taken, as the one contains negative 


substitutions while the other does not. Hence, when & 7 : is even there are 
2 


two groups that correspond to P,,, and when P=) is odd there is just one such 


be 
group. 


3. THEOREM.— When p > 2, there is just one imprimitive group of degree np 
that contains the head 


H=G' pos G"” pos .... G? pos + G’ neg G" neg .... G neg 


and. whose substitutions interchange the systems of intransitivity of H according to 
P,,. When p= 2, there are two such groups. 


The largest group within which # is invariant without having its systems 
interchanged is |G’, G”’,...., G*{|, and hence there are 2’—? sets of substitu- 
tions that transform according to a given substitution of P,,, The 2?! sets 


{ 
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that transform according to p,, may be found from H and the substitutions 
obtained by multiplying each substitution in the group 


(8;)(8) (8)—3) (A) 


by ¢,, where s,; = 8 = 6,b,, etc. Each of these transforms into itself and 
each has its p power in H. The resulting groups, however, are all conjugate 
when p is greater than 2. For 


8385 ++ Sy = SyS3 ++ Sply. 


That is, the group } H, ¢,} can be transformed into the group {H, s¢,{. Simi- 
larly, it can be transformed into the groups { H, s,t,{, where 1 = 2, 3, ...., p—1 
and, therefore, into all the others. Hence when p> 2, there is just one group 
that corresponds to P,_,. It may be taken as | H, ¢,|, and we may assume that 
it is found in each group that corresponds to P,,(t,< p—1). When p= 2, the 
head contains only positive substitutions, In this case the groups that corre- 
spond to P are distinct, since the one contains negative substitutions while the 
other does not. 

By multiplying each substitution in the group (A) by ¢,, we obtain a set of 
substitutions which with H generate the sets that transform according to p,. 
Hach of these transforms the head into itself, but ¢, is the only one that trans- 
forms | H, ¢,| into itself. For if we transform ¢, by the inverse of any other one, 
88; .... t,, Say, we have 


where t,t; = ¢{,and 7, 7’ are certain ones of the subscripts 1, 2,...., p. 


There is an even number of s’s in'the part of this substitution that precedes ¢;; 
further this part cannot be identity. Hence this substitution is not found in 
{H, ¢,|, and, therefore, there is just one group that corresponds to P,, when 


p>2. 


4, TurorEM.— When 2 - Vi even, there are two imprimitive groups of degree 


np that contain the head 
H= pos G" pos .... pos 


and whose substitutions interchange the systems of intransitwity of H according to 


P,. Where Pp = lis odd, there is just one such group. 
2 


| | 
| 
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The largest group within which H is invariant without having its systems 
interchanged is |G’, G”,...., G®}. There are then 2” sets of substitutions that 
transform according to a given substitution of P,,. We know that there is just 
one distinct group that contains this head and corresponds to a cyclic substitu- 
tion of order p. Hence it may be assumed that each group that contains H 
and that corresponds to P;, contains the substitution ¢,. 

The substitutions that permute according to p, may be found by multiply- 
ing H by the substitutions obtained by affixing ¢, to each substitution in the 


group 


where s; has the same meaning as in the preceding theorem. Of these genera- 
tors f, and 8,8, .... 8,t, are the only ones that transform { H, ¢,} into itself. The 


former has its 2 = Mth power in #H and generates with {H, ¢,} a group that cor- 
2 
responds to P;,. The latter has its _ th power in the head only when pe 
3 2 
is an even number. It transforms both H and }J, ¢,| into themselves. Hence, 


when 2 = lis even, there are two groups that contain the given head and that 
2 
correspond to P;,. The corresponding groups are distinct, since one contains 


negative substitutions while the other does not. 


5. THEOREM.— The number of imprimitive groups of degree np that contain the 
head 


H={G' pos, G" pos, ...- , G 


and whose substitutions interchange the systems of intransitivity of H according tu 
;, 8 as follows: 


(a). When p= 2, there are two groups. 


(b). When p=3 and n= 8, there are two groups if i,=p—1, and three 
groups if 1. 


When p >3 and n= 8 or p>2 and n>3, there are two groups if ! 


is even and there is one group if p+ is odd. 
2 


«gf 
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In this case H is formed by writing after each substitution of G pos the 
same substitutions in the other sets of elements. 

(a). When p= 2 and nm =3, there are evidently two distinct groups. When 
p=2andn>3, the only substitutions that permute according to p, and that 
also transform H into itself, may be obtained by multiplying H by the substitu- 
tions ¢, and s,s,t,. Both of these have their squares in the head and they gen- 
erate with H groups that are clearly distinct. 

(b). When p=83 and mn =3, the groups that are isomorphic to P, _, are 
of order and degree 9. It follows that there are two such groups, since there 
are two distinct abstract groups of order p*. They may be written {H, ¢,} and 
H, aya,ast,}. 

The substitutions that ;srmute according to p, and that transform both H 
and {H,¢,} into themselves may be obtained from the head by means of the 
substitutions 

te, 
, 


where S,=a,a,a;, S,—=0,b,b,, etc. Each of these has its square in the head 
except the last two in the second column. Those in the first column clearly 
generate with {H, ¢4,} conjugate groups. The groups {H, 4, 4} and 
1H, t,, 5:883f,} are distinct since one contains only positive substitutions while 
the other contains negative substitutions. 

The group {H, a,a,a;t,} is a cyclic group of order 9. Ifa group that corre- 
sponds to P contains it self-conjugately, then that group is of order 18. There 
is just one such non-abelian group of this order,* and it can be represented in 
only one way as an imprimitive group of degree 9. Hence there is just one 
group with the head H that contains { H, a,a,a,¢,| self-conjugately and that cor- 
responds to P. 

(c). When p > 83 and n= 3, the groups that are isomorphic to P, _, are of 
order and degree p.3. Since p >3 and the subgroup of order 3 is self-conju- 
gate, it follows that there is just one group that contains H and that corresponds 
to P,_,. It may be written {H, ¢,}. 


* Cole and Glover, American Journal of Mathematics, Vol. 15 (1898), p. 206. 
10 


Bs q 
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The general substitution that permutes according to p, may be taken of the 


form 


where a;, @,+.-.,a,—0, 1, 2 and @=0,1. If this substitution transforms 
H, t} into itself, then .... must also do so. Now 
If this be in ; H, ¢,}, it must be of the form 
(G4, .... 
That is, we have the relations 
a;— a, =—(i—1)a (mod 3), 
where i= 1, 2,...., p anda=0,1, 2, Putting p, we see that 
ap=0 (mod 3). 


Hence zero is the only permissible value of a and of the substitutions (A), we 


need consider only 
t, and 8,8, 


The first of these has its 2 a 1th power in the head and hence generates 
2 


with {H, 4} a group that corresponds to P,,. The second has its 7 —th power 
2 


in the head only when 2 = I is an even number. 


« 


Therefore, when pot is even, there are two groups that contain the given 
2 
head and that correspond to P,,. They are distinct, since one contains only pos- 
itive substitutions while the other contains only negative ones. 
When p>2 and n>8, the substitutions that permute like p, and that 


transform # into itself, may be found by multiplying H by the substitutions 
t, and 88, ...- Spf. 


Of these only the first has its p power in the head, and hence there is just one 
group that contains the given head and is isomorphic to P,_,;. The remain- 
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ing part of the proof for this case is the same as the latter part of the preceding 
one. 


6. The group §G’, G’, ...., G} may also be used as a head. It con- 
tains all the substitutions which transform it into itself without interchanging 
its systems of intransitivity. Hence it is contained as a head in just one 
imprimitive group whose substitutions permute its systems of intransitivity 


according to a given transitive group. The same remark applies to the head 
{ CG’, G", GP cose 


7. The remaining theorems in this section apply to imprimitive groups of 
degree pg where p and gq are prime numbers which may be the same or different 
primes. 

Let G, denote the metacyclic group in the elements a,, a,,....,a,; Ge, 
the metacyclic group in the elements b,, b,,...- , b,; -.--; G,, the same group 
in the elements m,, m,,...., m,; and let G;,, denote that invariant subgroup 
of G, whose index under G;is7,. The symbols P, P,,, p,, p., 4 and ft, will be 
used as they were in the theorems just given. We shall assume further that the 
group G, is generated by the substitution S, = a,a,a; ...-. a, of order g, and a 
substitution S, of order g— 1 in the g—1 elements az, a;,a,,....,a,. The 
symbols S; and s; will denote the same substitutions in the elements of the group 
G,, where 1= 2, 3, .... , p, as S, and s, do in the elements of Gj. 


8. THEOREM.— The number of imprimitive groups of degree pq that contain the 
head 
H= { G4, i, ’ Ge, Gy, it 


and whose substitutions interchange the systems of intransitivity of H according to 
P,,, is equal to the number of solutions of the congruences 


Shi, (mod g—1), 


ty 


where B is restricted to the values 0, 1, 2, .... ,i—1 and h is any integer. 


* Miller, Quarterly Journal of Mathematics, Vol. 28 (1895), p. 195. 


j 
a 
i 
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The largest group within which A is invariant without having its systems 
interchanged is {G,, G,, ...., G,}. There are accordingly 7 sets of substitu- 
tions that transform according to each substitution of P,,. 

Since the given head is the direct product of p transitive groups written in 
different sets of elements, we know that there is just one distinct group that 
contains this head and that correspondsto P,_,. This may be taken as { H, ¢,} 
and we may assume that each group to be found contains this as a self-conjugate 
subgroup. 

As s? is the lowest power of s; besides s? that occurs in G,,,, it follows 
that the 7 sets of substitutions that permute according to p, may be obtained 
by multiplying the head by the substitutions 

where a;, ---- ,@,=0, 1, 2,....,or%,—1. For it is clear that these sets 
contain no common substitutions, and since each exponent may have 7, different 
values, there are i? of them. Hach of the substitutions (A) that can be used 
must transform {Z, ¢,} into itself. This will be true when sfs} .... st trans- 
forms ¢, into a substitution in {H,¢,+. The substitution 


will be found in {H,¢,} only when what precedes ¢, is a substitution in H. 
Since the difference between any two different a’s is less than 7,—the lowest 
exponent of s; in G; ;, besides zero—it follows that we must have 
where 86 =0, 1, 2,....,0r%,—1. Hence we need consider only the 7, substi- 
tutions of the form 
+ 


If any of these 7, substitutions generates with {H, ¢,} a group that corre- 


sponds to P,, (i; <p — 1), its ? a 1th power must be in the head. This will be 
2 
true only when the corresponding @ satisfies one of the congruences 


B(P) Shi (mod g— 1), (1) 


where / is any integer. Suppose that @, and @, are any two distinct values of 


4 
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@, each of which satisfies one of these congruences. Hach gives rise to a group 
that corresponds to P;, (i,.<. p—1). Further, the resulting groups are distinct. 
If one could be transformed into the other by a substitution (s), then s would 
have to transform H into itself, since H is the only invariant intransitive sub- 


group of order [297 that is contained in either. It follows, therefore, 
1 


that s must transform the division containing (s,s, .... s,)*¢, into that contain- 
ing (8s. .... 8,)*¢,, the divisions being formed with respect to |H, ¢,!. This 
clearly cannot be done. Hence the number of imprimitive groups that corre- 
spond tu P,,(t,< p—1) is equal to the number of values of @ (where 
@=0,1,....,%,—1) that satisfy the congruences (1). 


9. THEOREM.— The number of imprimitive groups of degree pq that contain 


the head 
H=1 Gi, Gi, tia 


and whose substitutions interchange the systems of intransitivity of H according to 
P,, 1s as follows when p q: 

When 1, = p— 1 there are two groups if i, is a multiple of p, but just one 
group tf t, is not a multiple of p. 

When 1, << p—1, the number of groups is equal to the number of solutions of 
the congruences 


g(2=*)=hi, (mod g—1), 


ty 


where h is any tnteger and B is restricted to the values 0,1, 2,....,%,—1. 


The head is formed by writing after each substitution in G,,, the same sub- 
stitution in the other sets of letters. 


I. Suppose that g—1. 


In this case the largest group within which # is invariant without having 
its systems interchanged is {G,, ..--, @ptia,....,1- This is of order —1) 
while His of order g(g—1)/i,. There are then 2, sets of substitutions that 
transform according to any substitution in P,,. Since (s,s, .... s,)" is the low- 
est power of s,s, .... s, that occurs in H, it is clear that the 7, sets of substitu- 


q 
| 
i 
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tions that transform according to p, may be obtained by multiplying the substi- 


tutions in the head by 
City «+ (A) 


where a= 0, 1, 2,....,%—1. The p™ power of each of these substitutions 
that generates with H a group corresponding to P,_,, must be in H. This will 
be true only when a satisfies one of the congruences 
ap Shi, (mod g—1), (1) 
where / is any integer. These congruences may be written in the form 
ap =hi, + k(¢g—1), 
=(h+ kM)i,, 
where & is any integer and M equals (g—1)/%,. Hence 
te, 
P 


From this equation it follows that zero is the only value of a less than 7, that 
satisfies the congruence (1) unless 7, is a multiple of p. If, however, 


,/p =m, 


m being an integer, then a may have the values 0,m, 2m,....,(p—1)m. 
Hence when :, is a multiple of p, the substitutions (A) may be replaced by the 


substitutions 


(5:8, 
where x = 0, 1,2, ....,p—1. Hach of these substitutions generates with the 
head a group that corresponds to P,_,, but it can be proved that only two of 
them are distinct. In the group that contains the substitution (s,s, ....8,)"¢ 
are found the substitutions (s,s, ....s,)"¢t{, where y may have any of the 
values 1, 2,,...., p—1. If now p, be of order p—1, then a suitable 
power of the substitution ¢, that permutes according to p, will transform the 
head into itself and the substitution (s,s, ....s,)"¢, into (8,8, .... if x 
is different from zero. Hence the p—1 groups {H, (s,s, .... s,)"*¢,}, when 
x has the values 1, 2,....,»—1, are conjugate. The groups {H,¢,} and 
H, (8,8, 8)"t} are distinct abstract groups, since one contains an inva- 
riant operator of order p while the other does not. Hence it is proved that 
when ?, is divisible by p, there are two groups containing the given head that 


| 
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correspond to P, _,, while when 7, is not divisible by p, there is just one such 
group. 
The 7, sets of substitutions that transform according to p, may be obtained 
by multiplying the substitutions in the head by 
where @ may take the values 0, 1, ....,%,— 1. Hach of these transforms both 
the head and {H, ¢,} into themselves. The power of (5,5, ...- 8,)° ts 


7 
will be found in the head only when £ satisfies one of the relations 


B(P=*)=hi, (mod g—1), (2) 


ty 


where h is any integer. Hach value of @ that satisfies one of these congruences 
gives then a substitution which generates with {H, t,} a group that corresponds 
to Pi, (%< p—1). And by the argumeut used in the preceding theorem, it fol- 
lows that the groups thus obtained are all distinct. Hence the number of 
groups that contain {H, ¢,{ as an invariant subgroup and that correspond to 
P,,, (te <p — 1) is equal to the number of values of @ that satisfy the congruences 


(2), @ being restricted to the numbers 0, 1,.... ,2;— 1. 
If {H, (ss .... s)"¢,} is contained as an invariant subgronp of a group that 
corresponds to P,,, then 


must be a substitution in {H, (s,s, ....8,)"t,$; y is defined by the rela- 
tion ttt7'= 4. If this be true, it must occur in the division in which 
Or (8,52 .--- is found. In this division ss, .... 8, 
occurs to the powers my + hi,. Hence there must be a relation of the form 
my +hii=m (mod g—1), 
m(y—1)=(kM— h) (where g—1= 
kM—h. 


or y—1 =p(kM—h). 


This equation however cannot exist, since y is not congruent to unity modulus p. 
Hence there is no group that contains | H, (S,S, ....8,)"¢,} as an invariant sub- 
group and that corresponds to P,,, a, being different from p — 1. 
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II. Suppose that 7,;=q—1. 

In this case the largest group within which the head is invariant without 
having its systems interchanged is {G,, G2, , This Jatter group 
is formed by multiplying the corresponding divisions with respect to the self- 
conjugate subgroup of order g in the different sets of elements. 

The groups that contain the given head and are isomorphic to P,,_, are of 
order and degree pg. We know, then, that when p is not a divisor of g—1, 
there is just one such imprimitive group, and that when p is a divisor of g—1, 
there are two such groups. These two groups may be taken as {H, 4} and 
H, (88 .... 8)"t}, where m =(q— 1)/p, 

The most general substitution that permutes according to p, is of the form 

Sy... (8185 --- Sy)’ be, 


Where @,,.05, ==0, 1,....,¢g—1 and thie 
substitution transforms }H, ¢,} into itself, then SS .... 8%» must also do so. 
Now 
If this be in { H, ¢,}, it must be of the form 
S,)*4. 
That is, we must have the relations 
a; —%4=—(t—1)a (mod q), 
where 1 = 1, 2,...., p and a has one of the values 0, 1,....,qg—1. Such 
can be the case only when 
ap =0 (mod q). 
Zero is the only value of a less than gq that satisfies this congruence, and hence 
we must have aj =a,= ....=a,. The substitutions that permute according 
to p. which are to be considered, may therefore be obtained by multiplying the 
substitutions of the head by the substitutions 


(8:8 ..-- te, 


where 8 =0,1,2,...-,g—1. Ifthe P= "th power of any of these be in the 
2 
head, the corresponding @ must satisfy the congruence 


ts ) (mod 1). 


80 
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To each such @ there corresponds a distinct group, containing } A, ¢,} self-conju- 
gately ; hence formula (2) is true for all values of 7,. 


It remains to find if {H, (ss, ....s,)"¢,} is contained as an invariant 
subgroup in a group that corresponds to P,,, where ¢, is less than pp — 1. If we 
transform (s,s. .... s,)"¢, by the inverse of the general substitution 


we get a substitution of the form 


This could not occur in }{H, (s,s, ...- 8,)"¢,{; for it would have to be found 
in the division in which (s,s, ..-.. s,)"” 4 occurs and we would then have the 


relation 
my =m (mod g— 1), 
or m(y —1)=k(q-—-1). 


This cannot be true since y is not congruent to unity modulus p. Hence the 
given group is not contained self-conjugately in a group that corresponds to 
P,,, where 2< p—1. 

When p=q and 7; << p—1, the above argument shows that there is just 
one group containing Hf that corresponds to P,_,; and that when 7,< p—1, 
the number that corresponds to P;,, is not greater than the number of solutions 
of the congruences 


( ) (mod 1), 


where @ is restricted to the values 0, 1, 2, .... ,%,— 1 and A is any integer. 

When p=g and i, =p—1, the groups that correspond to P,, are easily 
determined by considering the holomorphs of the two regular groups of order p’. 
In the holomorph of the cyclic group of order p’ there is clearly just one group 
that contains the given head and that corresponds to P,. 


10. THEOREM.— When i, = p—1and 4 > is not a multiple of p, there ts 
‘1 


one imprimitive group of degree pq that contains the head 


11 
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whose substitutions interchange the systems of intransitivity of H according to P..,; 


when t. = p— 1 and 1" is a multiple of p, there are two such groups. 
1 
When 1,< p-- 1, the number of groups is equal to the number uf solutions of 
the congruences 


B =hi,  (modg—1), 
2 
where h is any integer and @ is restricted to the values 0,1, 2,..-.,%—1. 

The given head in this case is formed by taking the product of corresponding 
divisions with respect to the invariant subgroup g of each of the transitive con- 
stituents. The largest group within which H is invariant without having its 
systems interchanged is {G,, G,,...., G,}. Hence we may take 

4, 4, ----, a, being integers, as the general substitution that transforms accord- 
ing to p,. This substitution transforms the head into itself and with H generates 


a group that corresponds to P,_,, in case its p power is found in the head. 
This will be true if the a’s satisfy one of the relations 


tat (mod g — 1), (1) 


h being any integer. 
We first show that the groups that correspond to different solutions of any 


given one of these “~~ congruences—this being the number of distinct rela- 

tions (1)—are conjugate. For, let 4, be any value of A, and let a,, az, ...-, a, 

and «j,a@,,---.,a, be two distinct solutions of the corresponding congruence. 


Then 


8 2 — B» 


when = + (a, + Get ---- + — (aj, + a+ + where 
1= 2,3,....,p. Also .... 8% transforms the head into itself. Hence 


there cannot be more than 4— distinct groups that correspond to P,_,— 
1 


one to each of the above congruences, 


| 


Kuun: On Imprimitive Substitution Groups. 83 


The substitutions in the following table give a set of g — 1 generators—one 
corresponding to each congruence-—which, with the given head, generate one 


set of rs : groups isomorphic to P,_,: 


—1)i 
3? ix ty 
; 4 i (p—1)i i 
(om... & Ph, ST! (838 Sy)" by, nes 
i (p—1) % 


the table being continued until a" substitutions are contained in it. 


In the first place it is evident that the groups that correspond to the substi- 
tutions in the i column where i= 1, 2,...., p, are identical. Hence we need 
consider only those groups that correspond to the substitutions in the first row. 
In the group {H, s}¢,} are found the substitutions 


(81 8p 8) Sp th, 


where x= 2, 3,....,p —1. If p, be of order p—1, then a certain power of 
the substitution ¢, that transforms according to p, will transform ¢? into ¢, and 
the group | H, s;¢,} into a group that is conjugate to {H, sf't,!. Hence the 
groups {H7, sj" t,!, where r=1, 2,...., p—1 are conjugate. We consider 
then the two groups | H, ¢,| and {H, s;'¢,$. The latter contains in the division 
in which s} ¢, occurs the substitutions 


where aj, a4,..--,a,=0,1,...., or g—1 and fA is any integer. If the p* 
power of any of these be identity, then 
(Ap + 1)1,=0 (mod g — 1), 
or (Ap + 1); = k(q—1), 
or kM—hp =1, (2) 


if M=(q—1)/i,. When Mis not a multiple of p, this equation has a solution. 
In this case there is a substitution of order p in the division in question. The 
corresponding exponents of the s’s then satisfy the first congruence of (1), and 


the group is conjugate to {H, ¢,}. When, however, q -- = mp, where m is an 
1 
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integer, then (2) becomes 
(km—h)p=1. 


This has no solution. Hence when (q¢ — 1)/?, is not a multiple of p, there is just 
one group containing the given head that corresponds to P,_, ; but when (q-— 1)/¢, 
is a multiple of p, there are two such groups. 

The general form of the generating substitutions that transform according 


tO pez 18 
ty, 


If any of these transform }H,¢,} into itself, then sfs% .... s¢? must do so. 
That is, 


must be of the form 


where a is some multiple of 7;. That is, we have the relations 


a; =a, — (t—1) (mod qg— 1). 


Putting 7 = p, it is seen that 

ap=0 (mod g— 1), 
Hence, as the values of a to be considered are multiples of 7, that are less than 
g—1, it follows that g—1 must be a multiple of pi, unless a=0. In the 
latter case, aj —=a,—=.... =a,. That is, when — 1)/?, is not a multiple of 
p, the substitutions that permute according to p which we have to consider may 
be obtained by multiplying the head by the substitutions 


where 3 = 0, 1, 2,....%,— 1. When, however, (g— 1)/2,= mp, we must mul- 
tiply the head by 


a,—a 


a. a;—(p—l)ja 
So e Sy ty 


where a = 0, mi,, 2mi,, ...-,(p—1)mi,. These may be written in the form 


(p —l)ag(p—2)a a 
sf sf 
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If aj is a value of a, for which the (p — 1)/2,"" power of this substitution is 
in the head, then there cannot be more than p groups that correspond to this 
value of a,. We prove that there is just one—i. e., that the groups that corre- 
spond to the substitutions 


are conjugate. For, transform the substitution (s,s, ....s,)*t, by the inverse 
This latter transforms {H, ¢,} into itself. Suppose 


that t* transforms S, into S,. Then the transform in question is of the form 


(a—2)a 


89 


When « takes the values 0, mi,, .... , (p— 1) mi,, we get p different sub- 
stitutions in this way. For, let «mi, and jmi, be any two distinct values of a. 
If these gave rise to the same substitution, then we would have 


(a — 2) imi, = (x — 2) jmi, (mod g — 1), 
or (x — 2)(t— 7) mi, = k(q—1) = kmpi,, 
or (2— 2)\(t—j) =hKp. 
—2=0 (mod p), 

x =2 (mod p). 


This, however, is not true. Hence, in any case, the substitutions that transform 
according to p, may be found by multiplying H by the substitutions 


--- 


where @=0, 1,...-,%,—1. As above (§8), we prove that to each value 
of 8 that satisfies the congruences 


B = hi, (mod g— 1), 


there is a distinct group that contains { H, ¢,} as an invariant subgroup. 

It remains to consider what (if any) groups contain { H, Sj'¢,} as an inva- 
riant subgroup which corresponds to P;,. The general substitution to be con- 
sidered is, as before, 


» 


Transforming s}t, by this, we get 


3 » 


4 5 

7 

¥ 

{a 
a 

4 

i 

4 

i 

q 
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where the subscripts 7,,7%;, .... 4%, denote the numbers 2, 3,...., p in some 
order and where »’ is defined by ¢7't,t,= 7. If this be a substitution in 
{ H, s} ¢,{, it must occur in the division in which (s{ 4)” or (8,8, 
is found. In this division we have the substitutions 

If (A,) be identical with any of these, then the p‘" power of each must give rise 
to the same substitution. Now the p™ power of (A,) is (ss, .... s,)", while 


that of (A,) is (s5,....s8,)" +”, Hence we must have the relation 
(mod g — 1), 

or (hp + y') i; =(1 + i,, }sinee = mp}, 

or = 1+ (km —h)p. 


This, however, cannot be true, since 7’ is not congruent to unity modulus p. 
Hence there is no group that contains | H, s;'¢,} as an invariant subgroup and 
that corresponds to P;,, 2, being different from p—1. 


11. Let H,, denote that invariant subgroup of 
whose index under G is 7,, p being an odd prime. 


THEOREM.— The number of imprimitive groups of degree pq that contain the 

head 

and whose substitutions interchange the systems of intransitivity of H,, according to 
P,, is as follows : 

(a) When i, = p— 1 and p=q there are two groups if i; = — 1 and one 
group f4<q—1. 

(b) When i, =p —1 and p+ q there is one group if i, 1s not a multiple of 
p and two groups if i, is a multiple of p. 

(c) When i.< p—1, p#q, and i; = q — 1 the number of groups is equal to 
the number of solutions of the congruences 


(P= (mod g—1), (1) 


a 
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where h is any integer and @ =0,1,...., i; —1 in case is not a mulliple of 


9 


q and one greater than this number in case e— is a multiple of q; when iz< p—1, 


P#FQ 4<q—1 the number is given by (1). 

(d) When i,< p—1 and p = q the number is one greater than that given by the 
congruences (1). 

Suppose 7, = g—1. 

In this case the largest group within which the given head is invariant 
without having its systems interchanged is (S,) .... 5). This 
is of order g’?(qg—1), while H,, is of order g?~’. There are then g(q¢—1) sets 
of substitutions that transform according to any substitution in P,,. Now, 


,-1 contains the substitutions 


where a is any integer. This substitution will be of the form (S,S, .... S,)* 


when 
ap =0 (mod q). 


Tt follows that when p is different from q, there is no substitution of the form 
(S,S,.... 8,)*in H,_,;. In this case the substitutions that permute according 
to p, may be obtained by forming the products of the head and the following 
substitutions: 


Of the substitutions in the first column ¢, is the only one whose p‘ power is 
in the head. If the p™ power of any other one in the first row is in the head 
then this is true of all the substitutions in the corresponding column. But the 
resulting groups are conjugate, as is seen by transforming the one containing 
..-- t by (S\S,...-8,)* where @ is the exponent of s,s,....8, in the 
column in question anda=1,2,....,q—1. We need consider then only the 


HY. 
Bir 
in 
| 
j 
| a 
e 
i 
aj 
| 
i | 
7 
ig 


88 Kuun: On Imprimitive Substitution Groups. 


substitutions in the first row. The p™ power of (s,s, ...-s,)*t, will be in the 
head if 
ap =0 (mod g — 1). 


When p is prime to g—1, zero is the only value that a may take and in this 
case there is just one group. When, however, (g—1)/, equals an integer, m, then 
a=0, m, 2m,....,(p—1)m. But as above (§9) the groups that corre- 
spond to the values m, 2m, ..-.,(p— 1)m are conjugate and hence in this case 
there are two distinct groups that contain the given head and that correspond 

When p equals q the head contains the substitutions (SS, .... S,)* where 
a=1,2,....,q—1. The substitutions that permute according to p, may now 
be found by multiplying the head by the set of substitutions obtained by replacing 
(S\S,.... S,)* by Sf in the preceding table. Of these only those in the first 
column have their p™ power in the head. That is, we need consider only those 
of the form 


St t, 
where a=0,1,..--, p—1l. If }H, 8,4} is transformed by (s,s, .... 8,)° 
where @=0, 1, ...., p— 2, it is seen that the groups {H, S?¢,} wherexz=1, 
2,...-,p—lare conjugate. The groups {H,¢,} and |H, S,¢,} are distinct, 


since the former contains only substitutions of order pin the division in which 
t, occurs while the latter contains substitutions of order p” in this division. 
When p is not equal to g, the substitutions that transform according to p, 
can be found by multiplying the head by the substitutions that result when ¢, is 
replaced by ¢, in the first of the above tables. If any substitution in the first 


column besides ¢, has its (j—1) /i, power in the head then 2? — 1 must be a mul- 


to 


tiple of g.. The groups ¢,, (S\S,...- S8,)”&}, where x=1, 2,....,qg—1 
are conjugate as is seen by transforming one of them by (s,s, ....s,)®° where 
B=1,2,...-,q—2. But the groups |Z, and {H, ¢, (8,8, .... 8) 


are clearly distinct. If any other substitution in the first row, besides ¢,, has its 


eam § power in the head, then all of those in the column to which it belongs 


also satisfy this condition. But the corresponding groups are conjugate, as is seen 
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on transforming one of them by (8,S,.... S,)* where a=1, 2,...., g—1. F 
We need then to consider only substitutions of the form 


where @=0,1,....,qg—2. As before, it follows that the number of distinct q 
groups is equal to the number of values of @ that satisfy the congruences i 
B *) =0 (mod g—1). 

3 

If | H,-1, (852 ----s8,)" 4} is contained as an invariant subgroup in a 


group that corresponds to P,, (i, <p — 1) then 


must be a substitution of this group. This can be true only when it is identical 4 
with the substitution (s,s, ....s,)"" é' — that is, when 

my, =m (mod g— 1) 
or m=1 (mod p). 


This equation, however, is not true, and hence there is no group of the kind in 
question. 

When p equals g, we may replace ¢, by ¢, in the second of the above tables 
to obtain a set of substitutions which with H,_, generate the substitutions that 
permute according to p,. Those in the first column are of the form 


St t 
wherea=0,1,....,p—1. The Poth power of this is in the head when 
2 
= 
a ) =0 (mod p) 
| 


It follows that zero is the only permissible value ofa. If any substitution in 


the first row has its ? = 1th power in the head, then the corresponding @ must 
2 
satisfy the relation 


B P—*)=0 (mod p — 1), (1) 
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where G=0, 1, 2,...,p—2. If 8, be any solution of this congruence besides zero, 
then it is clear that all the substitutions in the same column with (s,s... .8,)* ¢, 


have their 2 = Mh power in the head. Now all of these substitutions that have 


2 


their ?—*th power in the head also transform {H,_,, ¢,} into itself. But 
2 


those which belong to the same column give rise to conjugate groups as is seen 

by transforming by S? where x = 1, 2,....,p—1. Hence the number of dis- 

tinct groups that contain {H,_,, ¢,{ as an invariant subgroup is equal to the 
number of solutions of the congruence (1). 

If (85, .... transforms {H,_,S, 4} into itself, so also will 

1' (8:8, -- ++ Sp)" t,. We need consider then only those substitutions in the first 

row whose exponents satisfy (1). Now if 8, be such a value of the exponent, 


then 


where ¢,'¢,t,=¢' and s; *S8,sf = S*. This will evidently be a substitution in 
{H,-1, only when a’=y,. Hence, there is just one substitution in the 
first row that transforms the given group into itself—the corresponding value of 
@ being 7,. All the substitutions in the corresponding column give rise to conju- 
gate groups, as may be seen by transforming {H, S,t,, (85, .... 8,)*t,} by Sj, 
where a=1, 2,....,p—1. Hence, there is just one group that contains 
{H, S,t,} and that corresponds to P,. 


(2). When g—1. 
In this case, the largest group within which the given head is invariant 
without having its systems interchanged is 


There are then 7, sets of substitutions that transform according to any substitu- 
tion in P,,. Those that transform according to P,_, may be obtained by multi- 
plying the head by the substitutions 


(5,8... 


where a =0,1,....,%—1. If the p™ power of any of these be in the head, 


| 

| 
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then the corresponding a must satisfy the relation 


ap =hi, (mod g — 1), 
where / is as usual. That is, 
ap = (h+kM)i, {2+ = 
1 

When 7, is not a multiple of p, zero is the only value of a that can be used; 
when 7, = mp (where m is an integer), then a =0,m, 2m,....,(p—1)m. 
Hence, as before, when p is prime to 7,, there is just one group that corresponds 
to P,_,, and when 2, = mp, there are two such groups. 

The substitutions that transform according to p, result when the head is 


multiplied by the substitutions 
+ - 8) te, 


where 8=0,1,...., %,—1. Each of these transforms both the head and 
H,,, into themselves. The number of groups that contain { H,,, self-con- 
jugately and that correspond to P,, is then equal to the number of solutions of 
the congruences 


1? 


Shi, (mod g—1), 


where h/ is as usual. 
By the reasoning used above, it follows that there is no group isomorphic 
to P,, that contains {H;,, (ss, ...-.s,)"4&} as an invariant subgroup, where 


p—l. 


12. Consider the head which may be written in the form 
H = (8,85 *)(883 (Sp—1 8 *)- 


To form the group which this represents, we first establish the g:g isomorphism 
between G, and G, in which the division containing sy’ in G, corresponds to 
that containing s, in G,. Denote this group by h,. Then establish the 
g’°(¢g—1):q isomorphism between {h,, s,{ and G@; in which the division con- 
taining s; 1 in G, corresponds to that containing s, in the group {h,, s.{—the 
divisions in the latter group being formed with respect toh,. Denote the resulting 
group by A, and establish a similar isomorphism between j{hp, s,{ and G,; that 
is, make the division containing sy’ in G, correspond to the division containing 
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8; in {hg, s3}—-the divisions being formed with respect to A, in the latter group. 
Continue this process until all the p groups G, have been used. The resulting 
group evidently permits a cyclic interchange of the systems, and hence may be 
used as a head. It further permits the interchange of the systems required by p,, 
and we now consider the groups that contain this head and that correspond to P,,. 


THEOREM.— When 1,= p—1 and qg—1 is a multiple of p, there are two 
groups that contain the head H, whose substitutions interchange the systems of intran- 
sitivity of H according to P,,; when i, =p — 1 and gq —1 is prime to p, there is 
just one such group. 

When t, << p — 1, the number of groups is equal to the number of solutions of 
the congruence 

B P—*)=0 (mod g — 1), 
where 0,1, 2,....,q—2. 

The largest group within which the given head is invariant without having 
its systems interchanged is {G,, G,,.... G,}. This is of order g’ (gq — 1)” while 
the head is of order g?(q—1)’—'. Hence there are g—1 sets of substitutions 
that permute according to any substitution in P;,. Those that transform accord- 
ing to p, may be found by multiplying the head by the substitutions 

(A) 


where a=0, 1,...., g—2. Each of these transforms the head into itself 
The p™ power of (A) will be in the head if a satisfies the congruence 
ap=0 (mod g—1). (1) 


For we find in the head the substitutions 


The product of these is (s,s. ...- 8)_)* 85 ‘?—"* and this will be identical with 


(8:8, only when 
—(p—l1)a=a (mod g — 1) 
or ap=0 (mod g—1). 


When p is not a divisor of g—1, zero is the only value of a less than g—1 that 
satisfies the congruence (1) and so in this case there is just one group containing 
the given head that corresponds to P,_,;. When, however, (¢ —1)/p equals an 


| 
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integer m, thena= 0, m, 2m, ....(p—1)m are solutions of (1). The substi- 
tutions (A) that need to be considered may therefore be written in the form 
sy 
where x=0,1,....,p—1. These may evidently be replaced by the substi- 
tutions 


where s,_,,.2 stands for unity when x=0 and for s, when x=1. Now by the 
method used above (§10) it follows that the groups corresponding to the 
values x=1, 2,...., p—1are conjugate. Hence in this case there are two 
groups that correspond to P,_}. 

The g—1 sets of substitutions that transform according to p, result when 
the head is multiplied by the substitutions 


sf te, 
where 8 =0,1,..-.-,q—2. Lach of these transforms the head and also { H, ¢,} 
into themselves. The i dh power of (A,) will be in the head if @ satisfies 


2 


the relation 


P—*) =0 (mod g— 1). (2) 
To each value of @ that satisfies this congruence there corresponds a distinct group 
that corresponds to P,, p— 1) and that contains | H, 4} as an invariant 
subgroup. 

If { H, sj" ¢,| is contained as an invariant subgroup in a group that corre- 
sponds to P,,, then the former group must include the substitution 


where £ satisfies the congruence (2) and r denotes one of the numbers 2, 3...., 
p—i1. The group }Z, s" 4} contains the substitution s"~* s? 4. If it also 
contained s”~* sf ¢y, then the substitution 47~! would be found in it. This, 
however, is not the case since y is not congruent to unity modulus p. 
13. TuHroreM.— When p> 2, there is just one tmprimitive group of degree pq 
that contains the head. 
Hz | Gy, 
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and whose substitutions interchange the systems of intransitivity of H according to 

P,,. When p= 2, there are two such groups. 
The largest group within which the given head is invariant without having 

its systems interchanged is {G,, G,, ...., G,}. This is of order [q(q—1)]’, 


while H is of order [ev 7. 2. There are accordingly 2’—' sets of substitu- 


tions that permute according to each substitution in P;,. Those that transform 
according to p, may be obtained by multiplying the head by the substitutions 


(A) 
where a,, Hach of these transforms the head into itself, 
and each has its p'* power in the head. It may be noted, first, that all of 
these substitutions whose p power gives rise to the same substitution in the 
head generate, with H, conjugate groups. For, let aj, ag, .---,a,-, and 
ay’, , be two sets of values that satisfy the congruence 

a +a,+.... (mod g— 1), 
a being the exponent of the p™ power of the corresponding substitutions, The 
inverse of s$?s3*.... 88? is a substitution that transforms {H, .s?—, 4} 
into {H, sp", sy*”.... st} providing 


= (a; + a; + + + ay! + 


Of the substitutions (A) we need consider then only the following: 
t, and a8, ...- 8%, 


where x=1,2,....,p—1. It follows, by the method used above (§10), 
that the »—1 groups /H, s,5,....s,t,| where 2,...., p—1, are 
conjugate. We have yet to consider the groups { H, ¢,} and | H, s,¢,{. The head 
H contains the substitution .... where may 
be zero or any integer. Hence }#H, s,¢,} contains the substitution, s+? sje? 
she The p™ power of this will be identity if the y’s satisfy 
the congruence 
(mod g — 1) 

1 
1. e, = 


‘ 
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This evidently has a solution except where p=2. Hence, where p > 2, the 
group {H, s,¢,} contains a substitution of order p in the division in which s,¢, 
occurs. In this case, the groups }H, ¢,! and {H,s,¢,} are clearly conjugate. 
When p=2, the group { H, s, ¢;} contains negative substitutions, while 
| H, t;} does not. Hence, when p is even, there are two groups with the given 
head that correspond to P,,_,, and when p is odd there is one such group. 

The sets of substitutions that transform according to p, may be found by 
multiplying the head by the substitutions 


85? be, (B) 
Where a», a3, .---,@,—0o0r1. These all transform the head into itself. Now 


where %, 3,....,p in some order and Since 
=0 or 1, it follows that the exponents of the s’s that precede are 
either 0, 1, or —1. Further if (C) is found in } H, ¢,} when the exponent of one 
of the s’s is zero they must all be zero. It follows that a,=a,;=.... =a,=0 
is the only set of values which give a substitution (B) that transforms { H, ¢,} 
into itself. Hence there is just one group that contains the given head and 
corresponds to P,, when 2;, is less than p — 1. 


14. THEoREM.— When p > 2 and Po is even there are two imprimitive groups 
2 


that contain the head 
H= G,, .... , G,} pos, 


and whose substitutions interchange the systems of intransitivity of H according to 

P;,; when a is odd there is just one such group. When p = 2 there are two 
2 

groups that contain the given head. 

15. The heads considered in paragraphs 8-14 occur for all values of g and 
hence the theorems proved enable us to determine certain imprimitive groups of 
every degree of the form pg. In general, other intransitive groups can be 
formed from the p transitive groups G,;,, G,;,,----, G@,,;, which may be used 
as heads of imprimitive groups whose systems of imprimitivity are permuted 
according to P,,. For each such head a like theorem may be proved. 
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Section IV. List of the imprimitive groups of degree fifteen. 


The theorems proved in the preceding section enable us to find at once most 
of the imprimitive groups of the degrees four, six, nine, ten, and fourteen. We 
shall now make use of them in determining the imprimitive groups of degree 
fifteen. 

Fifteen letters can be divided in two ways into systems containing an equal 
number of letters, viz., into three systems of five letters each, or into five systems 
of three letters each. We consider first the groups that contain three systems 
of imprimitivity. The substitutions of these groups permute the systems accord- 
ing to either the symmetric group or the alternating group of degree three. It 
follows that any intransitive group of degree fifteen that can be used as the head 
of such a group must permit acyclic interchange of its systems of intransitivity. 
It is not difficult to construct all the intransitive groups of degree fifteen having 
three systems of intransitivity that have this property. It is found that there 
are twenty-one such groups which can be used as heads. They are as follows: 


Order. 
1728000 (abcde) all (fghi) all (&’mno) all 
864000 {(abede) all ( fghi7) all all} pos 


432000 (abcde) pos (fghij) pos (klmno) pos + 
(abcde) neg (fghij) neg (klmno) neg 
216000 (abcde) pos (fghij) pos (klmno) pos 
8000 (abcde)a (fght7 (klmno)ay 
4000 $(abcde)s (klmno).} pos 
2000 [{(abede)oq (fght7)oo} pos, dim 
2000 {(abcde)oy (fghty )ao, 100, 5 
500 (abcde) sy )oo 5, 5, 5 
250  {(abede)yy 5, 5 
125 (abcde), (fghij); (klmno), 
120 (abcde . fghij 
100 [{(abede)oy (Fgh )oots, 51 1 
60 (abcde. fghij . klmno) 
50 [{(abcde),) (fghtj dim, (k’mno),o]s,1 
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25 {(abcde),; (fghij);, (klmno) |. 
20 (abcde . fghiz . kimno)x9 


10 (abcde. fghi . kimno),, 
5 (abcde . fghi . kimno), 


The theorems of the preceding section enable us to write down at once all 
of the imprimitive groups that have the above groups for heads except the second 
head of order 500. It is easily found that there are three groups that contain 
this head. The total number of these is found to be 55 and they may be written 
as follows: | 


Order. No. 


10368000 1 (abcde) all (fghij) all (klmno) all (afk. bgl.chm . din . go) 
(af. bg.ch.di.@) 
5184000 1 (abcde) all (fghij) all (Almno) all (afk. bgl.chm . din.ejo) 
2,3 (abcde) all all (kimno) all} pos (afk. bgl. chm. 
din .ejo)(af.bg.ch. di.ej)(1, ab) 
2592000 1 {(abede) all (fghij) all (klmno) all} pos (afk. bgl.chm .din . ejc) 
2592000 2 (abcde) pos (fghij) pos (klmno) pos + (abcde) neg (fghij) neg 
(Almno) neg (afk .bgl.chm. din .ejo)(af. bg .ch.dt.e) 
1296000 {(abede) pos ( fghij) pos (klmno) pos + (abcde) neg (fghy) neg 
(kimno) neg} (afk. bgl.chm. din . ejo) 
2,3 (abcde) pos (fghij) pos (klmno) pos (afk. bgl. chm. din . ejo) 
(af. bg .ch.di.e)(1, ab. fg.kl) 
648000 (abcde) pos (fyhij) pos (klmno) pos (afk. bgl.chm. din . ejo) 
48000 1 (abcde). (klmno)s (afk. bgl.chm . din . ejo) 
(af.bg.ch.di. 
24000 (abcde)oy (fghij (klmno) (afk . bgl. chm . din . ejo) 
{ (abcde) oy pos (afk. bgl. chm . din. ejo) 
(af.bg.ch.di.g 
(abcde). (Fgh pos (afk . bgl. chm . din . 
(dced)(af. bg .ch.di.eg 
{ (abcde) ay (klmno)} pos (afk .bgl . chm . din . e7o) 
[} (abcde) (fghi7 )ao} pos, dim (afk. bgl. 
chm .din.ejo)(af.bg.ch. dt.e 
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S(abcde)s) (fght7 } 100, 5 (afk . bgl. chm . din. eo) 
(af.bg.ch.di.e)(1, lo.mn) 
[{ (abcde). (fght7)29} pos, (klmno,)] dim (afk .bgl. chm . din . 
{ (abcde) 9) (klmno)z9} 10, 5 (afk. chm. din. ejo) 
(afk. bgl. chm . din . 
(af. bg .ch.di.ej)(1, bced . ghjt . lmon) 
(abede) 19 (klmno)» (afk . bgl. chm. din . eo) 
(abcde) oy (fght7 (klmnv) 5, 5,5 (afk. bgl. chm. din. ejo) 
(af.bg .ch.di.g) 
{ (abcde). (fght (klmno)o} dim (afk. bgl.chm . din. ejo) 
(af. bg.ch.di.e )(1, be. cd) 
{(abcde) on (Fght7)ay 5, 5, 5 (afk . bgl . chm . din . eo) 
} (abcde) (fghi7) 19, (klmno),o| dim (afk. bgl . chm. din. ejo) 
(abcde). (klmno) 5, 5, 5 (afk. bgl. chm . din. ejo) 
(af .bg .ch.di.e7)(1, beed . lmon) 
{(abede) (fght7) (klmno)o| 5, 5, 5 (afk. bgl. chm . din. ejo) 
(abcde), (fghij), (klmno), (afk. bgl. chm . din. ejo) 
(af.bg.ch.di.e7)(1, be.cd . gj. hi .lo. mn) 
*(abede. Sghij . klmno)y.9 (afk. bgl. chm . din. ejo)(af. bg . ch .di. e7) 
[} (abcde) 5, 5» 1 (afk. bg. chm . din . eo) 
(af.bg.ch.di.@) 
(abcde), (fghij); (klmno), (afk. bgl. chm . din. eo) 
*(abede . fghij . kimno) .) (afk. bgl . chm . din . ejo) 
*(abede. fghiz . klmno)g (afk. bgl. chm. din. ejo) 
(af.bg.ch.di.@)(1, ab. fg. kl) 
[3 (abcde) ay (Fght7 5, 5 1 (afk .bgl. chm . eo) 
[ (abede),) (Sght7)io} dim, (afk. bgl. chm. din . 
(af.bg.ch.di.e)(1, bced . ghjt . lmon) 
*(abcde . fghij . klmno) (afk .bgl. chm. din. ejo) 
[ (abede),, (fghi7) dim, (klmno),o|5, 1 (afk. bgl. chm . din .ejo) 
{ (abcde), (fohij);, (klmno),\., (afk. bgl. chm. din .ejo) 
(af.bg .ch.di.e7)(1, be. cd. gj .hi. lo.mn) 
*(abede . fghij . klmno),) (afk . bgl. chm . din . eo) 
(af.bg.ch.di.¢) 
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1500 1 
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750 1 
2, 3 
720 1 
600 1 
375 1 
360 1 
2, 3 
300 ] 
2, 3 
180 1 
150 | 
2, 3 
| 120 1 ; 
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75 1  $(abcde); (fghi7);, (klmno);|, (afk . bgl. chm. din. ejo) 
60 1 *(abede. fghij.klmno)z (afk .bgl. chm .din . eo) 
2,3 *(abcede. fghy .klmno), (afk . bgl.chm .din. ejo) 
(af .bg .ch.dt.e)(1, beed. ghji . limon) 
30 1 *(abede.fghi .klmno), (afk .bgl.chm . din. ejo) 
2,3 *(abcde. fghij.klmno); (afk. bgl.chm. din. ejo) 
(af.bg.ch.di.ej)(1, be.cd. gj . ht. lo .mn) 
15 1 *(abcde.fghij.klmno), (afk .bgl.chm . din. ejo) 


Total, 55 


Those groups marked with an * have also five systems of imprimitivity. 

The symmetric group and the alternating group of degree five can each be 
represented as an imprimitive group of degree fifteen. Hence identity occurs 
among the heads of the imprimitive groups of degree fifteen that have five sys- 
tems of imprimitivity. The transitive constituents of the other heads of these 
groups are cyclic groups of order three or symmetric groups of order six. And 
as in the preceding case each of these heads permits a cyclic interchange of its 
systems of intransitivity. It is found that there are nine groups that can be 
used for heads of imprimitive groups of degree fifteen that have five systems of 
imprimitivity. They are as follows: 


Order. 
7776 (abe) all (def) all (ght) all (jh) all (mno) all 
3888 {(abc) all (def) all (gli) all all (mno) all} pos 
486 (abc) all (def) all (ght) all all (mno) allts 5 5.3, 3 
243 
162 (abe.dfe)(def. de. gh .jk . mn) 
81 (abc .dfe)(def . gih)(ghi .jlk)(jkl . mon) 
6 (abe.def. ghi.jkl . mno) all 
(abe.def. ghi .jkl . mno) cyc 
1 Identity 


The theorems of the preceding section enable us to determine all the im- 
primitive groups that contain these heads except those whose substitutions inter- 
change their systems of imprimitivity according to either the symmetric or the 


4 
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alternating group of degree five. We note briefly the construction of the latter. 
Those that contain the head identity can be found at once by means of Dyck’s 
theorem on the transitive representation of a given group.* The heads of orders 
7776 and 6 are not contained in larger groups of the same degree that leave 
their systems of intransitivity unchanged. The groups that contain these heads 
and that correspond to (abcde) all or (abcde) pos ‘are determined then at once.+ 
The groups that contain the head of order 3 and that correspond to (abcde) all 
or (abcde) pos are of order 360 or 180 and their factors of composition are 60, 
3, 2 and 60,3 respectively. The abstract groups with these factors of composition 
are known,{ and hence we can at once find the corresponding imprimitive 
groups. The remaining groups (12 in number) may be easily found by tentative 
processes. 

I find in all 56 distinct groups that contain five systems of imprimitivity. 
Of these, 13 have also three systems of imprimitivity and so are found in the 
preceding list. Those which contain five systems of imprimitivity without also 
containing three systems are the following: 


Order No. 
933120 1 = (abe) all (def) all (ghz) all (jk) all (mno) all 


(adgjm . behkn . cfilo)(ad . be . cf) 
466560 (abe) all (def) all (ght) all (jkl) all (mno) all 
(adgjm . behkn. cfilo)(adg . beh . 
{(abe) all (def) all (ght) all (jk) all (mno) all} pos 
(adqjm . behkn . cfilo)(ad . be . ef )(1, gh) 
233280 \(abe) all (def) all (ght) all (jhl) all (mno) all} pos 
(adgjm . behkn . cfilo) (adg . beh . oft) 
155520 (abc) all (def) all (ght) all (j&7) all (mno) all 
(adgjm . behkn . cfilo)(dgmj .ehnk . fiol) 
77760 (abe) all (def) all (ght) all (jk?) all (mno) all 
(adgjm. behkn . cfilo)(dm . gj .en . hk. fo . il) 
2,3 {(abc) all (def) all (ght) all (jk7) all (mno) all} pos 
(adgjm . behkn . cfilo)(dgm) . ehnk . fiol)(1, ab) 


* Mathematische Annalen, Vol. 22 (1883), p. 94. 
t Miller, Quarterly Journal of Mathematics, Vol. 28 (1895), p. 195. 
t Hélder, Mathematische Annalen, Vol. 46 (1895), p. 417. 


x 


29160 


19440 


14580 
9720 


4860 


3240 


2430 


1620 


2, 3 
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(adqjm . behkn .cfilo)(ad . be . cf) 
(abe) all (def) all (ght) all (j&l) all (mno) all 
(adgjm . behkn . cfilo) 
{(abe) all (def) all (ght) all (j&2) all (mnv) all! pos 
(adgqjm . behkn . cfilo)(dm. gj. en. hk. fo. il)(1, ab) 
{(abe) all (def) all (ght) all (jhl) all (mno) allt; 25.5.3 
(adgqjm . behkn . cfilo)(adg . beh .cft) 
. behkn . cfilv) 
(ad. be.cf)(1, ab. de. gh.jk .mn) 
{(abc) all (def) all (ght) all (j%l) all (mno) all} pos 
(adgjm . behkn . cfilo) 
(abe .dfe)(def. gth)(ght . j1k)(jkl . mon)(ab .de.gh.jk. mn) 
(adgjm . behkn . cfilo)(ad . be . cf) 
(abc)(def)(ghi)(jkl)(mno)(adgqjm . behkn : cfilo)(adg .beh . cft) 
{(abc) all (def) all (ght) all (7X7) all (mno) all!s 5 5,5, 3 
(adgjm . behkn . cfilo)(dgmj. ehnk . fiol) 
(abe . dfe)(def . gth)(ghi .jlk)(jkl . mon)(ab. de. gh. jk. mn) 
(adgjm . behkn . cfilo)(adg . beh . cft) 
(abc . dfe)(def . gth) (ght . mon)(adgjm . behkn . cfilo) 
(ad .be.cf)(1,ab.de.gh .jk.mn) 
{(abe) all (def) all (ght) all all (mno) all}; 53,35 
(adgjm . behkn . cfilv)(dm . gj . en. hk. fo. il) 
(abc) (def)(ghi)(jkl)(mno)(adgjm . behkn . cfilo) 
(dgm) . ehnk . fiol)(1, ab. de. gh .jk.mn) 
(abe . dfe)(def . gih)(ghi .j1k)(jkl .mon)(adgjm . behkn cfilo) 
(adg . beh .cft) 
(abe .dfe)(def . gih)(ght .jlk)(jkl.mon)(ab. de. gh .jk.mn) 
(adgjm . behkn . cfilo)(dgmj . ehnk . frol) 
{(abe) all (def) all (ghz) all (jk?) all (mno) allt; 5 3,3, 
(adgjm . behkn . cfilo) 
. behkn . cfilo) 
(dm.gj.en .hk. fo. il)(1, ab. de. gh .gk. mn) 
(abe . dfe)(def. gih)(ghi .jlk)( jk. mon)(ab. de. gh. jk.mn) 
(adgjm . behkn . cfilo)(dm . gj .en . hk. fo. il) 
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38880 1 
2,3 
| — | 
a2 
1 
3, 4 
q «(i 
2, 3 
| 
«(i 
| 14 i 


120 1 (adgjm.behkn .cfilo)(ad . be. cf) 
60 1 (adgjm.behkn .cfilo)(adg . beh .cfi) 
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1620, 38 (abc.dfe)(def. gih)(ghi .jlk)(jkl.mon)(adgjm . behkn . cfilo) 
(dgmj .ehnk. fivl)(1, ab. de.gh .jk.mn) 
1215 1 (abc)(def)(ghi)(jkl)(mno)(adgjm . behkn . cfilo) 
810 1 (abc. 


(adgjm . behkn . cfilo) 


2,3 (abc. dfe)(def. gih)(ghi .jlk)(jkl . mon)(adgjm . behkn . filo) 
(dm .gj.en -hit. fo.tl)(1, ab.de. gh .jk. mn) 
405 1 (abe.dfe)(def. . behkn . cfilo) 
360 1 (abc.def.ghi.jkl. mno) cyc (adgjm . behkn .cfilo) 


(def. gkn . hlo , ym) 


180 1 (abe.def.ghi.jkl.mno) cyc (adgjm. behkn. cfilo) 


(aeh . bft .cdg . mno) 
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On Nullsystems in Space of Five Dimensions and 
their Relation to Ordinary Space. 


By Joun EIESLAND. 


The investigations contained in the following pages are chiefly concerned 
with certain nullsystems in hyperspace. The reason for the special interest in 
the case n = 5 is obvious from the fact that the geometry of point-manifold- 
nesses in such a space becomes by means of Lie’s transformation 


P. 


a geometry of surface-elements in ordinary space just as the geometry of ordi- 
nary space by the analogous transformation for n =3 employed by Lie in his 
‘“Geometrie der Beriihrungstransformationen” becomes the geometry of line- 
elements in the plane. 

Closely associated with a reduced nullsystem 


— x,dx, + xdx,3—x,dx,+ dx,=0, 


is a complex whose lines are lines of this system and at the same time satisfy 
the Monge equation 

dx,dx, + dx,dx,= 0. 
I have called this an asymptotic complex owing to the close relation which exists 
between it and the linear tangents along asymptotic lines on a surface in ordi- 
nary space. 

The paper has been divided into three parts. In the first, the general null- 
system in n-dimensional space (n odd) has been derived by means of a Euclidian 
motion and reduced to its simplest form. Part II discusses the transformation 
of lines of the nullsystem in five-dimensional space into certain configurations of 
surface-elements in ordinary space. The problem to find all the two-dimen- 
sional surfaces in M; whose coordinate lines (w) and (v) belong to an asymptotic 
15 


2 
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complex, is next taken up, and it is shown that its solution depends on the inte- 
gration of a differential equation of the second order with equal invariants. Cer- 
tain applications of asymptotic complexes to surface theory are also given. 
Finally, in the third part, the question of invariance of the nullsystem and the 
asymptotic complex, when subjected to projective, and in particular to Euclidian 
transformations, has been treated from the standpoint of Lie’s group-theory. 
Certain theorems concerning contact-transformations in ordinary space and 
theorems concerning the mobility of a nullsystem have been obtained. 


I. We shall define an infinitesimal motion in the space J, as an infinitesi- 
mal point-transformation that does not alter the distance between two consecu- 
tive points. Let there be given the following system of equations: 


defining an infinitesimal transformation in time d¢. In order that the distance 
shall remain invariant, these equations must satisfy the following relations : 


6 (dai + ....dxz)=0, 
or, what is the saine thing, 


da, ddx, + dx, ddx,—.... dx, dda, = 0. 
Now since dx, ddx, = dx; ddx; , 


we get the following conditions: 


da, 5&, + date + dz, (2) 
but we have also 


and on substituting these values of 5£; in (2) and equating to zero the coefficients 
of dx? and dx,dx,, we obtain the following relations : 


(4) 


2 n 
i 
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from (3) it follows that the functions &,, £....&, do not contain the vaviables 
respectively. Differentiating the equations (4) partially with 
respect to x, we obtain ’ 


Ox, Ox, Ox, Ox; 


Now since the second term on the left hand side is equal to zero, we have 


OE: — 9 


which shows that the &,’s are linear in the z’s. The equations (1) therefore 
reduce to the following 


(5) 


in which p,,, are arbitrary constants. 
From the form of the above system we observe that the most general infini- 
testmal motion in space of n dimensions having a distance-invariant 


= + da? + .... const. 
is made up of a rotation about the origin transforming the hypersphere 
.... +22 = const. 
into itself, and n translations along the n axes respectively. In fact, if we let 
.... 
and then multiply the first equation by 2,, the second by a, and so on, we obtain 


ét 


or, + 2% = const. Q. E. D. 


We shall now consider the " linear spaces 
Dx, + Dy, + Dig, = C, 


| | 
Oty 
é | 
| 

| | (6) 
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whose n direction-cosines are proportional to D,, D,....D, respectively. 
Among all these spaces does there exist one which is translated parallel to itself 
when subjected to the infinitesimal motion (5)? If so it is clear that the follow- 
ing condition must be satisfied 


which, by the use of the equations (5), give rise to the following set of equa- 
tions: 


Depry, + + Dar Pin = 0, | 
— Dy py + Ds prs + Dip on = 0, 


We shall now consider two cases: m even and odd. 1°. neven. In this case 
the determinant of the above system, being a zero-axial skew-determinant of 
even order, is equal to the square of a certain integral function of the elements 
(the so-called Pfaffian function), and since the p’s are supposed to be all inde- 
pendent of each other, the determinant does not vanish. Hence, there exist in 
general no values of the D’s which will satisfy the above equations, so that in 
space of even dimensions no parallel motion of a linear space is possible in general. 


Remark. This statement ceases to be true if the determinant of the p’s 
vanish ; but in this case the motion is no longer general ; thus for n = 2 we have 
a translation along the axes. 

2°. n odd. In this case the skew-determinant vanishes identically ; the 
Dy Dy Dans 
provided, of course, not all the minors of order n—1 vanish. Having deter- 
mined the D’s to within a factor of proportionality by solving the system (7), we 
shall next consider all the points in the space M, moving perpendicular to the 
space (6). For all such points da, daz, ...., dz, must be proportional to the 
direction-cosines of the linear space ; that is, we must have 


may therefore be found and the problem is possible, 


ratios 
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— + + + = pD., (3) 
++ ++ —Pn—in%n—1 Ch J 


Multiplying these equations by D,, D,,....,D, respectively and adding, we 


obtain 
+¢,D,+ .... +¢,D,=p[Dit+ Di+....+D 


which equality determines the factor of proportionality p, provided we have 


Di+ ....+ 


The system (8) is thus seen to contain only m— 1 independent equations 
and n unknowns, and represents, therefore, a one-dimensional manifoldness or a 
straight line. This line will, by the infinitesimal motion (5), be transformed 
into itself and is, therefore, the invariant line.* 

Let us now choose this invariant line as our z,-axis, and let all the other 
axes be perpendicular to it. Since the x,-axis is invariant, we must have 
Oty _, SO .... = 0, that i, 


Pin = Pon = Pan = = =C,_,;— 0 


and our system takes the form 


(9) 

ot j 


n n 
* If =0, the space >,xv,, = const. will be tangent to the element-hypercone dx? + dwj+.... 
1 i 


+dx2=0. In fact, in order that the equations }D,dx, = 0 and >dx2=0 shall have a common solu- 
tion, we must have da,:dx,:....:da,—D,:D,:.....:D»; that is, D?-+D3+....+D2=0. This 
is therefore the condition for minimal lines; in particular, the invariant line (8) can be no such line. 
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Of these equations the first nm — 1 satisfy the relation 


ada, + + 
or ei tagt.... +2%_,=const; 


hence we obtain the following 


THEOREM.— The most general infinitesimal motion in M,, (n odd) may be decom- 
posed into two distinct motions: a motion leaving the origin at rest and a translation 
parallel to the invariant axis. 


The above system (9) can be simplified still further. Starting with the 
original system we shall apply a purely analytical method using the following ) 
orthogonal transformation of coordinates 


= Ayr} + + + + k,, 

= + Aggy + + + 


/ / 
Ly Any + Angle + Ky 


in which the determinant |@,), dg, Gnn| = 1 and also 
é=n s=n 
s=1 s=1 s=] 
t=n 3, ....,8 (11) 
= 9, |; 
ks j 
we shall also put 
pt= Aig My | 
Ane Ang 8, t¢=1,2...-,n 


from which it follows that P% = — P#, P#=0 and P#=0. 
The system (10) contains n’-+ n parameters all of which are not independent 
n(n+1) 
2 


since there exist +n relations between them. There remain then 


independent parameters which are functions of the n* direction-cosines and of the 
k’s. Introducing now the new coordinates we have 


i 
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n 
as) Ox, , 
1 


tions, 


dary 


Y= Pa PH xf +> PR ..-- + > Pn Pe x, 
i,k 


= pu + L pu Pitas + > Pa + Ce, 


/ 


tions : 


et eee @ 


where — stands for what is obtained by substituting for x,, 2,....2, the 


Substituting on the right side the values of dx,, introducing at the same time the 
values of x, a, ..-..,x obtained from (10), we obtain, after some easy reduc- 


in which ik. The C’s may be expressed by the following system of equa- 


109 
Oa, 
1 
ok 
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quantities h,, k,....k, respectively in the original system for the motion. 
Solving, we find, 


Ske 


= Cay + Gat + Grain, 


= Cd + Coding + - 


The C’s may now be disposed of by putting all of them equal to zero except one, 
say C,. We have then 


key + pig + + ka pin = ) 
ky pie + Pog + thy Dan + Ce = 


In order that this system may be satisfied for finite values of the k’s, we must 


have 


where the D’s are the minors of the elements of the first column in the above- 
mentioned skew-symmetrical determinant of the p’s. We may now dispose of 
the a’s by putting 


Dd, 

“1 + + Di,’ 

= D, D, (14) 
/ Di + Di+....+D ....+ 


Aon 


and since by hypothesis Di + D}+ ....+D% +0, we obtain the following 
value for C, 
+....+¢D 


The system (13) shows that the point (4,, &,....,%,) must be situated on a 


— Ca, + 
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straight line which is in fact nothing but the invariant axis obtained before, as is 
easily verified by comparing the system (13) with (8); we also observe that 
C.=pVDi+ Do+.... 

If now we introduce the values of dn, @on ---+ @nn given by equations (14) 
into the equations (12) and reduce by means of (11), putting also at the same time 
>PuP iz dt equal to a new dt, we obtain the following system 


ba > Pie px 
‘ie Pu Pi 
Pix Pi 
Pu Pit > Pu 


ie which is of the same form as the system (9). Since the direction-cosines 
| Qin) An, have already been determined, there remain with 


2(n—1)+ enue —%) relations between them, so that there are in the sys- 


tem (n— 1) ie 2) essential parameters,* or one more than the number of 


coefficients in the system (12'), not counting C,,. We are, therefore, able to 
dispose of these at will, provided we do not make the determinant of the system 
vanish. We may thus put 


1 


= — =a], 


* The problem of expressing the n? direction-cosines in terms of > 9 essential parameters has 


been solved by Cayley, Crelle, 32 (1846). See also Klein, ‘‘ Nicht Euclidische Geometrie,”’ II, p. 109 
(Vorlesungshefte). 


16 
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and all the other coefficients equal to zero. We then obtain the following simple 
equations 


and we have the 


THEOREM.— The most general infinitesimal motion in space of n dimensions (n 


n— 1 


odd) consists of a translation along an axis and rotations. We shall call 


such a motion an n-dimensional screw motion.* 

Following S. Lie’s method+} we shall define a line-element in the space J, as 
a given point and a direction through it, so that a line-element is completely 
determined when the coordinates of the point and the direction-cosines, or, what 
is the same thing, quantities proportional to these are given, that is to say, when 


An infinitesimal screw-motion will of course also transform the line-elements 
of which through each point pass #"—'. We shall now consider all those line- 
elements that are perpendicular to the direction through the point when it is 
subjected to a screw-motion. For all such elements the following relation must 
hold 

+ +....+ dx,dx, = 0, 
which becomes after substituting the values of da,, da,,...., dx, obtained 
from (12”) 


Since there are »*"~—! line-elements there will be »™”~?* of these satisfying the 
above differential equation. 
Let us inquire what lines satisfy the equation. We write any given line in 


the form 
(t= 1, 2,....,n—1) (16) 


* For a discussion of infinitesimal motion in the space (x, y, z) see S. Lie, Geom. der Berihrungstr. 
Vol. I, pp. 206-212. 
+S. Lie, Ibid. p. 11. 


the quantities dag:....: dx, are given. 
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Substituting in the equation (15) we obtain the following relation between the 
parameters 


—1 — —1 Pas) + C,= 0. (17) 


Now, since there are ~**~* lines, »**—* of these will satisfy the differential 
equation (15), namely, all those lines whose parameters satisfy the relation (17). 
We have then the following extension of a well-known theorem in kinematics of 
three dimensions : 

By an infinitesimal n-dimensional screw-motion, there exist »*”—* lines whose 
points move in a direction perpendicular to the direction of the motion. 

Through each point in M, pass »"~* such lines which aggregate we may 
call a pencil ; of such pencils, there are in M/, »” and the aggregate of all «**— 
lines we shall call a Nullsystem., 


Il. 


1. The case n = 5 is of special interest, as the following development will 
show. Our differential equation reduces to 


Putting C,da, = da{, 13+ %3, x, = 24, this equation becomes 
— + +dx,=0, (1) 
and the relation (14) reduces to 
(201 — 01%, + — P30, 1 = 0. 


Before we proceed any further, we shall introduce a few definitions due to 
Lie.* 

A surface-element in ordinary space consists of a point 2, 2,2, x; and a 
plane passing through it. Since the direction-cosines of the plane are determined 
by the quantities p, = p= and — 1, we may consider 2, X3, 
as the coordinates of an element. There exist in space »° such elements, so 
that ordinary space may be considered as a five-dimensional manifoldness, if we 


choose for space-elements all the »° surface-elements. A family of surface- 


* Lie-Scheffer, Beriithrungstr., p. 523. 


2 
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elements may be expressed analytically by an equation 


F(x, Xz, Pi; Pa) =0. 


Two surface-elements are infinitely near each other when the coordinates 
of one element differ by an infinitesimal amount from those of the other ; 
that is to say, they are determined by the coordinates (21, x, %3, Pi, P2) and 
(x, + + day, x3-+dx3, py +dp,, po+ dp,, p3+ dp;). Whenever the point 
of the latter element lies in the plane of the former, the two elements are said 
to have united position (Vereinigte Lage). The analytical condition for this may 
easily be proved to be 

dr, — — p,dx,=0. 

An aggregate of surface-elements, in which each element has united position 

with all the elements infinitely near it, is called an element-manifoldness, or, 


shortly, an element-/. (Element-Verein). 
Tf, now, we employ the transformation 


where X,, Xz, X3, P,, Ps represent the coordinates of a surface-element in ©, 


and 2, X2, %3, %,, x, those of a point in the space J, a one-to-one correspondence 
is established between all the »* surface-elements in MU; and the ® points of YU; 
This transformation is due to Lie.* 


Equation (1) may now be written 


+ + 29004) — — 0, (2) 


or, in terms of the coordinates of Jf, 


dX,— P,dX, — PdX,=0. (2’) 
Hence we conclude 
To a point of M, satisfying the Pfaffian equation (2) there corresponds in M, a 
surface-element ; and to a point-manifoldness in M, there will correspond in M, an 
element-M. 
The simplest kind of element-// in consists of a point X,;=a, 
X,=c and all the »® planes passing through it. To this there corresponds in 


* Lie, Theorie der Transformationsgruppen, 2te Absch., p. 521. 


P, P, 
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MM, the two-dimensional plane 
Lg=a, 2+ ba,=Cc. 
If the element-¥ be defined by the four equations 
A,=a, X%,=6, X,=—c, o(P,, 


we have what is called an element-cone, consisting of a point and !' planes 
passing through it which are tangent to the cone having the point as vertex. 
In the space MM, we obtain a curve given by the equations 


Again, suppose the element-J/ be defined by the equations 
@,(X,, X3)= 0, Xe, X3) = 0; 
solving for X, and X, we obtain 
X, = &, (Xs) (3) 


and since the differential equation (2’) must be satisfied by all the surface- 
elements, we must also have 


_ 4 p 
1— Pi— (4) 


Equations (3) and (4) define * surface-elements of a curve to which in M; there 
corresponds the two-dimensional surface 


_ dé | a dé. | = 
1 — 22, 2s | | =O 
where the bracketed derivatives stand for what is obtained after substituting for 


X;, its value in terms of the coordinates of M;. If to the equations (3) and (4) 
we add a fourth containing besides the X’s also P,; and P,, say 


@3(P;, Py, X;) 0, 


we obtain an element-¥/ containing only ’ surface-elements. Let this equation 
be put in the form 

p (Xz, Pi) = 6. (5) 
Solving (4) and (5) for P, and P, we put 


P, = (43), Pi = & (Xz); 
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these values of P, and P, must satisfy (4), that is, we must have 


1 ay, — gy, =o 


which may always be satisfied for arbitrary values of &, and & by choosing suit- 
able values for &; and &,. The ' surface-elements defined by these equations 
have their planes tangents at each point along the curve. Such an element-J/ 
we shall call an element-band (Element-Streife). In the space Jf, there corre- 


sponds to this element-¥ a curve. 
Suppose, finally, the element-M be defined by a single equation 


A(X,, X,, = 0; (7) 


solving for X;, we put 
Xx; n (XX), 


and, since the equation (4) must also be satisfied, we must have 


(8) 


The equations (7) and (8) define ? surface-elements of a surface whose trans- 
form in J, is a two-dimensional surface. We shall now summarize these results 


in the following table: 


Space Space 


(1). dX,— PdX,— P.dX,=0. (1). das + x,dx, — x,da, 

+ 
(2). o* surface-elements of a point. (2). A two-dimensional plane. 

(3). «1 surface-elements of a point or| (3). A plane curve. 


element-cone. 
(4). o* surface-elements of a curve. (4). A two-dimensional surface. 


(5). «1 surface-elements of a curve or| (5). A curve. 


element-band. 
(6). o? surface-elements of a surface. ' (6). A two-dimensional surface. 


2. We shall now resume the study of the nullsystem in M,, and we propose 
to find the element-// in Y; corresponding to an ensemble of points represented 


4 
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by all the lines of the nullsystem. For this purpose it will be convenient to put 


the nullsystem in the form | 
x; = pt + (¢= 1, 2, 3, 4, 5) (1) 


in which = 0.9; + 639, —0,p;. Introducing the new coordinates from 
the transformation on page 114, we have 
P. 
= pt + = pb 
~ 2 
= pot + 02, X,=pt +%, ( ) 


x; = (P12 + Ps) + 9403) ¢ + 6:02 + 030, + 


Does this system define an element-M in M,? To answer this question we 
proceed as follows: eliminating ¢ from the above equations, we obtain 


(3) 


(b) X, = (Pipe + x, + a (Pu + + +610, (4) 
Pe 


Multiplying the first equation by p; and the second by p, and subtracting we 
obtain 


P. 
(c) — — ops + = 0. (4) 


If now equations [4] (a) and (b) define an element-J/ we must have 
dX, P,dx, 7 PdX,= 0 


by virtue of the above system, that is to say, the equation 


+ pops) (X, — o,) — 2 (p20 (492) = 0 


must be satisfied for values of P, and P, derived from equations [3] (a) and (b) 
which is easily seen to be the case. Q.E.D. We have then the 


THEOREM.— Jo the ' points of a line belonging to a nullsystem in M, there 


| 
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corresponds in M, by virtue of the transformation 


P. 
— “3 


o! surface-elements forming an element-M. This element-M is formed by the curve 
defined by the equations 
— — Oop, + = 0, 
(X,— + pus) (X; — o,) + 0,0, + 0,0, + o, —X;=0, 
2 2 

and all the «1 tangent planes along it. The element-/ is therefore an element- 
band. The curve may be considered as the intersection of a plane parallel to 
the X;-axis and a parabolic cylinder parallel to the -X,-axis. Hence we 
may say 

To the ~' points of a line belonging to a nullsystem in M, there corresponds in 
M;, ~' surface-elements forming an element-band whose point-locus 1s a parabola 


having us plane parallel to the X3-axis. 


To a fixed line of the nullsystem there corresponds one and only one 
element-band, but it does not follow that to an element-band corresponds only 
one line of the nullsystem. In fact we shall prove that the correspondence 
between these space-elements is not a one-to-one. Let us first study the element- 
band considered as a point-locus merely. We write the nullsystem in the 
modified form 

Pits +9, &= 022s + 9, (5) 


which is obtained from (1) by putting o, =0 and 9; = _ , (t= 1, 2, 3, 4) and 
5 


then eliminating the parameter ¢. The condition that (5) shall be a nullsystem 


must now be written 
1 = 920; — 910, + 9103 — 9304, (6) 


while the equations (4), (a) and (b), take the form 


(pips paps) (X, —o,)? + (P21 pits) (X, — 62) + 0,0, + X,=0. 
P2 P2 


P. 
1 
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There exist in M,, »® such parabolae whose parameters may evidently be 
written 


K=f, L=o,—<0,k, 
A = Pie + papa — 2 + 9105) 9g, 
pr 
2 


Consider now any fixed curve, that is, let A, B, C, K and L be fixed quan- 
tities and solve the above equations for 9, p;, p3, 01, 02 and o;, taking also 
account of the relation (6). We obtain the following set of equations: 


BR], @) 
pf = 4K +27 | +7, 
(7) 
KB BK o,Kk CK 


It follows from these equations that to a fixed parabola in M, there corresponds 
not only one, but «’ lines of the nullsystem, a set of «! lines being obtained by 
letting pj vary and another set of ~' lines by letting o, vary. Hach parabola 
must therefore be considered as a bundle of ~* coincident curves. 


Remark. A system of lines may be chosen from among the lines of the 
nullsystem in such a way as to make the correspondence between the con- 
figurations a one-to-one. We may call such a system a one-to-one system ; it may 
be determined by two relations, one between the p's and one between the o’s, 


Say 
(91, Pz, ps) = 9, @2 (01, 03, = 0, 


subject to the restriction that none of the parameters A, B, C, K, LZ shall van- 
ish by virtue of the given relations, or become expressible in terms of one or 
more of the others. 

It now remains to investigate the curve itself considered as an element- 
band. The tangent plane at a fixed point (X,, X,, X;) has for direction-cosines 
17 


| 
4 
| 
if 
a 
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quantities proportional to P,;, P,, —1, P, and P, being determined by the 
relations 


14, + 019, — Ooi 


re (4) (c) 


Now these equations show that there can only be «1 surface-elements associated 
with each point on the curve. In fact, expressing pj, p;,p3 in terms of p, b 
means of equations (7) and then eliminating this least parameter from the two 
equations(4)(c), we obtain a relation between P, and P, depending on the param- 
eters 0,, 62, 6; and o,, of which the three first are functions of the last by virtue of 
the equations (7). We may, therefore, conceive of the configuration as con- 
sisting of «1 element-bands having a single parabola as point-locus, or, in other 
words, it will consist of all the ” surface-elements of the parabola. We may 
state the results obtained thus : 


To all the ~" lines of the nullsystem (1) in the space M, there correspond * 
parabolae formed by the intersection of the planes 


— = 029, — (8) 
and the parabolic cylinders 


Pap (X,— : (X, — 62) + 0,0, + (9) 
These parabolae must be considered each as a bundle of »* coincident ones having 
their surface-elements united into a set of «' element-bands, so that the configuration 
corresponding to the nullsystem consists of »* parabolae (8) and (9) and the »5 
surface-elements of each parabola. 

The question now suggests itself: How are the ? lines of the nullsystem 
corresponding to a single parabola distributed in the space M,? Introducing the 
new parameters A, B, C, K, L, pj, o into our nullsystem it takes the form 


us K pias + 


> 


/ P, — 
(a+ 3B), 
| 
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If now we consider p;, o, as variable parameters while the others are fixed, we 
obtain all the o? lines of the nullsystem corresponding to a given parabola in 
M;. These lines lie in the two-dimensional plane defined by the three flat 
spaces or lineoids 


t,— Ku,-- L= 
BR? K BK , OK _ 
(11) 


obtained by eliminating p, and o, from the system (10). There are in Mf, »° 
such planes, corresponding to the «5° parabolae in M3. Through each point in I, 
pass oo” such planes and hence through each point of J; considered as a surface- 
element there must pass * parabolae; (this is also evident from the considera- 
tion that there are »” parabolae in space having their planes parallel to the 
X;-axis and being also tangent to a given plane at a given point in the plane.) 
But we know that through a given point in UM; pass ® lines of the nullsystem ; 
hence these lines must be distributed in the »? planes passing through the point, 
oof them being situated in each plane and passing through the point. We 
have thus arrived at a definite idea of the grouping of the lines of the nullsystem 
in M;, the transformation into ordinary space having furnished us a means of 
geometrical ‘‘Anschauung”. The two-dimensional manifoldness (11) in which 
are situated all the o” lines of the nullsystem corresponding to a given parabola 
in VM; we shall call a point-M,, and we may state the result obtained this: 


To all the lines of a point-M, in M, there corresponds in M; a parabola, and 
conversely, to a parabola in Mg there corresponds all the lines of a point-M,. 


We may now collect these results in the following table: 
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Space 


Space . 


(1). dx; + — 
(2). Point. 
(3). A straight line of the nullsystem. 


(4). All the ? lines of an element-%,. 


(5). All the * lines of the nullsystem 
passing through a fixed point. 

(6). All the point-I,’s passing 
through a fixed point. 

(7). Ali the point-Jf,’s. 


(1). dX; — P\dX,— P,dX,=0. 

(2). Surface-element. 

(3). A parabola considered as an ele- 
ment-band. 

(4). A single parabola considered as o! 
united element-bands. 

(5). o*® parabolae passing through a 
fixed point. 

(6). «© parabolae passing through a 
fixed point. 

(7). All the ° parabolae. 


3. If we choose all the lines of the nullsystem for which p,p, + pp, = 0 we 


obtain the o* straight lines 


X, = pot + 
X, = pit + 04, 


(1) 
2 (020; + P40) ¢ + 6:0, + 6,0, + 6;, 


the planes of whose surface-elements are determined by the equations 


from which we obtain by virtue of the above relations between the p’s 


P2 = = = + O04. 


(2) 


Now this relation is identical with the relation (3) of page 117; in fact, multi- 
plying it by p, and (3) by p,, we get by adding 


(P1 + ps px) = 0, (Pops — Pops) + Fs (pips + psps) = 
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Hence, only one relation exists between P, and P,. We may therefore say : 


To all the ~* lines of M, satisfying the differential equations 


dx, + x.dxr, — x,dx, + adr, — x,dx,= 0 (3) 
dx,dx, = 0 
there correspond in M, all the «‘ lines of that space, together with all the surface-ele- 
ments of these lines. 
Eliminating the parameter ¢ from the equation (1), we obtain 


%, 
where 


Pa — Ps ’ 
2 (9.0) + (103) 2 (9201 + 9403) 


20% (p20, + — Pz (0:02 + 030, + 
2 (p20 + (403) 


2 64 (p20, + (403) (0,02 + 0304 + G5) 
2 (201 + p40) 


The complex of lines satisfying the differential equations (3) is thus seen to 
be a remarkable one, inasmuch as a correspondence exists between all the lines 
belonging to it and all the lines of ordinary space, these lines being considered 
as an aggregate of surface-elements. The ® lines of the complex satisfy a cer- 
tain geometrical condition ; in fact, they are lines belonging to the system of «4 
4-dimensional cylinders of the second degree 


— 0 — 03) + (x3 — 04) =0 


parallel to the a;-axis. A complex of this kind we shall call asymptotic. The 
reason for this name will appear later. Its equations are 


BK 
= 


= + O4. 


(4) 


| 
’ 
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To a line in M; corresponds a certain line in 4; considered as an element- 
band, which may be looked upon as a line with a plane passing through it; but 
to a line in M,; there will correspond ® lines of the nullsystem which lie in the 
two-dimensional manifoldness defined by the equations 

— Ka,—L=0, 
— BK 
2L 


—B- 


2, , BK , B 20 


Through a given point in UM, there pass »! such point-J/,’s, hence, through a 
fixed point in WM; pass ! lines all lying in the plane of the surface-element 
determined by the coordinates of the fixed point in M;. To all the «' lines of 
the nullsystem passing through a given point and lying in a given point-J/, corre- 
sponds a single line in J, passing through a point and lying in a plane whose 
coordinates P, and P, are determined by the corresponding values of x, and 2;, 
(the plane of the surface-element). Suppose now that the point moves in any 
given point-J/,; the corresponding point in J, will move along the line, while 
the plane of the surface-element of the line will turn around the line as an axis. 
The reason why we only get «’ planes, while there are »* points in the 
point-&M, is explained by the fact that there are «' points in it that determine 


the same plane, namely all the points of the point-&M, for which 2, = = = const. 


x3 = = =const. These points lie on a certain line whose equations are easily 


obtained, viz., 
2,= 0,, 
Xo — Ku, + L, 
B 
(5) 
_ 2 _ Cr 
geet 
Now, suppose C; a variable parameter; we obtain !’ parallel lines in the 
point-J/,, to each of which there corresponds in J; a different plane. If, then, 


the point moves along some line cutting this set of parallel lines at some angle, 
the plane of the surface-element will rotate around the line as an axis and com- 


| 
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9 


plete one revolution when the point P has returned to its original position. In 
the same way, if one of the lines (5) move parallel to itself, the plane of the sur- 
face-element in M, will rotate and resume its original position when the line has 


returned to its original position. 


Hence, it follows that there is a one-to-one 


correspondence between the 01 lines (5) and the ! planes of the surface-ele- 


ments of a line in 1. 


Wy 


M; 


The following table will now be convenient as a résumé of the results 


obtained: 


Space 


Space 1. 


(1). das + — 
+ —x,dx,= 0. 
(2). dada, +da,dx,= 0. 
(3). Point. 
(4). All the o® lines of the complex. 


(5). The lines of a point-,. 


(6). All the point-J,’s 
through a fixed point. 


passing 


(7). All the «1 parallel lines (5) lying 
in a point-,. 


(1). dX, — PX, — P,dX, = 0. 


(2). dP,dX, + dP.dX,= 0. 

(3). Surface-element. 

(4). All the o* lines of M, and the o! 
surface-elements of each line. 

(5). A single line and its o! surface- 
elements. 

(6). All the o' lines passing through 
a fixed point and lying in the 
plane of the surface-element de- 
termined by the point. 

(7). A line and its ' surface-elements. 


= 
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4. The study of geometrical relations in hyper-space is often very useful for 
the investigation of geometrical relations in ordinary space. If a correspondence 
of a higher space with ordinary space can ke effected by means of a transforma- 
tion, we are very often led to interesting properties of space that would other- 
wise not have been so evident. 

In the following we shall show how the study of an asymptotic complex 
will lead to the study of all surfaces whose asymptotic lines are known. 

A curve c, in the space J, is said to be a curve of the nullsystem whenever 
the linear tangent at each point of the curve belongs to the nullsystem. The 
most general curve of the system has the form 


= 9.91 + 9001 — 4.98) du. 


In we get a curve ¢,, 


X, = 4201 + — 9.94) du. 


At each point of this curve, the plane of the surface-elements is tangent to the : 
curve. ‘To the curve ¢;, considered as the envelope of all its tangents, corre- 
sponds the curve c; considered as the envelope of «' parabolae. Now, suppose 
that the nullsystem is asymptotic; we have then in addition the relation 


P19: + = 0, 


and our curve must have the form 


| | 
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to which there corresponds the following curve in WV: 
LH du, —o [UP du t 


where ¢;=2x,;. The plane of the surface-element at each point of this curve oscu- | 
lates the curve. In fact, we have 


dx. dz, dr, dx, dX, 
dit, diy , dx,dx,__ dX, dP, , dX,dP, 


_ 


du 


dX, _ 


— 


of these equations, the first expresses the fact that the plane of the surface-ele- 
ment is tangent to the curve, while the second is nothing but the condition that 
the tangent plane shall osculate the curve. Q. E. D. 

A two-dimensional surface S, in UM; is said to belong to the nullsystem 
whenever the curvilinear coordinate system w= const., y= const., belongs to 
the system. Let the system be determined by the equations 


X,= 9; (u, v). (¢=1, 2,3,4,5) (1) 


In order that this system shall belong to the nullsystem, the following conditions 
must be satisfied : 


(2) 


Now, since dp, must be a perfect differential, we have 


Ov Ow dv Ou Ov du Ov ou 


Treating this equation as a linear differentia] equation in = and ag it may be 
written 
_ 
A an B a C, 
where A=: — 9, — 9, OG; _ 


Ov’ du ’ Ov du dv du 
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We find, by integrating, 


u=p(U, 


where the expression | | stands for the value of the function = after substi- 


tuting in it for u the value of p(v) obtained by solving $,(u, v)=¢, foru. The 
general integral of (3) is, therefore, 


= P + E(v, (u, v)), 


where the function ® is arbitrary. We have then the following 


THEOREM.— The most general two-dimensional surface in M, belonging to a 

nulisystem is given by the equations 

= >, (u,v), 

= (u, v) =o(9)—f| | dv =®(p:) +E (v, (u, »)), 

u=p 

X3 = 3 (u, v), - (4) 

os (u, 0) = du + dv, | 


Ov du dv du 
Ou 


and >, satisfies the conditions 


The corresponding surface in M, may now be written 


X, = $2(u, v) + Gi (u, 


= v); (5) 


X; = $1 0) (uw, v) +95 (us v) + v)- 
To a point w =const., v= const. on the surface (4) there corresponds on (5) a 


surface-element consisting of a point «= const., v = const. and a plane passing 
through it. This plane is tangent to the surface at that point. In fact, the condi- 


| 

| 
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tions that the plane shall be tangent to the surface are 


OX, 
(6) 


Ov | 


and if we calculate the partial derivatives of X,, X, and X;, as well as also P, 
and P, from the equations (5) and substitute in (6), these equations reduce to an 
identity. The above statement is also true geometrically, since the plane must 
be tangent to both curves at the point w= const. y=const. We may say then 
To all points of a two-dimensional surface in M; belonging to a nullsystem there 
corresponds in M, all the surface-clements of a surface. 
The converse is also true and may easily be proved. 
A two-dimensional surface S, in M; is said to belong to an asymptotic 
complex 
dx, — x,dx.+ x,dx, + x,da,= 0, 
dx,dx, + dx,dax, | (7) 


whenever the coordinate system (wu), (v) belongs to the complex. The functions 
o:, (t= 1, 2, 3, 4, 5) must now satisfy the following conditions : 


OG; Obs Ops _ Op, Op, Ops _ 


Transforming into M; we obtain a surface on which (u) and (v) are asymptotic 
curves. In fact, introducing the coordinates X,, X,, X;, P,; and P, in 8(a) and 
8 (b) we obtain 
0X; _ p. OX; OX, 
Ou Ou Ov “Ov (9) 
OX, + OX, _. OX, OP, 4 OX, OP, _ 
Ou Ou Ou “Ov dv ' dw dv 


of these equations the first two expresses the fact that the plane of the surface 
elements is tangent to the surface, while the two last are the conditions that this 


i 
j 
| 
; 
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plane shall osculate the curves (w) and (v), that is (w) and (v) are asymptotic 
lines. 

The problem to find all the surfaces belonging to an asymptotic complex is thus 
seen to be reduced to the problem of finding all the surfaces in ordinary space on 
which (u) and (v) are asymptotic lines. For the solution of this problem the 
reader is referred to Vol. IV of Darboux’s “Théorie des Surface,” page 20. 
(Lelieuvre’s formulae). 

Conversely, the problem to find surfaces on which (uw) and (v) are asymptotic 
lines may from the standpoint of asymptotic complexes be considered equivalent 
to the problem of finding all the two-dimensional surfaces belonging to such a 
complex. Treating the problem from this point of view we proceed as follows:* 

The function $;, (¢ = 1, 2, 3, 4, 5) in addition to satisfying the conditions 
8 (a) and 8(b) must, as we have seen, as a consequence also satisfy the equation 


Op, Op, 09, 09, Op; Ody _ 0, 


Ov du ov du dv du Ov ou 


which by 8 (b) reduces to the form 


Ou Ov Ov du/\dv Ou Ou Ov 


If the second factor vanishes we obtain in Jf, a curve instead of a surface contrary 
to hypothesis; we may therefore exclude this case and put 


Obs , Ob, _ 
(10) 


From 8 (b) and (10) we obtain 


Ou Ou, 

(11) 
Ov do. Ov Ov 

Ov J 


* This method was developed by the writer at a time when he had no access to any literature on 
the subject of asymptotic lines ; it is therefore strictly original, and presents the problem of Lelieuvre 
from an entirely new point of view. 
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From (10) and (11) we obtain, since dp, and d@,; must be exact differentials, the 
following differential equation which must be satisfied by the functions 9, and ¢, 
Ch , 0» 
log R.— +34 — log 
Ou dv On * * Ou dv 
If two particular solutions @, and , can be found the determination of ,, $, and 
d; from (11), (10) and (8) will involve quadratures only. The problem to find all 
surfaces on which (u) and (v) are asymptotic lines is thus reduced to the integration 
of the differential equation (18) which is one uf equal invariants and may be reduced 
to the form | 


(12’) 


hence the 


THEorREM.—// a surface x; = v) in M, belongs to an asymptotic complex 
the coordinates x, and x, must satisfy a differential equation of the form 

06 00 __ 

It is interesting to note that the determination of all surfaces belonging to 
an asymptotic complex is of the same nature as the problem of infinitesimal 
deformation of surfaces in ordinary space (see Darboux, “ Théorie des Surfaces,” 
Vol. IV, Ch. II). 

We shall apply the above method to a few examples: 

1°. Let the surface in M; be given in the form 


Ay (U) + (Vv), = Ay (u) + =c(u—v), 
Wy = As (U) + (V), y= Ag + (v), (u) + 


which is a two-dimensional translation surface. 
The curves (zw) and (v) are two sets of parallel curves. The condition (10) 


becomes, on substituting, 
/ 
3) 


which can only be possible if u4;=cyv and A,=¢u, so that x,=¢,(u+v). 
From 8 (b) we derive 


Cc 
af x! 
1 4 


j 
4 
4 
| 
4 
/ 
fy; 
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hence, we must put x, = — — (A; — 41). 2 may now be calculated from 8 (a). 
1 


We find 
4c — 2cuay— 4c | uydv + 


We now put 


and also c, =}, c= ; i and our surface has now the form 


m= 


F+R— 


corresponding to this surface, we have in U, 


Uu— Vv 
A, = — — 


X= 


a family of surfaces that has been obtained by Darboux (Legons, Vol. I, p. 141) 
by an entirely different method ; in fact, we only need to change the coordinate- 
system by means of the transformation 


_ 


in order to get the identical form given by Darboux. 


Uu—v 
utv 
— 
| 
| "Wis 
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2°. Let uv. We find from (10) ¢,=¢, (=) 
Substituting in (11) we get 


The differential equation (12) becomes 
06 


We may now make the special hypothesis that the invariant 


OB 


+AB=0, 
from which we obtain on integrating 


Vv 
— Cy — C3. 
= 


Substituting this value in A and B and integrating the differential equation (13) 
we get 


6 = (v) + fp (w) ef Bau — f Adv du) 


d, and @, may now be calculated from the equations (11) and (8). That ¢, also 
satisfies (13) may be verified by substituting in (13) for 6 the function 


U 
3 


From equation (11) we have 


du Rau’ ad R dv’ 
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from which we easily derive the following differential equation similar to the 
equation (12) 


0"6 06 06 __ 
log — 4 5 log R>-=0, (14) 


of which ¢, and 9; are particular solutions; if two such solutions can be formed 
g, and @, may be obtained from equations (11) and @, from (8). Since it is an 
equation with equal invariants it may be put in the form 


3% 
Bu dy (14") 


log R 
—4 +42 log R. 5, 108 


The particular solutions of (14!) are 


If then three particular solutions of (14') can be found, we know how to obtain a surface 
belonging to the asymptotic complex. 


Example. Let h,=0; we have then 
6 =p(u) + 
we may therefore put 
= $3 (p + 7) = (ps + os)(p +9), 


so that we get 
Pi=Pit%1, 


We also find 


h 


The equation (12’) therefore becomes 


gf 5 
dudv 


where | 
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which may be integrated by Laplace’s method. We find, taking two particular 
solutions, 


but 6, = Ry and 6, = 


hence we get 


= =— + + 40). 


| $s; may now be obtained from (8) without difficulty, since we know that 
4 d®, is a perfect differential. We shall not reproduce the calculations here. 
We may state the chief result of the preceding development thus: 

| There exists a one-to-one correspondence between all the surfaces of three-dimen- 
| sional space and all the two-dimensional surfaces of five- dimensional space belonging 


to an asymptotic complex. 

Given a surface in M, referred to its asymptotic curves, three particular 
solutions of (14’) are known and the corresponding surface in M, may be found. 
The geometrical meaning of F is obvious,* 


P= s* — rt, 


so that if K denotes the total curvature of the given surface, we have 


<= + PH 


As an example, we may take a sphere X}+ X;+ X; = 1 referred to its recti- 
linear generators which we know are asymptotic lines. We have then 


_1—aB 1+af8 


* See Darboux, Vol. IV, p. 21, where the quantity 4 corresponds to the reciprocal of R. 
19 


| 
6, = 2 pto + ’ | 
\ 
| 
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Calculating P, and P,, we find 


+1 
P,=—t 


The corresponding surface in M, is 


Eliminating a and @, we have the surface 


+ + + = 1, 
22425 + + + = 0, 


+ + = 1, 


which satisfies the differential equations 


da, + x,dx, — xdx, + xdx, —ax,dx,= 0, 
da da, + dada, - ==@. 


The lines (a) and (@) are curves corresponding to the rectilinear generators of 
the sphere ; the surface may be considered as the envelope of ? straight lines 
belonging to the asymptotic complex. 

Given in UY, a ruled surface 


X= + hv, 
X, = + (16) 
+ bv, 


to it there will correspond in J; a surface on which the lines (uw) belong to an 
asymptotic complex while the lines (v) in general will be lines of the nullsystem. 
When will this surface be a ruled surface? Calculating P, and P, we find 


P,= — t — VE) 
— + — Vas) 


| 
2 
q 
| 
A 
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and the surface in M, may be written 


Ly = + Py, 
(16’) 


= — + Wo) — 


which will be a ruled surface whenever the coefficient of v* on the right hand 
side of the last equation vanishes, that is, whenever yy), — Pp), =0, or Y= cy. 
Interpreted geometrically this means that the rectilinear generators are always 
parallel to a fixed plane which is perpendicular to the X,X,-plane; that is, we 
have all the ruled surfaces with a plane director.* 

If we choose the functions y, and & in such a way that cCWi4+4j+2=1, 
v will denote the distance of any point on the rectilinear generator from the 
point where it intersects the fixed curve v = 0 and wu will denote the angle which 
this line makes with its projection on the X,X,-plane. The surface then takes 
the form 


COs 


1 
(17) 
+sin w.v. 


If the director-plane is transformed into the X,X;-plane, ¢ will be zero and the 
above equations become 


As is well known, to this class of surfaces belong the screw-surfaces and 


conoids.f If the surface is a developable surface, it is cylindrical. If the recti- 
linear generators belong to the nullsystem 


X,dX,—X,dX, + kdX, = 0, 


* These surfaces have been studied by Catalan, J. fc. Polyt. 17 (1848), p. 121. Seealso Encyclopaedie 
der Mathematischen Wissenschaften, Band III, p. 271. 
t Thus, if in (17’), ¢,. =au, ¢,=—0, ¢=0, we get the skew helicoid with plane director. 


| P | 
4 
4 
| 
| 
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it is a developable surface and hence cylindrical. The proof of these statements 
we leave to the reader. 

Conversely, to every ruled surface in M, whose rectilinear generators (u) belong 
to an asymptotic complex and whose coordinate lines (v) belong to the nullsystem, 
there corresponds in M; a ruled surface with a plane-director perpendicular to the 
X,X,-plane. 

Let the surface be represented by the equations 


a, %=1,2,3,4,5 (18) 


The following conditions must be satisfied: 


Ps = — pire + — Pars, 
Ag = AyAg — + 
Pips + =O, (19) 


+ + pt Arps + Aups + Alps — = 0. 


These conditions may be further simplified. We differentiate the first and | 
substitute the value of p; thus found in the last equation which reduces to 


— + Asps — Asp, = 0. (20) 
Differentiating the third and adding to the fourth, we obtain j 


popi + pups = 0. (21) 


From the third of equations (19) and from (21) we obtain 


which is satisfied by putting 


Ps = — CPi,» Py = 


Equation (20) now becomes 


a4 — cal = +24), 


5 
| 
Ve 
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which determines A;; p,; and A, may now be obtained from the first of equations 
(19). The surface in JY, is 

= A, + cp, 

xX, A, + ’ 

= Ag + + + 24 + As) 


which is a ruled surface whose plane director is perpendicular to the X,X,-plane. 
We shall now prove the following 


THEOREM. — The second set of asymptotic lines of all ruled surfaces with a plane 
director may be obtained by quadratures. 


Choose for X,X,-plane any plane perpendicular to the plane director; the 
equations at the surface will be of the form 


A= + ke. (22) 

Calculating P, and P, we find, 
ov Ai + piv; 
Py = Mat — (6'— 8) 0 
(Ps 
The differential equation of the asymptotic lines is 
dX,dP, +dX,dP,=0. 


Substituting in this equation the values of dX,, dX,, dP,, dP, obtained by dif- 
ferentiating equations (22) and (22’) we get an equation of the form 
dw 
dus 


(22') 
=A; —cpv. 


=A-+ Bo, (23) 


which is integrable by quadratures. Q. E. D. 

From this theorem it follows that the second set of lines belonging to an 
asymptotic complex on the given ruled surface in M, of the form (13), the o/s 
and A’s satisfying the conditions (19), can be obtained by quadratures. The 
differential equation which determines this system is 


dp _ MM + + (a4 +024) 0 

— 1 
du — 29, (A4 + 

which is of the form (23). 


| 

a 

| 
| 
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III. 


A point-transformation in ¥, will asa rule transform the «’ lines of the null- 
system into curves; if these curves are to be straight lines, the transformation 
must be projective ; in fact, a line is defined by four linear spaces and a trans- 
formation that transforms a linear space into a linear space must necessarily be 
projective. There are in Mf »* such transformations defining the projective 
group of that space. Among all these transformations we shall consider those 
that transform any line of the nullsystem into some other line of the same 
system. These transformations define a group which we shall call with Lie the 
projective group of the nullsystem.* This group is made up of the following 21 


separate transformations : 

of af of of of of 

a, Ox, 10m,’ Oa, On,’ 

af _»+,%F of of of of of of 
Oa, 0a,’ Oxy bit "2 Om,’ Oat, Dany’ 


But to any point-transformation in &M, leaving the nullsystem invariant there 
corresponds in J, a contact-transformation, In fact, from the invariance of the 
Pfaffian equation 


there follows by virtue of the transformation 


2 


ag 
B= 


also the invariance of 


y= t+ 2%, + X, (2) 


dX;— P,dX,— PAX, 0, 
which means that the transformation in M, is a contact-transformation. The 
group of contact-transformations may be found by substituting in (1) the new 
variable from (2). We find then the group 


* See Lie, Theorie der Transformationsgruppen, Ab. IT, p. 521. 
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(3) 


[X;— 4(PiX, + P,X,)] + 4X; | 
+ t+ + 
+P, + t |, 
[X,—4(P,X, + P,X,)]? ~ (i + P.X,)]| P, 


This group transforms the ° parabolae and their surface-elements 


tions 


into 


themselves. But the parabolae are the integral curves of the differential equa- 


141 
| 
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Hence we have the 
THEOREM.— There exists in ordinary space «*! contact-transformations which 


leave the differential equations 

BX, 

ax? (4) 
invariant. Moreover, there are 21 infinitesimal contact-transformations leaving these 
equations invariant. 

Of all the projective transformations that leave the nullsystem invariant, the 
Kuclidian motion presents the greatest interest. That such a motion exists is 
already evident from the definition of a nullsystem according to which the line- 
elements of the system move perpendicular to the direction of the n-dimensional 
screw-motion defined by the equations 


ba, 


= 


The system must therefore remain invariant during this motion. 

Are there other Euclidian motions of the same nature? To answer this 
question we shall first consider the case n = 5 and construct the group of Hucli- 
dian motions, leaving the nullsystem of Jf, invariant. A Euclidian transforma- 
tion group is defined by the system of equations 


bax, = 
ot 


— — — + + Cy, 


— — — + Cz. 


dx 
t 

2 

| | 
_ 

Oa, 
ot 
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Since this transformation is to leave the nullsystem invariant, we must have 
+ x,dx,— + x,dx3— x,dx,) = 0, 
or, what is the same thing, 


Substituting in this equation the values of dz, taken from (5) and equating to 
zero the coefficients of x,da, and dx,, (k, i= 1, 2, 3, 4, 5), we obtain 
= = Ag, = Oy; = Cy = 0, 


Aig — Ay ay 0, 


so that the system (5) may now be written 


da 

= + + Ay 4X4 y 

= — Ayo — Ay + 

__ 

ot 


which shows that the group is composed of the following independent infinitesimal 
transformations 


4 of of of of of 6) 


Oa,  Oatg Ox, Ox, Oars Ox,’ 


that is to say four rotations and a translation along the z,— axis. It is not at all 
difficult to extend this method to any odd number of dimensions. We obtain 


20 


= 
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after some lengthy calculations the following system of equations : 


from which we obtain a group containing CH y rotations and a translation 


along the z,-axis. Hence the 
THEOREM.— The most general Euclidian motion in M,, leaving the nullsystem 


i= 


2 
dx, + >; 1 — — = 0 


i=] 


2 
invariant, 1s made up of e ) rotations around the origin and a translation 


) rotations are also included the oe rcta- 


along the x,-axis. Among these € 


tations of the n-dimensional screw-motion. 


For n = 5 we can easily deduce the finite equations of the transformation 
group (6). If we extend the method described in Lie-Scheffer’s ‘‘ Vorlesungen 
ber Continuierliche Gruppen,” p. 196, to the case of 5 variables, we obtain the 


equations 


— 

ot 

12% 13%4 ..-- Ayn —2%n—1) 

Ly — — — Age, 

| 

Cc 

2 
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= 2, (cos cos ¢, cos ¢; + sin ¢, sin fy sin 
+ x2 (sin ¢, cos ¢, cos ts — sin ¢, sin ¢, sin t;) + a sin t, cos t; + 2, COS fy sin ¢, , 
(COS sin sin — sin ¢, cos t, cos 
+ 2, (cost, cos ¢, cos t, + sin ¢, sin ¢, sin t;) — x; Cos f, sin ft; + a, sin t, cos ts, 
— a, [sin cos sin + t,) + sin f, cos cos (¢; + &)] 
+ [cos sin ¢; cos + — sin f, cos fz sin + &)] 
+ (cos cos cos ¢, — sin sin ¢; sin ¢,) 
+ a,(cos cos ¢; sin ¢, + sin sin ¢; cos ¢,), 
a, = — a, [cos sin ts cos + ¢,) — sin cos ¢, sin (¢, + ¢,)] 
— 2» [cos sin t, cos (¢, + ¢,) + cos sin sin (¢, + 
— x; (cos cos ¢; sin + sin sin cos 
+ 2, (cos cos t; cos ¢, — sin ¢; sin ¢, sin 
as = + 
The separate transformations of the group may now be obtained by putting 


in succession; we get 


2, cost, +2, sink, 
— 2, sint, +2, cost, Le, 
az, (b) 23 cost, +2, sink, 
— x, sint, + a, cost,, 
Wp, = U5; 
«x, cost,+ a, sint,, COSts + a, 
(c) 1%; = — a sint,++ 2; cost,, (d) Sint; +a, cost,, (€) 
XL, =— Sint, + COSty, sint, + a, costs, 
| = = Xs + ts: 


Of the four rotations (a), (b), (c) and (d) the rotation (c) occupies a peculiar 
position in as much as 7t is the only one that will make the nullsystem invariant in 
case it degenerates into an asymptotic complex, that is to say, it is the only one that 
will render invariant the two differential equations 


dx; + L Ax, + x,lars = 0 
da,dx,+ dx dxu,=0. 


i 
ke 

q 

7 
\ 
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The group represented i 
of 


2 


is therefore characteristic of an asymptotic complex and expresses the fact that 
such a complex has only one degree of mobility, when we except the translation 
along the z,-axis which is common to all the complexes that can be formed from 
a given non-special nullsystem in J. 

The following question now suggests itself: What projective transformation 
will transform an asymptotic complex into itself? To attack this problem 
directly involves rather extensive formula work ; but if we remember that the 
lines of the complex are transformed into all the lines of M,; and their surface 
elements, the question resolves itself into finding all the contact-transformations 
which will transform these lines into themselves. Such a transformation must 
evidently transform, 1°, either plane into plane and point into point, or 2°, plane 
into point and point into plane ; that is to say, it must be either a projective trans- 
formation or a dualistic transformation. We shall consider the former first. 
What must be the nature of this projective transformation? According to the 
method by which we obtained the o‘ lines of MM; (see p. 123), any straight line 
may be considered as a degenerate parabola lying in a plane parallel to the X;- 
axis. But each parabola is the intersection of this plane with a parabolic cylinder 
parallel to the X,-axis; this cylinder is tangent to the plane at infinity. The 
required transformation must, therefore, transform parabolic cylinders into para- 
bolic cylinders and consequently the plane at infinity into itself. It follows, 
then, that the transformation must be linear; furthermore, it must transform 
planes parallel to the X;-axis into planes parallel to the same axis, so that finally 
we arrive at the following transformation : 


xX = + 6X, + d,, 
Ay + + d,, 
X; = a,X, + + + dy») 


a,b, — + 


b P,+% 
192 — 


| | Ox, | 
Agbo 
— bye, P 155 — azb, 
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The last two equations are obtained from the first three by extension* 
(ERWEITERUNG). 

The corresponding group of infinitesimal contact-transformations contains 10 
independent transformations 


of of af x x, p, Af 


of of of . of of 
‘top’ “gy tap “ax. 
Ss of of of 
tap Pgp,) + gy, 
In the space Jf, we obtain a linear projective transformation 
@,0,— deb, a,0,—6,a, ' a,b,—b,a,’ 
Ayt+ba,+d, 
2a,¢3 a,b, — ab, 3 
223 a,b, And, 1 a,b, — a,b, asd, 3+ bia.’ ( ) 


which will give rise to an infinitesimal group of 10 independent transformations 
of of _, oF 
F F Fi Sy, 


Oat, 
of of of 


’ On, ’ On, 
We have thus found the following 


THEOREM.— There exist in the space M, ©" projective transformations for which 
an asymptotic complex remains invariant. 


All the transformations that transform the lines of an asymptotic complex 
into themselves are included in these ”™” projective transformations and a 


*Lie, Theorie d. Transformationsgr., Ab. II, p. 46. 


i 
a — 
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dualistic transformation. This latter transformation remains to be investi- 
gated. Since it must leave invariant the equation 


dX, — P,dX,— P,dxX, = 0 
and also dX,dP, +dX.dP,= 0, 
it can be no other than the classic one of Euler’s, viz. : 
X= P,, X,=—P,, (9) 
P, = X,, P,=+ 


corresponding to which we have in MM, the transformation 


which leaves invariant the asymptotic complex. All transformations leaving the 
asymptotic complex invariant are thus made up of a combination of this trans- 
formation and any one of the group of ”° projective transformations (8). 

The relation of Kuler’s transformation (9) to asymptotic complexes and its 
effect on a»*ptotic curves I shall discuss in another paper. 
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On the Forms of Unicursal Quintic Curves. 


By Perer 


INTRODUCTION. 


The purpose of this paper is to study the forms of plane unicursal quintic 
curves. The basis of classification is the same as that used by Meyer,* but the 
method of obtaining the curves is entirely different. Meyer classified the curves 
according to the sequence of the double points and his scheme was similar to that 
employed by Tait + in his first paper on knots. The essential difference is that 
nugatory knots may appear. Suppose acurve has the six double points A, B, 
C, D, E, F, and suppose a variable point to describe the curve. Whenever the 
generating point passes through a node, indicate this fact by writing the symbol 
of that node. When a loop is formed near a node A the symbol would be 
.... AA.... for that part. Two curves which have different symbols will be 
regarded as distinct. A more specific classification would be one which considers 
the reality and positions of the inflexions, but this would lead to an almost infinite 
variety of forms. 

In this way Meyer first wrote the 29 possible schemes for nondegenerate 
curves, and gave a figure for each one. He gave no equations and did not extend 
the method to other types of quintic curves. In his second paper he corrected 
some errors made in the first.and showed that all the types can be obtained by 
quadric inversion. 

Dowling { devotes an article in his dissertation to the unicursal quintic 
curves. He derives an equation of a different form from the one that will be 
used in this paper. He does not give any figures. These and the references 
given on p. 219 of Loria’s Spezielle Algebraische Kurven are the only papers 
known to me which deal with plane unicursal quintic curves. 

In a few cases, more than one figure will be given having the same sequence 


* (a) Anwendungen der Topologie auf die Gestalten der algebraischen Curven vierter und fiinfter 
Ordnung. Muenchen (Diss.), 1878. 

(b) Proceedings of the Edinburgh Royal Society, 1886. + Edinburgh Transactions, 1876-77. 
t On the forms of plane quintic curves, Mathematical Review, Vol. 1. 
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of points but which nevertheless are so different in appearance as to deserve 


separate notice. 
The following table gives Pliicker’s and Klein’s numbers : 


A is the number of real acnodes. 

T the number of real double tangents with imaginary points of contact. 
J the number of real inflexions. 

K the number of real cusps. 


860129 75187 64255 
AT ATI KATI 
0 0 0 0 
0 1 


=) 


on 


0 
0 
1 

0 
1 

2 
1 

2 
3 

2 
3 
4 
0 
1 

0 
1 

2 
1 
2 
3 
2 
3 
4 
3 
4 
5) 


1 1 
0 5 
13 
21 
07 
1 5 
23 
0 9 
1 7 
25 
3.3 
41 
1 9 
27 
3.5 
4 3 
5 1 
29 
3.7 
4 5 
5 3 
6 1 
3 9 
4 7 
5 5 
6 3 
7 1 


3 3 
4 
5 
5 
2 4 
6 


Fietp: On the Forms of Unicursal Quintic Curves. 


1.— Quintic curves with six distinct nodes. 


The equation of the fifth degree contains twenty constants so that if the six 
nodal points are fixed but two additional conditions may be imposed in order to 
fix the curve. The general equation of such a curve will now be derived and 
the form of the curves determined by its aid. 

Let 1, 2, 3, 4, 5, 6 be the six double points; let Uj and U, be two nodal 
cubics through these points, U, having a node at 1 and JU, at 2; further let 
and @, be two conics, the former through 2, 3, 4, 5, 6 and the latter through 
1, 3, 4,5,6. Then the equation 


— 19,0, = 0, 


is the equation of any quintic curve having the given points as double points. 
For the curve might be defined by giving another point and the tangent at the 
given point. But each of the curves U, and U, contains an arbitrary constant, 
hence the given point may be taken as their ninth intersection and the value of 
A can be taken so as to give the desired slope. 

The above equations might also be considered as representing the intersec- 
tions of corresponding rays of the pencils AU, — Ut=0 and t= 0, in 
which ¢ is the parameter. The points 3, 4 and 5, 6 may be conjugate imaginary 
and the cubics and conics are nevertheless real, but in case all six of the double 
points are imaginary the above form of equation is no longer applicable. In 
that case suppose 1 and 2, 3 and 4, 5 and 6 are conjugate imaginary points. Let 
a, be a line through 1 and 2, a, through 3 and 4, a, through 5 and 6, also let 


be conics through the points 
1, 3, 4,5,6 2,3,4,5,6 1,2,4,5,6 1, 2,3,5,6 1,2,3,4,6 1, 2,3, 4,5 


respectively. Then the equation: 


+ (G2 + ARLE) + (G3 + = 0, 
(Pi + Vi) H (G3 + YE) + (93 + = 0, 
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represents any quintic curve having the given imaginary double points. In 


(b) (c) 


figure (a) the point 1 and any five of the intersections of @, and U, may be 
taken as the six double points. Suppose the intersection numbered 7 is the one 
which is not a double point. If” is taken very small the quintic will be very 
nearly of the form of J) and ¢) except that it will not pass through the point 7. 
The form of the curve will be that given in figures (b) or (c) depending on the 
sign of 4.. This shows that by taking a conic and cubic placed in the various 


possible relative positions and making a break as in the above figures, unicursal 
quintic curves result. This is the idea which has been used in constructing the 
curves given in this paper. By taking the conic through the node of the cubic 
and then proceeding as above, the forms of the curves having a triple point can 
be obtained. It is to be noticed that it is no restriction to always suppose that 
the cubic has but one infinite branch, provided the conic is not restricted. 


(d) 
Suppose figure (d) represents @,U, and that 8 is the point which is not a 
node. Then, as A grows larger, the curve changes from that given by Uo?) 


444 
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(with a break at 7) to that given by U,@, (with a break at 8). In the course of 
this change, each double point is successively a crunode, cusp, acnode, cusp, and 
finally, again a crunode when 9, JU are not divided at the nodes. No attempt 
has been made to trace the curves through these changes. Four of the curves 
given by Meyer cannot be obtained by this method unless the conic is taken as a 
pair of lines. This does not mean that the equation $)U, — Ag, U,= 0 is lacking 
in generality, but that the four given curves correspond to intermediate values 
of 2. In the case of the triple point there is no difficulty of this kind, for it can 
be shown by the same methods that have been used here that if a straight line is 
drawn. through one of the nodes of a trinodal quartic and a break made at one 
of the other intersections, a unicursal quintic curve with a triple point results. 
This gives the two curves which are not directly obtainable from the conic and 
cubic. 

If @,U) and $,U, are divided at a given double point, as in figure (d,), the 


\ 


N or 


(d;) 
given point will always be a crunode no matter what value is given to 2; it may 


be positive or negative, large or small. 
Suppose next the arrangement is that given in (e) and the products @,U, 
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and ¢, U, are positive and negative in the compartments indicated. Then in the 
equation @,U,— ag, U, = 0, if A is negative, one branch of the curve is in (c) and 
the other in (d), while if 4 is small and positive, the branches of the curve are 
both in (a), if large and positive, the branches are both in (b). In order that 
the curve shall change from one compartment to the other, the curve first has a 
cusp in compartment (a) (A is now supposed a small positive quantity which is 
gradually growing larger), then there is a cusp in (b) and finally a crunode with 
the branches of the curve in compartment (b). 

It might at first thought appear that it was possible for the curve to degen- 
erate and have a tacnode instead of a cusp at the given point. Since the double 
points are fixed, there are only four possible ways of obtaining such a degenerate 
curve. To be definite, suppose the point considered is at 3, then the degenerate 
curve must be composed of a conic through the point 3, and any four of the 
remaining double points, together with a cubic which touches the conic at 3, has 
a node at the double point which does not lie on the conic, and passes through 
the four remaining double points. U, and VU, each contain an arbitrary con- 
stant ; clearly the quintic would not degenerate into the same conic and cubic 
independent of how these constants are chosen. 

In case the part of the curve is like that given in figure (f), changing a 


so as to have a cusp at 4 implies that 1, 2 and 3 have been successively crunodes, 
cusps, acnodes and possibly the curve has come back in the other compartment, 
so that one or more of them have been changed back first to cusps and then to 
crunodes. 

It is now proposed to find an expression for the limiting value of A. Fora 
very small positive value of 4 the two branches of the curve will be close to 
)U,, but as A increases, the two branches approach each other until the crunode 
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is replaced by acusp. Let p be such a point on the curve very close to the 
node, and let its coordinates be « + da, y+ dy. 


Then $0) = U,, 


by y (aS + by 


But da + dy = = Po 
bu 20 + (32); 
Po=r sina’, 


P=rsn(a+ prp=rsin(a’+y). 
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The required value is 


sin a sin a! 
sin (a + sin(a’+ y) 

To obtain the form of the curves having two or more consecutive nodes it is 
only necessary to take the conic and cubic with the desired number of consecutive 
intersections. 

Let the origin be taken at a double point and let y= 0 be a common tangent 
to the two branches. The curve will then have at least two consecutive double 
points at the origin. The following table gives the expansion of the branches 
and the corresponding singularity. These expansions are given in Salmon’s 
Higher Plane Curves, p. 216, including the oscnode and tacnode cusp. 


where must be taken so as to be a maximum. 


Nature of the singularity. Expansion. 

= Agx? + age? + age’, 

Yo = age” + ag? + aye’, 

Yr = aye? + age? + + age!, 
Yo = ag” + agar’ + + 
Yr = Aye? + aga? + + ager’, 
Yo = + + age + ager’, 


4 


Yo = age” + apa? + + + aja’, 
Yy Ax” + + + + a,x®, 
Yo = Agu” + + + + aja’, 
= age? + aga? + + aga + + ax, 


| pee 


Yo Ag? + + + + + aya’ 


The curves having two or four imaginary nodes are obtained in exactly the 
same way as those having only real nodes, the only difference being that the 
conic is now taken so that in the first case two and in the second case four of its 
intersections with the cubic are imaginary. 

As far as the sequence of double points is concerned, there is only one curve 
having six imaginary nodes. If in the equation 


(Pi + Vi) H (3 + VE) (G5 + V5) = 0, 


6 

5,22 1 
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x, and x, be taken very small, the form of the corresponding curve is very nearly 
the same as that of the straight line a,. 


2.— Curves with a triple point. 


It will first be shown that the equation of any quintic curve with a triple 
point may be obtained from the special pencils 


a?—Aa=0, of +o=—0, (1) 
or from atl? +Aat—a,=0, (2) 


where ¢ is a variable parameter, 4 a constant, a and a, lines, @ and ¢, conics. 
On eliminating ¢ from the first pair equations 
ag’ — Aaj = 0. (3) 
Similarly the equations (2) give 
a — $i) — = 0. (4) 


If in equations (3) a, Aa,, be replaced by a+ tAa,, P+ 
@ — %p,, respectively, the resulting equation reduces to 
a — $i) — 42099, = 0, (5) 
which shows that (4) may be deduced from (3) or (3) from (4) by making the 
proper substitution. 
It will now be shown that the equation ap? — Aa,¢; = 0 is the most general 


equation of a unicursal quintic curve having a triple point. 
Let @ and ¢, be two conics through the points 1, 2, 3, 4 and a, aq, lines 


through the point 1, 4 a constant. Then the curve, whose equation is 


a 4 a 
+ 2 
a 
b 
1 
4 
ra 
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ap” — Aa,pj = 0, has a triple point at the point 1 and double points at 2, 3, 4. 
Moreover, each of the functions a, a,,, @, contains an undetermined constant 
which, together with 2, makes the number in the above equation 5, exactly that 
contained in the general equation of a unicursal guintic having a triple point. 

Suppose in the above figure that there is an ordinary point of the curve in 
compartment a. Then the whole curve must lie in a (and a’), with the exception 
of possible acnodes. For, in order that a point shall be on the curve, ag’ must 
be equal to Aa,$} at the given point, but in crossing a or a, one of these terms 
changes sign and not the other, hence the only point at which it is possible for 
the curve to cross the lines a, a, is at their intersection. For the sake of defi- 
niteness, let A be positive and let the positive sides of a and a, be taken as in 
the figure. Then if 2, 3 and 4 be taken in compartment a (or a’), they will be 
crunodes on the given quintic. By taking any or all of them in the compart- 
ment 6 (or 6) or by simply changing the sign of A, they become acnodes. 

Take a through the point 2. Then, from the equation 


agp” — = 0, 


it is clear that since a and ¢ are both zero at 2, while a, is finite, points on the 
curve in the neighborhood of 2 must lie very close to @,. Moreover, since the 


curve has a double point at 2 and does not cross a, there must be a cusp 
at the given point with the tangent to @, as the cuspidal tangent. By taking 
a, through one of the two remaining double points, it is possible to obtain 
another cusp. 

If the conics intersect in only two real points, then the case arises in which 
the curve has two imaginary double points. These double points may become 
imaginary cusps, which would be the case in equation (4) if the conics @ and ¢, 
are circles. 

By taking conics having two consecutive intersections, a tacnode results, 
and if a is taken through the given point, the cusp is of the second kind. The 
conics might also be taken, having three or even all four of their intersections 
consecutive. 

The curves represented by the equation ag@*—Aa,oj =0 were drawn by 
fixing: 

ist. The four points of intersection of @ and ¢). 

2d. The lines a and a,. 

3d. The three tangents at the triple point. 
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This makes a sufficient number of conditions to completely define the curve. 

In drawing the curves, nothing more than the relative positions of these 
elements was considered, so that in a few cases the same initial conditions give 
rise to more than one curve. In such cases there would be some point at which 
the curve could move in different ways without violating the initial conditions. 

The three double points were generally taken on the same side of the triple 
point. Of course, it is always possible to project the given curve into a curve in 
which this is the case, but it may not be possible to do so without altering 
the number of infinite branches. For instance, figs. 85, 112, 115, have the same 
relative positions of nodes, tangents at the triple point and tangents to the curve 
from the triple point. But if 85 is projected into a curve where the double 
points are situated as in 112, it will have at least three infinite branches: 115 
may have its double points either way and still have only one infinite branch. 

In some cases as for instance in figure 84 the curve may be tangent to a on 
either side of the triple point. This simply amounts to pushing the inflexion 
along the curve through the triple point, and although such curves are projec- 
tively distinct there is not enough difference to require two figures. 

In drawing the curves represented by equation (4), the lines a and a, were 
not drawn but the tangents at the triple point were fixed as before and in addition 
the part of the curve going to infinity was taken in the various possible ways 
(joining two nodes, node to triple point, triple point to triple point). Use was 
also made of the fact that these curves can have no real tangents from the triple 
point, except those at the triple point. 

The figures are only intended to give the general form of the curves. In 
some cases they do not show the total number of inflexions. It is then supposed 
that the curve has isolated double tangents. 

The existence of these various types is also made plausible from Art. 1 by 
allowing three distinct double points to approach coincidence in various ways. 
The equations can also be determined exactly as in the preceding case, but it 
was frequently easier to follow the curve by present method. 


3.—Curves with a fourfold point. 


The case where the double points are all coincident would give but a single 
type according to Meyer’s classification, but for these curves a different plan will 
be adopted, namely, the configuration of the fourfold point and the compartments 
22 
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formed by loops or the infinite branches will form the basis of classification. 
Here the reality of the inflexions will be considered. 

The curve may be considered as generated by the intersection of corre- 
sponding rays of the pencils 


aot! + at? + a,t? + ast + a, = 0 
and b¢ +5,=0, 


in which a;,=0 and 6;—0 are the equations of straight lines and ¢ is a parameter. 
The vertex of the linear pencil is a fourfold point on the quintic: it will be taken 
as the origin so that the equation of the curve may be written u,+%,=0. The 
factors of u, determine the directions of the infinite branches and the factors of 
u, determine the tangents at the origin. These tangents divide the plane into 
compartments such that the curve in passing from one compartment to another 
must either pass through the origin or through infinity. The nature of the four- 
fold point will depend on the form of u,. 

The following table gives Pliicker’s numbers and also J+ 27 for the various 
forms of the fourfold point. 


M, Mz 8 6 0 12 9 3 134, 135, 136, 137, 

m2 ms Ms; 7 56 1 8 7 8 188, 139, 140, 141, 142, 

mi m2 6 42 5 & 8 148, 144, 145, 

m3 mz 6 4 2 5 5 8 146, 147, 148, 

mi 53:3 8 8 8 12489, 

my Mz (m3 + m?) 8 6 0 12 9 5 1650, 151, 152, 153, 154, 155, 
(m3 + m?) 7 5 1 8 7 +5 156, 157, 158, 

(m+ m3)(m3+ mi) 8 6 0 12 9 5 159, 160, 

(m? + 6 4 2 5 5 161, 162. 


In case the factors of U, are real and distinct, there are the four types of 
curves represented in the first four figures. That the three inflexions may all 
be in one compartment formed by two tangents at the multiple point may be 
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seen by considering a curve having five infinite branches in the given compart- 
ment as in the accompanying figure. 


When the asymptotes are drawn, it is clear that there must be an inflexion 
somewhere along the curve either at a or a’, one at b or 0’, and one atc or ec’. 


By taking a vanishing line close to the common tangent of # and F’,, this 
figure projects into figure 135. By taking four infinite branches in a given com- 


J 


partment, it is seen that the resulting curve has a loop which cuts the vanishing 
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line in four points. The curve, therefore, has a loop with a bay. Figure 136 
differs from figure (g) only in the position of the vanishing line. 

The equations have not been written out for each case as they follow 
directly ; for instance, the equation of figure 137 is 


abe (d? + f*) — aaByd = 0, 


d and f are lines and 4 is a parameter; a,b, c are lines through the origin par- 
allel to the asymptotes, a, 8, y, 6 are the four tangents to the curve at the four- 
fold point. The equation corresponding to a curve like figure 136 would not 
follow quite so directly, as it would be necessary to take the equation corre- 
sponding to figure (g), and perform on it the transformation corresponding to 
the projection of figure (g) into figure 136. No figures are drawn where the 
curve has five asymptotes, as such a curve can always be projected into one of 
the given figures. 

In figures 143 to 148 the fourfold point counts as two cusps and four 
crunodes. In the first three figures the form of the curve indicates this, while 
in the last three the origin has the appearance of an ordinary double point. The 
presence of evanescent loops being shown by deformation. 

Figure 155 differs from the others in that it contains a double bay. The 
possibility of this is readily seen from 141 (provided one of the loops in 141 had 
a bay) which was obtained from figure 136 by making two of the factors of u, 
equal. If now uw, be changed still further so that these two factors become conju- 
gate imaginaries, the cusp is replaced by an acnode and the curve takes the form 
of figure 155.* 

When the curve has an isolated fourfold point, it is not possible to have 
fewer than three inflexions, as was shown by Mobius: “ No odd branch containing 
no real point singularities can have fewer than three real inflexions.” 

It may be mentioned that there exists for every order n a curve correspond- 
ing to figure 137, i. e., having an n — 1 fold point and n — 2 infinite branches, 
For, take a curve having an n—1 fold point and whose equation can therefore 
be written wu, + u,_,—0. Take the factors of u,_, real and distinct. The lines 
will divide the plane in n — 1 compartments. Ifthe lines represented by wu, are 


* There should be given two figures whose form is the same as 141 excepting as regards inflexions, 
the one having a bay on one loop and the other having 3 real inflexions but none on the loop. 
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taken so that one lies in each but one of the compartments, the resulting curve 
cannot be projected into one with fewer than n— 2 infinite branches, as the given 
curve has n—2 branches that extend across the plane. The two remaining 
factors of u, may be taken conjugate imaginary. 


CORNELL UNIVERSITY, June, 1902. 


} 
| 
Ms 
2 
g 
4 
4 
2 
\ 


Determination of the Algebraic Curves whose Polar 
Conics are Parabolas.* 


By Epwarp KASNER. 


Among the curves of n“ order, one of the simplest classes, usually considered 
in connection with the theory of equations, is composed of those curves whose 
cartesian equation may be put into the form 


= aga” + .... 


It is easily shown that the polar conic of any point in the plane with respect to 
sucha curve is a parabola. The object of this note is to prove that this property is 


characteristic, 1. e., that if any (non-decomposable) curve has the property stated, 
it may be reduced to the above form. The proof hinges upon the discussion of a 
partial differential equation, which is of interest also in connection with a class 
of developable surfaces. 

Since the question considered belongs to metric geometry, it will be conve- 
nient to first derive the equations for polar curves in rectangular, instead of the 
usual homogeneous coordinates. 

The first polar of the point 2’, y' with respect to the curve of n™ order 
> (x, y) = 0 is easily shown to be 


+ + np — xh, — = 0; (1) 


and the second polar is 
+ + Pyy 
+ \(n— 1) — YPry) } + 2y/' 1) Py — + YPry) (2) 
+ jn(n— 1) 2(n — + + + Py} = 9. 


* Read before the American Mathematical Society, Dec. 28, 1901. 
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If x’, y' are regarded as current coordinates, (6) represents the polar line of the 
point a, y and (7) represents the polar conic. 
The polar conic will be a parabola provided 


A= Pix Pyy = 0. (3) 


Hence in connection with the general curve of n“ order we have a (metrically) 
related curve* A= 0, of order 2(n— 1), the locus of points whose polar conics 
are parabolas. 

The problem before us may now be stated: find the curves ¢=0 for which 
A vanishes identically, i. e., determine the rational integral solutions, of the 2 
degree, of the partial differential equation * 


Pix Pyy = 0. (4) 
If } is written in the form 
g=—ut+h, 
where wu includes all the terms of n‘" order and FR the terms of lower order, the 


substitution in‘(4) gives as a necessary condition 


Ugg U 


9 
yy Uxy = 9. 


Since wu is a binary form this indicates that it must be the n" power of a linear 
form. Without loss of generality, we may write 


o=x"+ R, (5) 


where F includes only terms whose degree is less than n. 
The next step in the discussion is to show that if a function of form (5) 
satisfies (4), then # must be of the form 


R=f(x) + (6) 


where fis a polynomial in x of degree n —1 and ¢ is a constant. 


* From the form of its equation, this might be termed the metric or cartesian Hessian of the original 
curve. Cf. C. A. Scott, ‘‘ Note on the Real Inflexions of Plane Curves ”’ (Transactions of the American 
Mathematical Society, Vol. 3, 1902, p. 398), where, more generally, the locus of points whose polar conics 
touch a given line is considered, and termed the diacritic of the line with respect to the curve. 

+ This is a Monge equation whose general solution may be obtained without difficulty; but this does 
not help in finding the rational integral solutions here required. 
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For the proof we employ the method of mathematical induction. We assume 
then that the result is correct when the order is n—1, and proceed to prove 
it for the order n. 

In the first place, if the curve ¢ = 0 belongs to the class considered, that is, 
if all its polar conics are parabolas, the same is evidently true of the polar curves 


Eb. + + — xh, — YPy = 0. 


These are curves of order »—1 to which the assumption may be applied. Take 
first the point & = «, y = 0, whose polar curve is 


cane” '+R,=0. 


By the assumption made, the last term is of the form 
R, = fa—2(u) + ky. 


The integration of this gives 


R=f (x) + key +9(y), (7) 


where f and g are of degree n— 1. 

Introducing this value in (5), and substituting in (4), the result should be an 
identity. Hquating, in particular, the coefficient of & and the absolute term to 
zero, we obtain 

jn (n — 1)(n — 2) (ng — yg’) =0, (8) 
(nf — xf’)" (ng — yg')" = (n — (9) 


where the accents indicate differentiation with respect to the variable involved. 

Disregarding the cases m = 1 or 2, which may be considered by themselves 
without difficulty and taken as the starting point of the induction, it follows that 
the second factor of (8) must vanish. For since the degree of fis at most n — 1, 
it is evident that the first factor cannot vanish. We have then 


(ng —yg')"=0, 
which, integrated twice, gives 


ng — yg’ = Ly + M. 
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We seek now for the integral of this equation whose degree does not exceed 
n—1. For this purpose substitute 


g = + by" 


obtaining the conditions 


Hence g is of the form 
g=—ly+m. 
Substituting this value of g in (9), it follows thatk=0. Hence (7) reduces 
to the form (6), and the latter is justified. This completes the induction. 
From (5) and (6), the curve @ = 0 may be written 


a" + f(x) + cy =0. (10) 


Ifc=0, this represents merely a set of parallel straight lines. Disregarding 
this trivial case, the equation may be written 


y= F(a), 


where F is a polynomial of n™ order. 
Tf a curve of the n“ order has the property that all tts polar conics are parabolas, 
then either it consists of n parallel straight lines, or it is of the form 


Y au" + aye” —*+.... + ay. (11) 


Conversely, both of these classes have the property in question, the polar conics in the 
Jirst case being pairs of parallel lines, while in the second they are proper parabolas. 

Incidentally, we have obtained, essentially, the rational integral solution of the 
differential equation (4). It is merely necessary to free the form (11) from the 
special choice of axes, introducing, for example, ax + by and by — az instead of 
x and y respectively. The general rational integral solution, of the n' degree, of 
equation (4) is 
p = (hu + hy)" + A, (ha + + + + hy) 

+A, 1% + + Anyi, (12) 

thus involving n + 3 arbitrary constants. 

If this is equated to zero, the result is the general curve having the property 
in question; it involves n + 2 parameters.* 


* The degenerate case arises when the constants are connected by the relation hA,—kA,_1—0. 
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For the proof we employ the method of mathematical induction. We assume 
then that the result is correct when the order is n—1, and proceed to prove 


it for the order n. 
In the first place, if the curve @ = 0 belongs to the class considered, that is, 


if all its polar conics are parabolas, the same is evidently true of the polar curves 


Eo, + no, + no — xp, — yo, = 0. 


These are curves of order »—1 to which the assumption may be applied. Take 
first the point & = «0, y = 0, whose polar curve is 


By the assumption made, the last term is of the form 


fn + ky. 


The integration of this gives 


R=f (x) + key +9(y), (7) 


where f and g are of degree n— 1. 
Introducing this value in (5), and substituting in (4), the result should be an 


identity. Equating, in particular, the coefficient of & and the absolute term to 
zero, we obtain 
{n(n — 1)(n — 2) + (ng — = 0, (8) 
(nf — xf")" (ng — = (n — (9) 


where the accents indicate differentiation with respect to the variable involved. 

Disregarding the cases n = 1 or 2, which may be considered by themselves 
without difficulty and taken as the starting point of the induction, it follows that 
the second factor of (8) must vanish. For since the degree of fis at most n— 1, 
it is evident that the first factor cannot vanish. We have then 


(ng —yg')"=0, 
which, integrated twice, gives 


ng —yg' = Ly + M. 
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We seek now for the integral of this equation whose degree does not exceed 
n—1. For this purpose substitute 


boy"? + by"~? + + 
obtaining the conditions 


Hence g is of the form 
g—=ly+m. 
Substituting this value of g in (9), it follows thatk=0. Hence (7) reduces 
to the form (6), and the latter is justified. This completes the induction. 
From (5) and (6), the curve ¢ = 0 may be written 


a" + f(x) + cy =0. (10) 


Ifc=0, this represents merely a set of parallel straight lines. Disregarding 
this trivial case, the equation may be written 


y= F(z), 


where F is a polynomial of n™ order. 
Tf a curve of the n* order has the property that all its polar conics are parabolas, 
then either it consists of n parallel straight lines, or it is of the form 


y = aye" + aye” —*+.... +a,. (11) 


Conversely, both of these classes have the property in question, the polar conics in the 
Jirst case being pairs of parallel lines, while in the second they are proper parabolas. 

Incidentally, we have obtained, essentially, the rational integral solution of the 
differential equation (4). It is merely necessary to free the form (11) from the 
special choice of axes, introducing, for example, ax + by and by — az instead of 
x and y respectively. The general rational integral solution, of the n“ degree, of 
equation (4) is 

+A, 1% + + (12) 

thus involving n + 3 arbitrary constants. 

If this is equated to zero, the result is the general curve having the property 
in question; it involves n + 2 parameters.* 


* The degenerate case arises when the constants are connected by the relation hA,—kA,_1=0. 
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The solution (12) may be applied to a question concerning developable sur- 
faces. Consider the surfaces whose equation may be reduced to the form 


F(x, y), (13) 


where F' is a rational integral function of n™ order. 

Such a surface will be developable when and only when, F' is a solution of (9) 
and hence of the form (12). In this case the level curves cut out by the planes 
z = constant will belong the class treated. Conversely if one (and hence all) of 
the level curves of the surface (13) belong to the class treated, then the surface is 
developable. The developable surfaces thus obtained are cylindrical. 
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On Certain Conics Connected with Trinodal Quartics. 


By A. B. Basset. 


1. It is well known that three conics can be described which respectively 
pass, (i), through the six points in which the nodal tangents intersect the quartic, 
(ii), through the six points of contact of the tangents drawn from the nodes, (iii), 
through the six points of inflexion ; also, that each of the three conics intersect 
the quartic at two points S, S’, which will be called the § points. A somewhat 
lengthy proof of the first theorem is given in §194 of my book on ‘Cubic 
and Quartic Curves;” and concise proofs of the three theorems, together with the 
equations of the three conics, appear to be a desideratum. 

There is also a fourth conic which passes through the six @ points of a 
trinodal quartic. The equation of this conic will be found, and it will be shown 
to pass through two points 7, 7’, which will be called the 7’ points, which are 
the two remaining points in which the line SS’ cuts the quartic. The 7 points 
are also points of importance in the theory of trinodal quartics. 

Let the equation of the quartic be 


By? + + + 2aBy (la + mB+ny)=0, (1) 
to which form every trinodal quartic can be reduced by projection. Let 
o= [By +mya +na8, (2) 
t= By/l+ ya/m+aB/n, (3) 
u=kha +0 + (4) 
where k= m/n +n/m — 21, (5) 
with similar expressions for k,, k;. Then (1) may be written in the form 
ot —aByu=0. (6) 


Equation (6) shows that the line «= 0 intersects the quartic in four points, 
two of which, S, S’, lie in the conic c= 0, whilst the remaining two, 7’, 7’, lie 
in the conict = 0, And if §194 of my book, 2/7, 2m, 2n be written for /, m, n, 


| 
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it can easily be shown that the equation of the conic may be written in the 
form 


Ac + u(a/t+8/m+y/n) =0, (7) 
where — 1, +1 
2lmn 


which shows that the conic (7), which passes through the six points in which the 
nodal tangents intersect the quartic, also passes through the S points. 


2. To find the equation of the cunic which passes through the six points of con- 
tact of the tangents drawn from the nodes. 
Equation (1) may be written in the form 


+ By —(mB + ny)’} + {a (mB + ny) + By}? =0, (8) 


which shows that the equation of the tangents drawn from the node A is 


+ 2By —(mB + ny! = 0, (9) 
and that the points of contact lie in the conic 
a (m8 + ny) + By =0, (10) 


from which it is easily shown that the equation of the chord of contact of the 
tangents is 


1 1 
ya + (——m) 8+ (——n)y=0, (11) 
The equation o+u(La + MB + Ny) =0 (12) 
represents some conic passing through the S points; and we have to show that 
it is possible to determine Z, M, N, so that (12) passes through the required six 


points. Combining (12) with (6), it follows that the remaining six points of 
intersection of (12) and (6) lie in the cubic 


t(La + M3 + Ny) + aBy = 0. (13) 


Since (13) passes through A, Band C, it will intersect the conic (10) in 
three other points ; and by substituting the value of a(m@ + ny) from (10) in 
(13), one of the three chords of intersection of (10) and (13) will be found to be 


(La + MB + Ny) +a=0, (14) 
where 1 
1 mn 


| 
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with similar expressions for p,, ps. The conditions that (14) should be identical 
with (11) are that 
L[p,+1 Mmp, Nnp, 


By dealing with the two pairs of tangents from B and C in a similar man- 
ner, we shall obtain two more sets of equations, one of which is 


Mp,+1_ Nnp, _ Lip, 
key 


These six equations are not, however, independent, and will be found to uniquely 
determine the values of L, M, N which are given by 


LA, = + — l, etc., 


2 2 2 


lmn [? ’ 


showing that the required conic is 
1 1 1 = 


which, therefore, passes through the S points. 

A similar method can be employed to obtain the conic (7), in which the 
conic 2a(mZ +- ny) + By =0 which passes through the points where the nodal 
tangents intersect the quartic, must be used in the place of (10). 


3. To find the equation of the conic passing through the six points of inflexion. 


The method of quadric inversion consists in writing for each coordinate its 
reciprocal; accordingly a straight line inverts into a conic circumscribing the 
triangle of reference and vice versa; a conic arbitrarily situated inverts into a 
trinodal quartic: whilst a cubic circumscribing the triangle of reference inverts 
into another cubic circumscribing the same triangle. Hence the quartic (1) 
inverts into the conic 


S=a?+ + + 2%mya + 2na’B = 0 (16) 


and the six stationary tangents invert into six osculating conics which circum- 
scribe the triangle of reference. Let 2U=d8S/df, 2V=dS/dg, 2W=dS/dh; 
then the conic 


S+ (aU + BV+yW)(2a+uB + ry) =0 (17) 


| 
— — = 15 
l m n 0 ( ) | 
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represents a conic which osculates § at the point (/, g, A) on it; hence if (17) 
circumscribe the triangle of reference 
| Av=uV=r~W=—1, 
accordingly since (/, g, h,) lies in the line (A, u, v), we obtain 
gt pt (18) 


which shows that the points of contact of the six conics lie in the cubics (18). 
Writing (a, @, y) for (/, g, h) we obtain 


U=a+nB + my, 
Op; + 
v=a/l+ B/m+y/n, 
= 1— ete., etc., 
whence VW= + lv(mB + ny + mna), 


accordingly the cubic (18) becomes 
aBy (pops + PsP2+ Pipr) + lmnv (a? + B + + 2By/1 + 2va/m + 2a8/n) =0. 


Subtracting 7mn Sv, and writing A, for p,p3; + p3P, + pp. it follows that 
the cubic 


A.aBy + 2imn | (+ —1) By+ (—-—m) ya + (— —n) | v=0, (19) 


circumscribes the triangle of reference and passes through the points of contact of 
the six osculating conics. Inverting (19), the cubic 


passes through the nodes and the six points of inflexion of the quartic. Now 
this cubic is of the same form as the cubic (13), and we can therefore pass from 
it to the conic passing through the points of inflexion. Accordingly, the equa- 
tion of the conic is 


1 
Ao + zimn (20) 
when A,=38 + 4+ m? + n?— 2 + nl? + /Imn. 


It is worthy of note that the conic passing through the points of contact of 
the tangents from the nodes and the conic passing through the points of inflexion 
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intersect the conic ¢ =0 in the same four points, viz., the § points and the points 
where o is cut by the line 


(4 


4. A cubic can be described through the six points where the stationary tangents 
intersect the quartic, which osculates the latter at the T points. 

To prove this theorem, we shall employ the parametric method in the form 
used by Mr. R. A. Roberts.* Let wu, w; v, v',; w, w’ be the parameters of the 
nodes A, B and C; also let 

v)(u— v')(u— w)(u — vw’) 
with similar expressions for p., 3. 

Then, if 6 be the parameter of any point of inflexion, and x the parameter 

of the points where the corresponding stationary tangent cuts the quartic 
(u— 0)(u— a) _ 


with two similar equations. Whence 
— 6, (E*) 
u' — 6,7 \u—ax Pi 
but since the six points of inflexion lie on a conic passing through the S points 


it follows that if s,s’ be the parameters of these points, and ¢, ¢’ those of the 
T points 


(wu — s)(u — s') = = pf, 


and (u— _, 
hence (u— ‘YT 
wnenc a — It =) = = pi ’ 


which proves the proposition. 


5. Let the tangents at the node A of a quartic cut the curve in D, D’; and 
let Q, g be the two remaining points of intersection of the line DD’ with the 
quartic; then the points Q, g have important properties with respect to the 


* Proc. Lond. Math. Soc., Vol. XVI, p. 44. 
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quartic which have been discussed by Mr. Westrop Roberts.* Now a trinodal 
quartic has a pair of Q points corresponding to each node, and all the properties 
which Mr. Roberts has proved for the Q points of a uninodal quartic are true for 
each pair of Q points of a trinodal quartic. In §194 of my book, I have shown 
that the equation of the line joining the points where the nodal tangents at A 
intersect the quartic is (since 2/, 2m, 2n are to be written for /, m, n), 


+ B/m+y/n=0. (21) 
Substituting the value of a from (21) in (1) we obtain 
(P+ + y/n)’ — 4h,By} = 0, 
which shows that the equation of the lines 4Q,, Aqy, is 
(3/m + y/n)’— 4k,By = 0. (22) 


The equations of the lines BQ, , Bg2, CQ;, Cg; can be written down by sym- 
metry. 


6. A conic can be described which touches the six lines joining each node with 
its corresponding pair of Q points. 
The investigation of $192 of-my book shows that if the equations of three 
pairs of straight lines are of the form 
mB? + ny*-+ = 0, 
ny + la? + uya =0, 
la? + mB?+ va B= 0, 
a conic can be described touching them; and since (22) shows that the three pairs 
of lines in question are of this form, the theorem is proved. 


7. Aconic can be described which passes through the nodes B and C, the two 
Q points corresponding to A, and the points of contact of the tangents from A; and 
its equation is 


kya? + a y/m) + By =0. (23) 


This is a particular case of one of Mr. Roberts’s theorems; but the proof 
leads to the equation of a conic which will be required in the next article. It 
may be verified as follows. From (21) and (22) we obtain 


a(@/m + y/n) + 2By = 0, 


* Proc. Lond. Math. Soc., Vol. XXV, p. 151. 


(24) 
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which is the equation of the conic passing through the nodes and the two Q 
points corresponding to A. Eliminating a between (23) and (24) we obtain (22), 
which shows that (23) passes through the @ points corresponding to A. Elimi- 
nating a between (23) and the conic (10), which passes through the points of 
contact of the tangents from the node, we obtain the equation of these tangents 
which shows that (23) passes through their points of contact. 


8. To prove that a conic can be described through the six Q points and the two 
T points. 
The equation 
t+u(la+ MB + Ny)=0, 


represents some conic passing through the 7 points. And if we proceed in the 
same way as in §2 making use of the conic (24) and the line (21) in the place of 
the conic (10) and the line (11) we shall find that the values of Z, M, N are given 
by the equations 

Li= Mm = Nn = — 4;! 


when A; =1+ + m? + n’) —8lmn — + + /lmn. 


9. In §287 of my book, I have proved that the locus of the point of inter- 
section of two tangents at the extremities of a chord through the node of a 
nodobicuspidal quartic is a nodal cubic which passes through the cusps of the 
quartic. A similar proposition is true in the case of a chord drawn through a 
cusp, but as the cusps of a limacon are imaginary the method is not applicable. 
Let the equation of the quartic be 


(By + ya + aBP= 
to which form any nodobicuspidal quartic can be reduced by projection. Now 


it is known that any point in the quartic can be expressed in terms of a param- 
eter 0 by means of the equation 


B=P—mO+1, 1). (25) 


The polar cubic of any point (&, 7, ¢) is 


E {28(8 + y) — 2m’aBy} + {2S (y + a) — 
(a+ 8)— =0, (26) 


| 
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where S=Gy+ya+a. Substituting the values of a, 8, y from (25) in 
(26), we obtain 


20 (E + — (4E + 1) + 20 (m? + 2)0 — mO(4E +2) + 2(E +0) =0. (27) 

This equation determines the parameters of the points of contact of the four 
tangents drawn from (&, 7, ¢). 

The equation of any line through the cusp B is y+(1—k)a=0, and 
therefore the parameters of the two points where it intersects the quartic are 
determined by 

(28) 

Hence, if #;, 6, be the roots of (28), the roots of (27), must be 6,, 6,, 63, 43, 

and since 6; + 6,= m, 0;6,=, we obtain from (27) 


0, + 6, m= 3m +7)/(E+ 7), 
m (6; + + +h = (m?+ 2)E/(E +7), 
k (6, + 9) + = $m + n) 
= (E + 6)/(E +7). 


Eliminating 6,, 6, and &, we obtain 


2& — m*y-+ + + = 187° + Z), 


which is a cubic having a node at A and which passes through C. 


FLEDBOROUGH HALL, HOLYPORT, BERKS, ENGLAND, April 21, 1903. 


ba 
4 
é 


A Geometric Proposition. 


By E. Lasker. 


The elementary proposition that, “if the corners (A, B, C)(D, E, F) of 
two triangles in a plane are such that AD, BE, CF are collinear, then the recip- 
rocal property is true of the sides respectively opposite to the points,” admits of 
avery wide extension that may not be without some importance. The fact, 
which is going to be explained, has applications to the geometry of a space of n 
manifoldness; but, to simplify the diction, it will be described as applying only to 
geometry in a plane or space. It may be announced in this fashion: 

Proposition. Let A, B, C, D, H, F be six points in a plane, or A, B, C, D, 
EL, F, G, H be eight points in space. Let © be any configuration of these 
points, which is characterized by the vanishing of one or a set of linear inva- 
riants 7 of above set of points respectively. In that case, any set of points form- 
ing Q gives rise, by separating the points into two triangles or tetrahedra, to six 
sides or eight planes which will always again form Q. 

To be quite accurate, we add that if A, B, C, D, H, F form Q, and the two 
triangles, into which the six points are divided, are (A, B, C)(D, H, F’), then the 
lines BC, CA, AB, DE, EF, FD form the reciprocal ©. And similarly in 
space. 

The demonstration of the proposition is thus: An invariant ¢ linear in the 
coefficients of A, B, C, D, EH, F is of the shape 


c,(ABC) .(DEF) + c,(ABD).(CEF) + ¢,(ADE).(BOF) + ...., 


where the ¢,, c,,cs;.... are numerical constants. Replacing in above expres- 
sion A by BC, B by CA, C by AB, D by EF, E by FD, F by DE and form- 


A 
4 
= 
\ 
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ing the reciprocal invariant 7’, it is found by elementary properties of determi- 


nants that 
(ABC).(DEF).%. 


Hence, if i= 0, also 7! = 0, and if a set of invariants 7 = 0, then also the corre- 
sponding set = 0. Q. D. 

The demonstration of the proposition for higher spaces is analogous. 

To give a few easy applications: Ifeight points A,B, C,D, LH, F, G, H 
in space are such that the line common to the planes ABC and DEF intersects 
GH, then will the line common to ADE and BCF, the point of intersection of 
DEG and FH, and that of BCH and AG lie in one plane. Or else: If the 
quadric through the lines AB, CD, EF admits G, H as conjugate points, then 
will the quadric through CD, AB, GH admit EFH, EFG as conjugate planes ; 
and the quadric through CG, DH and the line common to ABG and EFH will 
admit ABC and DEF as conjugate planes; and the quadric through CGH/DEF 
(read: the line common to CGH and DEF), AGH/BEF and BD will admit 
ACG and ACH as conjugate planes. 

It is, of course, possible to apply the proposition to the linear invariants of 
2m elements of a m-fold linear manifoldness. As an instance, let the manifold- 
ness in question be that of the conics in a given plane whose mis 6. Let 


be twelve conics, and let the vanishing of the invariant 7 signify that there is a 
conic belonging to all three involutions 


(Uy, Uz, Ug, Uy), (Us, Ug, Uz, ANA (Uy, Wyo, 


Interpreting the wu, ...- t%, as squares of lines, the proposition means this: “If 
three quadruples 7,, 75, (45, .---)(4 .---) of lines are said to be in rela- 
tion © whenever three conics exist touching the respective quadruples and hav- 
ing in common four tangents, then any system of lines /, .... d,, in relation Q 
determines systems of points p, ...- pz also in relation Q. The points p,... py 
are found in this fashion: Any two quadruples of lines (A,, A,, A3, A,) and 
(A; .--- A.) always uniquely determine a quadruple of points (7, 7, 73, 7), 
namely, those four points whose squares form the linear involution comprising 


LasKkER: A Geometric Proposition. 179 


the systems of conics that touch the quadruples of lines respectively. Thus, 


(Pi, Por Ps, Ps) 


are determined by (ls, U6, bio) 
and (4, day be), 
Ps Ps» Pr» Ps by Lor 
and (41, 4e, Js, 4), 
Po» Pw Pur Pre by (4, 4, &) 
and (4,4, &, 


These applications will have given a sufficient insight into the extent as 
well as the limitations of the proposition. 


April, 1903. 
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Congruences of Tangents to a Surface and Derived 
Congruences. 


By L. P. 


Given any family of curves upon a surface S; the tangents to these curves 
form a rectilinear congruence for which S is one of the focal sheets. The other 
focal sheet is a determinate surface S,, and upon it there is a family of curves to 
which the lines of the congruence are tangent. If tangents are drawn to the 
curves on S,, which are the conjugates of the above family, a second congruence 
is formed with 8, for one of the focal sheets, and a third surface S, for the other. 
If none of these successive surfaces reduces to a curve, we get in this manner an 
endless sequence of congruences and at the same time an infinite suite of sur- 
faces with a known conjugate system. In like manner the tangents to the 
curves on S whose directions are conjugate to the given curves form a congru- 
ence and give rise to a surface S_,, so that the sequence extends in both direc- 
tions. These are the derived congruences of Darboux.* 

In §1 we consider a surface S referred to a conjugate system of lines and 
show the relations which hold between the rectangular coordinates of a point on 
this surface and those of the corresponding points on the surfaces S, and S_,. 
From these and similar ones for S, and S_, can be derived those for the consec- 
utive surfaces, and so forth. But we are not so much concerned with the gen- 
eral discussion of derived congruences as with the determination of those 
sequences of which all the congruences are particular congruences of the same 
kind. 

Having found, in the second section, the conditions which must be satis- 
fied in order that the conjugate system on S§ and Sj, be orthogonal and also on 
Sand S_,, we find that in no case can there be an infinite sequence composed 
entirely of congruences of Guichard, to use the nomenclature of Bianchi. From 


* Lecons, Vol. II, p. 16 et seq. 
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this it follows almost immediately that there cannot exist an infinite suite of 
normal congruences. 

In §3 are determined the conditions which the coefficients of the first funda- 
mental form of S, referred to a conjugate system, must satisfy in order that the 
tangents to the curves in one family form a congruence of Ribaucour. When a 
similar determination is made with regard to S;, it is found that the conditions 
for this surface reduce to those for S, so that whenever the tangents to the 
curves in both systems on S form congruences of Ribaucour, all the congruences 
of the suite are of this kind. These conditions are reduced considerably in 
form when the conjugate system on S is orthogonal. And the only isothermic 
surfaces satisfying these conditions are those with the linear elements 


ds’ = UV (du?+ dv’), ds* (du + dv’), 


where U is a function of u alone and V of v alone. 

The determination of these surfaces is made in §§4, 5, and in each case it is 
shown that all the surfaces of this class are developable. 

In §6 we consider the case where the tangents to a family of curves on § 
form a cyclic congruence and find the conditions which the coefficients of the first 
quadratic form must satisfy, when the surface is referred to these curves and 
their conjugates. It is found that, when these curves are the lines of curvature, 
the congruence is also a congruence of Ribaucour. When the congruence is at 
the same time cyclic and of Ribaucour, there is an infinity of cyclic systems 
with the lines of the congruence for axes of the circles, and only in this case. 

In the last section, cyclic systems of equal circles are considered, and it is 
shown that there cannot exist an infinite sequence of cyclic congruences for 
which the corresponding circles are of this kind. Incidentally, we are led to a 
consideration of congruences for which the developables in one system are cylin- 
drical, and with this the discussion closes. 


§1.—General Formulae. 


Consider a surface S referred to any conjugate system of lines, w = const., 
v = const.; then the rectangular coordinates, x, y, z, of its points are particular 
integrals of an equation of Laplace of the form 


06 
(1) 


‘ 
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where a and # are functions of u and v, whose forms are determined when the 


linear element 
ds’ = Edw? + 2Fdudv + Gdv’ (2) 


is given. 

The tangents to the curves v = const. form a congruence, C, for which S is 
one of the focal sheets, Let x, y,, 2, denote the coordinates of the point on the 
second sheet, S,, which corresponds to the point (2, y,z) on S. From this 
definition it follows that 


n=y tan, (3) 


where 4 is a function of wand v which is determinate and whose form will be 
found in a moment. Since 8, is the second focal sheet of C, the lines of the con- 
gruence are tangent to the curves «= const. on §,, and, consequently, there 
exists a function uw such that 


Oz, dy; _ oy Oz, _ Oz 


Differentiate the above expression (8) of 2, with respect to v and equate it to the 
above (4); this gives, in consequence of (1), 


Ox On 
(u— + an) + (ab— 1)" =0. 


Since this equation must be satisfied by y and z also, it follows that 2 and u 
must satisfy the equations 


2b—1=0. (5) 
Then (3) and (4) become 
1 Ox 


and similarly for y, and z,. When Sis given, 6 can be found directly, and, con- 
sequently, S, can be determined at once and uniquely. 
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In a similar manner, the tangents to the curves w==const. on S form a 
congruence C_, with S for one of the focal sheets and a new surface S_, for the 
other focal sheet. By analogy, we have that the rectangular coordinates 
1, are given by the equations 


1 ox 
(7 

and similarly for y_, and z_,. 
The general expression for (6) is 
1 06 & 


where & denotes the second invariant of the equation (1). Combining these two 
equations, we have 

Ov 

From this it follows that, when & is zero, 6, is a function of wu alone; similarly, 
when the first invariant 2 vanishes. Hence the theorem :* 


6 


When k vanishes, S, is a curve ; and when h vanishes, S_, is a curve. 
Equation (1) can be written in the form 
06 
(au +) +4 (Gy +28) =m, 
and by (8), (26,) abo, —ké. 


Eliminating @ between this equation and (8), we find the following equation 
of which z,, y, % are particular solutions, 


00, 06, 
where log (9) 


* Darboux, Lecons, Vol. II, p. 21. 
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Similarly, the coordinates x_,, y_,, 2_; of S_, satisfy the equation 


Mali) 06 


v 

Proceeding in this manner step by step, the equations corresponding to 
all the surfaces of the suite of congruences can be found and the coefficients 
expressed in terms of a, 6 and their derivatives. Without developing any fur- 
ther the general subject of derived congruences, we pass to a consideration of 
the more important particular kinds of congruences and the congruences derived 
from them by the preceding methods. 


|= 


§ 2.—Congruences of Guichard. Normal Congruences. 


For the congruence C to be a congruence of Guichard, it is necessary and 
sufficient that the conjugate systems u = const., v=const. on S and S, be 
orthogonal. Let S be referred to its lines of curvature and denote by a, @;, 7; 
and az, 32, ¥3, the direction cosines of the tangents to the curves v= const., 
u= const. respectively, and by zx Y, Z, the direction cosines of the normal 
to S. Between these functions the following relations hold :* 


da,_ OWE 4D x 1 

Ou WG Oa JE 


Denoting by 2p the focal distance for the congruence, we have 


Differentiating these expressions with respect to uw and v respectively, and 


* Bianchi, Lezioni, p. 94. 


and similarly for @,, 7;, @:, 72, where, as usual, 


Surface and Derived Congruences. 


making use of the above relations, we get 


Ox, Op 1 WE D 


and similarly for y, and z,. Comparing the second of these equations with (4), 
we see that we must have 


2p OV G _ 


Again, if the parametric lines on S, are to be orthogonal, it is necessary that 
2 +/E= 0. (12) 
Differentiating (11) with respect to wu, we find, in consequence of (12), 
1 WG|_ 


In a similar manner we find that the necessary and sufficient condition that 
the tangents to the lines of curvature «= const. shall form a congruence of 


Guichard is 
1 | 
Ov Ez (14) 


When a surface is referred to its lines of curvature, the Gauss equation 


reduces to* 
= 1 1 OVWG re) 1 OVE 


where K denotes the total curvature. From this it follows that for the condi- 
tions (13) and (14) to be satisfied simultaneously, it is necessary that S be a 
developable surface. But when S is a developable surface, one family of lines 
of curvature is composed of the rectilinear generatrices and hence the corre- 
sponding congruence does not exist. Hence the theorem: 


In no case do the tangents to the lines of curvature in each system on a surface 
form congruences of Guichard. 


* Bianchi, l. c., p. 67. 
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And, as a consequence, the theorem: 


There does not exist a series of derived congruences all of which are congruences 
of Guichard. 


Bianchi has shown* that when S is one of the focal sheets of a congruence 
of Guichard, or, as he calls it, a surface of Guichard, one of the sheets of its 
evolute is a Voss surface, and, moreover, that the conjugate geodesics on the 


latter correspond to the lines of curvature upon the former. In consequence of 
the preceding theorems, we have that in no case are both the sheets of the evo- 
lute of a surface of Guichard surfaces of Voss. j 

Let S be a surface of Voss and let the parametric curves be the conjugate 
system of geodesics. The tangents to the latter form a normal congruence and, 
as Bianchi has shown, all the surfaces cutting these lines orthogonally, are sur- 
faces of Guichard. Since the congruence is normal, the curves u = const. on S, 
are geodesics, but the curves v = const. are not geodesics in consequence of the 
above results. Thus C and C_, are normal congruences, and C, is not normal. 
Hence the theorem : 

There cannot exist a derived suite of normal congruences ; and, for two con- 


secutive congruences to be normal, the common focal sheet must be a surface of Voss. 


§3.—Congruences of Ribaucour. 


From (6) we have that, if S is the first focal sheet of a congruence, the 
second sheet S, is given by 


From this it follows that the coordinates, x, 7, z, of the mean point of the line 

have the expressions 

= 1 dz 

From this we get by differentiation with respect to wu and v, and ready 

reductions by means of these equations themselves and (1), the following : 


On 1 0b\ dx fda _ db , & logb\ Ox 


* Loc. cit., p. 271. + Ib. 
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and similarly in y and z. The congruences of Ribaucour may be defined as those 
for which the developables meet the mean surface of the congruence in a conju- 
gate system. From the above discussion it is clear that the ruled surfaces 
u=const, v=const. are the developables, and, consequently, it follows from 
(18) that the necessary and sufficient condition that the tangents to the curves 
v = const. on S form a congruence of Ribaucour is that the functions a and } 


satisfy the condition 
da db, @logd _ 
du dudv (19) 
In a similar manner we find that for the tangents to the curves wu = const. 
to form a congruence of this kind, it is necessary and sufficient that 


Ob @loga 
Qu dudv (20) 


Subtracting these two equations of condition we get 


so that for the tangents to the curves of both families to be congruences of 


Ribaucour it is necessary that 
ab = UV, 


where U is a function of u alone and V of v alone. However, this is not the 
sufficient condition. Solving for a and substituting in (19), we have 
db UVdb, U'V 

where the prime denotes differentiation. 

It is well known that any three independent solutions of an equation of the 
form 


06 
give the rectangular coordinates of a surface S upon which the curves wu = const., 
v=const. form a conjugate system. If now } is chosen arbitrarily and a is 
determined by quadrature from (19), every surface given by solutions of the 
above equation will be the focal surface of a congruence of Ribaucour. And, if 


i 
logab 0 
dudv 
d 
i 
i 
: 
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b is chosen so as to satisfy (21), each surface will be a focal sheet of two con- 
gruences of this kind. 

When the condition (19) is satisfied, the point equation of the mean surface 
of C becomes 

dude (2 
Moreover, this equation has equal invariants in consequence of (19) so that we 
have the theorem : 


00 06 
5, + =0 


The conjugate system in which a congruence of Ribaucour cuts the mean surface 
has equal invariants. 
The condition that the point equation of S may have equal invariants is 
2a _ a 
du dv’ 
Hence, if the tangents to the curves v=const. are to form a congruence of 
Ribaucour, we must have in consequence of (19), 
b= UY, 


where U and Vare arbitrary functions of u and v respectively. Now 


da _ db 
so that a= V' + 


If, in particular, V, is zero, condition (20) also is satisfied. Hence, for all sur- 
faces whose rectangular coordinates = an equation of the form 


fod 
the tangents to the curves v= const. and to the curves u = const. form congru- 
ences of Ribaucour. When, in particular, U and V are constant, the surfaces S 
of this class are the so-called surfaces of translation. 

The necessary and sufficient condition that the tangents to the curves 

u = const. on S, form a congruence of Ribaucour is 
da, 0b, (oh log a, 
Ou dv Ou dv 


= 


| 
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When a, and 3, are replaced by their expressions from (9), this condition reduces 
to (19), as was to have been expected. Again, the condition that the tangents 
to the curves v = const. on S, form a congruence of Ribaucour is 


da, 0b, , Plogd, __ 
Oudv 


which can be reduced by means of (9) to 


da 0b , #logh , Plog sk _@ 


If the condition (19) is satisfied, this equation can be reduced to (20). On 
account of the symmetry in all this work, we have the theorem : 

Whenever the tangents to a system of lines upon a surface form a congruence of 
Ribaucour, and also the tangents to the conjugate curves form such a congruence, all 
of the derived congruences are congruences of Ribaucour. 

The expressions for a and 6 in terms of the coefficients of the linear ele- 
ment of S are* 


0G OH OH 0G 
3@G—F5’ 


so that when the conjugate system on S is composed of the lines of curvature, 
a and b have the expressions 


Ou 


From these forms and (19) it follows that the necessary and sufficient condition 
that the tangents to the lines of curvature v = const. on S form a congruence of 
Ribaucour, when S is an isothermic surface, is 
logb 0 
whence it follows that the linear element can be reduced, by a suitable choice of 
parameters, to the form 


ds? = (du? + de’, (24) 


* Bianchi, l. c., p. 88. 
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where U is a function of u alone, and Vand JV, of vy alone. In a similar manner 
it can be shown that the necessary and sufficient condition that S be an isother- 
mic surface with the tangents to the lines of curvature u = const. forming a con- 
gruence of Ribaucour, is that the linear element be reducible to the form 

ds* = (du* + dv’), (25) 


when the lines of curvature are parametric. Combining the above results, we 
have the theorem: 


gruences formed by the tangents to the lines of curvature in each system be congru- 
ences of Ribaucour is that the linear element be reducible to either of the forms 
ds* = UV (du? + dv’), (26) 


ds* = (du? + dv’). (27) 
When the linear element takes the first form, it follows from (23) that 
U! 


The necessary and sufficient condition that a surface be isothermic and the con- | 


From (5) we remark that the focal distance for the congruence C is infinite, if V 
is constant; and if U is a constant, the surface S_, is at infinity. Similar 
results follow for the case where the linear element has the form (27). 

Consider for a moment the case where V is constant ; then both the above 
linear elements reduce to the form 


ds* = U (du® + dv’). 


Then S is a surface of revolution and v—=const. are the meridians. In conse- 
quence of the preceding discussion, we have the theorem: 


The tangents to the meridians of a surface of revolution form a normal congru- 
ence of Ltubaucour. 


We proceed now to the determination of the surfaces with the linear ele- 
ments (26) and (27). 


§4.— Surfaces with the linear element ds* = UV (du* + dv’). 


Let S be a surface with the linear element (26) and the lines of curvature 
parametric. In order tu find the surfaces of this kind, we make use of the 


| 
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methods followed by Bonnet in his celebrated memoir Sur les surfaces appli- 
cables.” 


Put VE_y VE _ p 


(28) 
Pov Pow Pe 

where py, pz, are the radii of geodesic curvature of the lines v=const., 

u = const. respectively, and p,, p, are the principal radii of normal curvature 

corresponding to these respective directions. Bonnet shows that the above 

functions must satisfy the equations 


oP + 
aM__aN_ p 
do du 


and conversely that there exists a unique surface corresponding to each set of 
functions satisfying these equations. By means of the third the first two can be 
replaced by 


— oN 

= 2PMQ = 2M + 2M 

2NPQ = 2N 2N 
or @ sme oN 
(P + M*)= 


(30) 
(Q? + N*) = 2N 


By a suitable choice of parameters, the linear element (26) can be put in 
the form 


dot = wy (GE + (31) 
which is more convenient for our discussion. Now 
JG dv 20" U’ 
1 WG_1 


ou V 


* Journal de l’Ecole Polytechnique, XLII Cahier, p. 44 et seq. 
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The equations (30) take the form 


‘ 


from which it follows that 


where U, and JV, are functions of uw and v respectively, whose forms must be 
determined. If we square the last of equations (29) and substitute the above 
expressions for M, NV, P, Q, this equation becomes 


(32) 


2V 
+ v, || logu— 
If we put v,, U,, (33) 


the above equation can be written in the form 


+ = logo -+ V,— (34) 


We consider first the case where one of the factors on the right, say the 
former, is equal to zero. From its form we see that we must have 


uUj=a, U,=b, V,=b—alog», 


where a and # are arbitrary constants. Moreover, for these values the left-hand 
member vanishes. Hence a solution is given by 


O,=8B+alogu, Vij =b—alogv, U,=b, V, arbitrary. (35) 
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But in this case P is zero, and hence from (28) we see that S is a developable 
surface. Similar results follow if the second factor vanishes. 

Suppose now that neither of the right-hand factors vanish, and for the sake 
of brevity put 


ui, B=vVi logu+U—VD,; (36) 


then equation (34) may be written 


Differentiating with respect to u and making use of the notation 


Ow’ dv’ dav’ dv’ 


U 


we get 20p F(plogy—U,)_ 
A A’ = 


As we have excluded the case where 9 = 0, this may be written 


A? _9 pa 


which, upon differentiation with respect to v, becomes 
29 94 
4 = TP v 


From this equation we have 


If p= 0, this becomes 
Aq _ & 
2 
whenee A=0, g=0, or Ag = © 


The first case has been excluded. For the second to hold we must have 


oV; =a, 


=a, 


(37) | 
| 
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where a and a are arbitrary constants, and equation (34) becomes 
(a + a) = [(a +a) logy +b — UJ +a) logu+ 
Put (a+a)logv=%, («a +a)logu=u, 6—U,=0;, V3, 
then the above equation becomes 
(a + a)’ = + Us][m + 
Differentiating with respect to u,, we get 
v, + U; + U; (uy, + Vs) = 0, 


which evidently is impossible. Hence the second case cannot arise, unless 
a = —da, and this is the first case. For the third case, equation (37) becomes 


B= 2, 


which, upon differentiation with respect to w, gives 0=0. Hence p cannot 
vanish unless 6 vanishes. 


On account of the symmetry of the expression (38) for s, it follows that 


B 
— has the same expression, hence we can put 


Aqv _ 


pu 


‘Taking the derivative with respect to u, we get 


(ploguv--Uz) Aqvu(p+ur)_ 6 
pu pu" 


which may be written 
logy A(p+ur) 6 _JU, 


pu ug pu 


When this is differentiated with respect to v, it becomes 
1 ¢ 1 
pu 


From the expression for 6, it follows that the left-hand member of the above 


4 
2 
5 
i 
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equation does not involve v, nor the right-hand member w, so that each must 
be a constant ; consequently, this equation can be replaced by the two 


dp dq q 


where « is constant. 
For a = 0, these equations give 


_ 28 __ 
and | 6= 26 logu+y + 2b logu +c. 


From the definition of 6 we get 


(40) 
V, = b log’v +clogv +d, 


where @, y, .... , d are constants whose values must be such that equation (34) 
will be satisfied. If we substitute these values in (34) and, for the sake of 
brevity, put 


u,=logu, v,=logv, U;=d—U,, V;=5— Jz, 


we get 


(2Gu, + ++ y +c)? 
= [2buyy, + (y + ¢)m + Bui t+ + (y + U3], (41) 


Differentiating with respect to wu, and v,, and again with respect to these two 
parameters, we get 
V3! + 2068 = 0, 


so that we may put 


= 


where & is a constant different from zero. From these equations we get 


5bv* 
U; =kBui +aAu+u, 


where 2, u,p, 0 are constants, such that when these expressions for U, and V; 


a 
ted 
q 
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are substituted in (41), it will vanish identically. When this substitution is 
made, it is found that the coefficient of uf is kB? and of vj is — _— . Hence 


we must have @=b=0. When these values are substituted (41), it is readily 
found that y +c =0, so that formulae (40) reduce to (35). 
We consider finally the case wherea0. From (39) we find that 


so that 

log (8 +a logu) +y + = log (b + a log v) +, 


and 


+ log u) log(B + a log u) — a log u] ty 


(42) 
[(b + a log v) log(b +a logv) —a loge] logy +d. 
We substitute these values in equation (34) and, as before, put 


u,=logu, U;=d—U, V,; 
then the equation becomes 


E log (8 + am) + y + log (b + an) +e] 
={[e+ +00) 0+ 
log (8 ats) [os + (42') 


Differentiate this equation with respect to u, and y,; multiply by (@+aw,)(b+az) ; 
differentiate the result twice with respect to u, and once with respect to %. 


This gives the equation 
[( + ar) Vs! + a + + 2a 


2a: 1 
+ + an) log(6 + am) | 


6a 
‘aa 


a 
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If this equation be differentiated with respect to v,, it becomes 


[( + Ve" + + + 2008] + 


In accordance with this equation, we put 


k 
9 = a 
20 
(6 + av) Vz" + 2a = 


where £ is a constant different from zero. From the second of these equations 
we have by integration 


(b+ Vy! + a = — log (b+ an) +2. 


When this expression and the first of (44) are substituted in (43), the latter 
becomes 


[tog (6 + am) + 3—aly +o] =0. 


From this it follows thata—=0. Hence the formulae (35) give the only solution 
of the problem. We shall consider this case for a moment. 
From (33) and (35) we have 


U=w(8+alogu), logy), 
and from (32), 


Vv, — b 
— — 2 
so that Q is an arbitrary function of v. 

The linear element takes the form 

du* dv 
2 


By a suitable choice of parameters, this can be changed to 
ds* = + dv*), (45) 


and from (28) we have 
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where V is an arbitrary function of v. When a=0, the linear element 
becomes 
ds* = du? + dv’, 
and since p, is an arbitrary function of v alone, this class comprises all the 
cylinders. 
§5.— Surfaces with the linear element ds* = e”” (du? + dv’). 


The discussion of this case is in every way similar to the preceding, so that 


we shall merely indicate the steps. 
The linear element will be taken in the — form 


ds* = e” (+5 


The functions M, N, P, Q have the following forms: 


v V U, v'V 


V ’ 
Put vV=),, #U= 0,, (46) 


then the last of equations (29) becomes 


(B+ Bean). un 


For either of the factors on the right to vanish, that is, for S to be a devel- 
opable surface of the class considered, we must have 


U,=av+ 6, V=—ar’+y, U,=y, VJ, arbitrary. (48) 
Excluding this case, we put 
Vi 
v 


and then write the equation in the form 
6? 


— 


A 


B. q 
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Differentiating this equation with respect to u and v so as to eliminate U, and 
V,, we get finally 

Aug = + pg + pquol? + p’¢’. (49) 
As before, we can show that p can vanish only when 6 is zero. 


Again we remark that the right-hand member of (49) must be the expres- 
sion for Bup also, so that we have 


Since the left-hand member does not involve v and the right-hand w, this equa- 
tion may be replaced by the two 


p du pu dv qu 


Consider first the case where a is zero. Then we get 
6 = + 2y + + 2c, 
and U, = Bu Vi= bot + d. 


If we substitute these expressions in (47) and replace u* by wu, and wv’ by v, this 
equation will become 


4(2Bu, + y + + c)? = [2buv, + (y +e) 
+ Bui + + (y + ¢) + dvi +d —U,]. 


When this is compared with (41), it is seen that the left-hand member differs 
by the factor 4, and the right-hand member is the same. Hence we are brought 
to the result that when a is zero in the above equations, no new solutions are 
given. 

Finally, when a is different from zero, 


1 


log (8 + au”) + 2y + log (b + av’) + 2c, 


vp 
4 from which we get, by differentiating with respect to wu and », 
4 
pu 
aT 
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= 7 [(aw’ + 8) log (aw + 8) —au’] + yu? + 8, 


[(av? + b) log (av? + b) — + evr? +d. 


When these values are substituted in (47) and 2a is replaced by a, w* by 2u,, 
vw’ by 2v,, 2y by y, and 2c by c, we get (42’). Hence, as in the preceding case, 
the only surfaces with the given linear element are developable, satisfying the equa- 
tions (48). 
For these developable surfaces we have 
= 

so that @ is arbitrary, and the linear element can be brought, by a suitable 
choice of parameters, to the form 


de (de? 4+ de’), (50) 


and the principal radii are given by 
Jug 
P2 
As before, we note that when a is zero, the above linear element becomes 


ds* = du? + dv’, 


and all the surfaces are cylindrical. 

We have thus seen that all the surfaces whose linear elements take either 
of the forms (26) and (27) are developable. But one family of the lines of cur- 
vature of a developable surface is composed of the rectilinear generatrices and 
hence the tangents to these curves form a ruled surface and not a congruence. 
Gathering together all these results, we have the theorem : 

Of all the surfaces for which the tangents to the lines of curvature in both sys- 
tems form congruences of Ribaucour, none are isothermic. 


§6.—Cyclic Congruences. 


Let S be referred to any conjugate system of lines, and upon the tangents 
to the curves v = const. as axes construct circles of radius & and center z, y, 2. 
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Then these coordinates will be given by expressions of the form 


and the coordinates of a point on the circle have the values 


=r+ R(a, ,=y+ cos 6 + sin 
= cos y, sin 


where a,, (@;, y, denote the direction-cosines of the line of intersection of the 
tangent plane to S at (x,y,z) and the plane of the circle; a,., @:, y, are the 
direction cosines of the line in the latter plane and at right angles with the tan- 
gent plane; and @ is the angle of inclination of the radius and the former line. 
: Bianchi* shows that the necessary and sufficient condition that there may exist a 
family of surfaces which cut these circles orthogonally is that the following rela- 
tions be satisfied : 


Ov Ou Ou Ov 
— ya, QO. 
ox OR ox OR 
AR _ 


From the definition of 71; 42, Ge, yz, it follows that 


Ox Ox  pdy Oz Oz 
m%, = — — F? ’ 


Qs, Bs, Z. 


201 
Ox Oy - Oz 
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*L.c., p. 323. 
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By ready calculations we find 


Oa, __ FD Ox, _ 
(1— tb) H Sa Ox 


where we have put, for the sake of brevity, 


H=/(EG— F%), 
OF 


A= oP 


When these values are substituted in the above equations of condition, they 
become 
(I) tH] D=0, 

1 — tb) H [ AtH 
+ Ou. va |- dv EA 

4 AtH dlogk (1—%)H log Rk _ 
dlogR 


logt _ 


From the forms of (I) and (III), it is evident that they are satisfied when 
the lines » =const. are the generatrices of a developable surface. For the 
present we shall exclude this case, so that the equations (I) and (III) may be 
replaced by the parentheses equated to zero. 

When in (II) the quantity DD” is replaced by its expression in terms of 
H, F, G and their derivatives, as given by the Gauss equation, it becomes 


(II) — we =a. 


Solving the equation (I) for R and substituting in (II) and (III), we get 


/ 
log’), 


log b 


,(2bF 


ED" Ox _ tHA 
| Or _ 
tD, 2d, = 0, 
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Differentiating the first with respect to v and the second with respect to u and 
subtracting, we get 


When the conjugate system on S is composed of the lines of curvature, this equa- 


tion reduces to 
da 0b , Alogdb 
“Ou + (19) 


Hence we have the theorem : 
When the tangents to the lines of curvature in one system on a surface form a 


cyclte congruence, it is at the same time a congruence of Ribaucour ; and, conversely. 
Recalling some of the results found in the study of congruences of Ribau- 
cour, we have the theorem : 


The tangents to the meridians of any surface of revolution form a normal cyclic 
congruence of Ribaucour. 

And 

There are no isothermic surfaces for which the tangents to the lines of curvature 
in both systems form cyclic congruences. 


From (IV) we have that, when the parametric lines are not the lines of cur- 
vature, the tangents to the curves v = const. form a cyclic congruence of Ribau- 
cour if the functions L, F, G@ satisfy (19) and 


0 log F 
4+ — 5, log = 0. (51) 


Again, for the tangents to the lines «= const. to form a cyclic congruence of 
Ribaucour, the functions (#, F, G) must satisfy the equations 


da 0b @loga 


(20) 
dlog Fa 
2a + — loga = 0. (52) 


If we differentiate (51) with respect to v and (52) with respect to v, and sub- 
tract, we get 


0b logb __ 9 da _Ologa 
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so that, if (51) and (52) are given, and either of (19) and (20), the other follows 
in consequence of this equation. Hence we may say that the necessary and 
sufficient condition that the two congruences of tangents to the curves of a conjugate 
system on a surface are cyclic congruences of Ribaucour, is either that the curves 
be orthogonal and equations (19) and (20) hold, or that equations (51), (52) and 
either (19) or (20) be satisfied. 

Let S be referred to its lines of curvature ; then from (6) we get 


Ox, 02, EF 7 db __, 


Since the function os + ab ) is the invariant #, it cannot be zero unless 


S, is a curve. As this case is excluded, we have that the necessary and sufli- 
cient condition that the conjugate system on S, be formed of the lines of curva- 
ture, and, therefore, that the tangents to the curves v = const. on S form a 
congruence of Guichard, is 


_,_ 
Differentiating with respect to v and making use of (23), we get (19), which 


leads to the well-known theorem : 
The congruences of Guichard are congruences of ibaucour. 


The above equation may be written 


2 + log WG — log VH=0, 


whence we have 


av G_ 


VG= Vf Edu (58) 


From the above we have that V can have a zero value only in case G is a func- 


tion of v alone. 
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In a similar manner we can show that for F_, to be zero we must have 
VE=UfVGd (54) 


We have shown in §1 that conditions (53) and (54) cannot be satisfied 
simultaneously. 

When equation (19) and either #=0 or (51) are satisfied, ¢ is given by 
quadrature from (II’) and (III’), and, consequently, involves an arbitrary con- 
stant. Hence, when a cyclic congruence is also a congruence of Ribaucour, there is 
an infinity of cyclic systems whose circles have the lines of the congruence for axes. 

In order to consider the case where the cyclic congruence is not a congru- 
ence of Ribaucour, we write (IV) in the form 


fda 0b, log ae = Fb log F__ 3? log be log E 4 


\du dv + du dv E Ou Ou Ou 
Plog YE db , @logb 


We denote by 6 the semi-focal distance and by d the distance from the 
mean point to the center of the circle.. Since it is a characteristic property of 
cyclic congruences that the focal points lie on the tangents to the lines of curva- 
ture of any surface orthogonal to the circle,* we have the relation 


hence a real angle o exists defined by 
cosa = — 


It is readily found that 
cosa = (1 — 2¢b), 

Hence, when the ratio of the right-hand member of equation (55) to the coeffi- 
cient of 1 — 2¢d is, in absolute value, less than unity, the congruence of tangents 
to the curves v = const. is cyclic. Since the function ¢ corresponding to this 
case is given by (IV) and consequently doesn’t contain any arbitrary quantity, 
there is only one cyclic system with the lines of the congruence for axes. 

The preceding equations are of too complicated a form to enable us to solve 
the general problem of the derived congruences of a cyclic congruence. We 


* Tzitzeica, Thesis. 
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will therefore close this discussion with an investigation of cyclic systems of 
equal circles in relation to the above problem. 


§7.—Cyclic systems of equal circles. 


Bianchi has shown that there are only two ways in which cyclic systems of 
equal circles can be formed ; either by describing circles of radius # in the tan- 


gent planes to a pseudospherical surface of curvature — = and with centers at 


the points of contact, or by drawing tangents to the geodesic lines of curvature 
of a surface of Monge and with points at the constant distance # from the 
points of contact as centers describing circles of radius # in the plane of the 
geodesic, and hence cutting the surface orthogonally. 

For the first case the axes of the circles are the normals to the pseudo- 
spherical surface. Since these congruences are normal, there cannot be a 
sequence of derived congruences of this kind. 

We pass now to the second method of forming a cyclic system of equal 
circles. Let the geodesic lines of curvature be v == const. Since these lines 
are plane, the infinity of circles which meet the surface in points of a line 
v= const. lie in the same plane and, consequently, their axes have the same 
direction ; from this it follows that the direction-cosines of the lines of the con- 
gruence are functions of v alone. Hence, one of the focal sheets will be at 
infinity and the other will be the envelope of the cylinder, whose right-section 
is the locus of centers of the circles, when the plane v = const. rolls without 
sliding upon its generator. As one of the focal sheets is at infinity, there 
cannot be a suite of derived congruences of this kind. Gathering together the 
preceding results, we have the theorem: 

There cannot exist a sequence of cyclic congruences for which the circles of each 


congruence are equal. 


Incidentally we have been brought to the following result: Given a surface 
S which is the envelope of a cylinder depending upon a single parameter and of 
invariable right-section. If in the plane of any right-section, circles of equal 
radius are described with points of the right section for centers, these circles 
generate a cyclic system as the cylinder envelopes S and the surfaces cutting 


the circles orthogonally are surfaces of Monge. 


3 
4 
@ 
3 


Surface and Derived Congruences. 


The analytical condition for this is readily found. Thus let § be the 
envelope of a cylinder and let the congruence of elements of the cylinder have 
the curves v = const. for edges of regression. The direction-cosines of these 
lines are 


Since S is the envelope of the cylinder, the lines of the congruence meeting S 
along the conjugate directions w = const. must have the same directions, so that 
the derivatives with respect to v of the above direction-cosines must be zero. 


b 


Since the same equation must be satisfied by y and z, we must have 


When a and 3d are replaced by their expressions (22), it is found that these two 
equations are the same, namely, 


_ (56) 


Similarly, for the tangents to the curves u = const. to form such a congruence, 
we must have 
0G 
du dv 
The necessary and sufficient condition that these two conditions be satisfied 
simultaneously, is that the point equation of S becomes 


Hence the theorem: 


The tangents to each fumily of generating curves of a surface of translation 
fourm congruences for which one family of the developable surfaces is composed of 


cylinders. 
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For the conjugate system on § to be orthogonal and condition (56) be sat- 
isfied, G must be a function of v alone; that is, the lines of curvature u = const. 
must be geodesics, and hence S a surface of Monge. From the properties of these 
surfaces and a preceding remark, we have the theorem: 


Surfaces of Monge are the envelopes of cylinders, of unvariable right-section, 
depending upon a single parameter. Moreover, if any right-section uf this generat- 
ing cylinder is made and with the points of the section as centers, circles of equal 
radius are described in the plane of the section ; these circles form a cyclic system 


and the orthogonal surfaces are surfuces of Monge. 


PRINCETON, J. 
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FOES 


Bemerkungen zu Herrn D. N. Lehmer’s Abhandlung 
in Bd. 22 dieses Journals, S. 298-335. 


Von Epmunp LANDAU. 


In seiner Abhandlung ‘“‘asymptotic evaluation of certain totient sums” 
formuliert Herr Lehmer am Schluss ein Problem, auf welches er durch folgende 
Thatsachen gefiihrt worden ist. 

Es bezeichne (n) die Anzahl der verschiedenen Primfactoren der ganzen 
Zahl n, und es mége unter Oy (nm) 1 oder 0 verstanden werden, je nachdem alle 
Primfactoren der Zahl n von der Form 4m-+ 1 sind oder nicht. Dann lisst 
sich, wie Herr Lehmer* zeigt, aus der Theorie der biniren quadratischen For- 
men mit der Discriminante — 1 ohne erhebliche Schwierigkeit folgern, dass der 4 
Quotient 


2” 4.1) (7) 


sich fiir 2 = einer endlichen Grenze nahert ; es ergiebt sich namlich, dass 


2° 

1 

lim 

7 

ist. 

Ebenso zeigt erf mit Hilfe der Theorie der quadratischen Formen, deren : 
Discriminante — 3 ist: wenn 1 oder 0 bedeutet, je nachdem alle Primfac- 


* 828, Z. 24. 


+S. 331, Z. 7., wenn 4 =3 eingesetzt wird. 
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toren von n die Gestalt 6m + 1 haben oder nicht, so existiert der Grenzwert 


> Oo, 1 


lim = 


x 


und ist = “3, 
27 

Die Theorie der quadratischen Formen mit einer beliebigen Discriminante 
D liefert keinen weiteren Satz dieser Art, sondern, wie Herr Lehmer* zeigt, fiir 
jedes D einen Satz, in welchem das System der Linearformen auftritt, fiir 
welche D quadratischer Rest von den durch sie dargestellten Primzahlen ist. Es 
ergiebt sich also auf diesem Wege kein Satz mehr, in welchem es sich nur um 
eine einzige Linearform handelt. 

Bereits der Fall der Progression 4m + 8 ist mit den elementaren Methoden 
nicht angreifbar ; Herr Lehmer spricht nur die Vermutungy aus, dass fiir x = 


der Grenzwert des Quotienten 


zx 


2 2” (2) 


x 


existiert und den Wert 2 hat. Er beschliesst seine Abhandlung mit dem De- 


sideratum : 

a und 6 seien ein Paar teilerfremder Zahlen ; 0, »)(n) bedeute 1 oder 0, je 
nachdem alle verschiedenen Primfactoren der Zahl n die Form am 
haben oder nicht. Hs soll die Richtigkeit oder Unrichtigkeit der Gleichung 


2” Oa, ») 


lin = constans 


nachgewiesen werden. 

Der Beweis der Existenz dieses Grenzwertes wiirde—so fiigt er hinzu— 
zugleich den Dirichlet’schen Satz vom Vorhandensein unendlich vieler Prim- 
zahlen in der Progression am + b ergeben. Er vermutet also, dass der Grenz- 
wert fiir jede Progression existiert und gleich einer von Null verschiedenen Con- 


TS. 331, Z. 14. 


1S. 834-335. 


*§. 331, Z. 7 und 9. 


| 
= 
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stanten ist. Im Gegensatz zu dieser Vermutung ist jedoch—wie im §1 des 
Folgenden ausgefiihrt werden soll—leicht beweisbar und zwar allein auf Grund 
der Dirichlet’schen Arbeit (d. h., ohne Anwendung neuerer Untersuchungen iiber 
die arithmetische Progression): fiir jede Progression am + 6, in der a >6 oder 
a=65 ist, ist jener Grenzwert, wenn er existiert, gleich Null. Der Nachweis seiner 
Existenz wiirde also nicht das Vorhandensein unendlich vieler Primzahlen in der 
Progression zugleich ergeben. 

Kin von Null verschiedener Grenzwert kann also nur in endlich vielen 
Fallen vorhanden sein, nimlich héchstens fiir die sechs Progressionen 3m + 1, 
38m + 2,4m+1,4m+3,6m+1,6m+ 5. Von diesen stimmt in Bezug auf 
die vorkommenden Primzahlen die erste mit der fiinften itiberein, waihrend die 
zweite sich von der sechsten nur dadurch unterscheidet, dass sie die Primzahl 2 
mehr enthalt. Nach dem oben Erwihnten sind die Faille 3m + 1, 4m + 1 und 
6m -+ 1 durch Herrn Lehmer einfach erledigt, und es bleiben die Falle 3m + 2, 
4m + 3 und 6m-+ 5 offen. Wird die Existenz des betreffenden Grenzwertes als 
bewiesen angenommen, so ist seine Bestimmung ganz leicht, und es ergiebt sich 


insbesondere fiir die Progression 4m-+ 3 der von Herrn Lehmer vermutete 
Wert 2 . Aber der springende Punkt besteht—wie bei vielen auf die Verteil- 


ung der Primzahlen beziiglichen Fragen—in dem Nachweise der Existenz des 


Grenzwertes. 
Es ist mir nun gelungen, mit Hilfe der neueren analytischen Hilfsmittel, insbe- 


sondere der in meiner Arbeit* “‘ Uber die Primzahlen einer arithmetischen Pro- 
gression’ bewiesenen Siitze jenen Nachweis fiir alle drei Falle zu fiihren, und es 
soll die Aufgabe des Folgenden (von §2 an) sein, diesen Beweis darzulegen. 


$1. 


] 


in welcher g alle Primzahlen am + 6 durchlauft, ist fir s > 1 convergent, und, 


Die unendliche Reihe 


* Sitzungsberichte der Kaiserlichen Akademie der Wissenschaften in Wien, mathem.-naturw. 
Klasse, Bd. 112, Abt. 2° , 1903, S. 493-535. 
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wie Dirichlet* bewiesen hat, die Differenz 
1 
bleibt endlich,t wenn s gegen 1 abnimmt. Wird also 
1 
8 


gesetzt, so ist E,(s) (desgl. im Folgenden £,(s),...., H;(s)) eine Function, 
welche fiir alle den Ungleichungen 


1<s< 2f 


geniigenden Werte von s dem absoluten Betrage nach unterhalb einer endlichen 


Schranke gelegen ist. 
Da ferner die Summe 


1444 
get 


endlich § bleibt, wenn s gegen 1 teas so ist 


+4 att = +...) 


q 
q° 
1 1 1 _ 1 


(s —1)*@ 


* “ Beweis des Satzes, dass jede : nbegrenzte arithmetische Progression, deren erstes Glied und Dif- 
ferenz ganze Zahlen ohne gemeinschaftlichen Factor sind, unendlich viele Primzahlen enthilt,’’ 
Abhandlungen der K6niglich Preussischen Akademie der Wissenschaften zu Berlin, 1837, S. 45-71; 
Werke, Bd. 1, 1889, S. 313-342. 

+ Dirichlet hat sogar bewiesen, dass jene Differenz sich fiirs—1 einem Grenzwerte nahert ; doch 
ist diese Kenntnis fiir den vorliegenden Zweck unerheblich. 

t Statt 2 kénnte natiirlich hier auch jede andere oberhalb 1 gelegene Grésse — 
2 

3 


§ Auch diese Function hat sogar fiir s—=1 einen Grenzwert, nimlich (+2 +> 


also 
— 


Abhandlung in Bd. 22 dieses Journals, S. 293-335. 
Andererseits bleibt das unendliche Produkt 
1 
endlich,* wenn s gegen 1 convergiert : 
1 
= F,(s). (2) 
q 


Durch Quadrieren von (1) und Multiplizieren mit (2) ergiebt sich 


Ei (s) E,(s) = ———z E,(s). (3) 
(s — 1)*@ 


Nun ist aber 


und dies ist otfenbar 


— ™ = 1, 


denn beim Ausmultiplizieren treten im Nenner die s-ten Potenzen aller derjenigen 
Zahlen auf, deren Primfactoren samtlich die Form am-+ 6 haben, und zwar 
entspricht einem wirklich vorkommenden Nenner n* gerade der Zahler 2’”).+ 
Man erhialt somit wegen (3) 


n=1 (s—1)*@ 


n' 


1 
* Es nahert sich sogar fiir s=1 dem Grenzwert (1— : 
q 


t Unter ©, ») (1) ist 1 zu verstehen. 


1 1 
— : 
q 
2 2 
“=a 
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a > 6 und a= 5 ist > 2, also 


2 


daher nahert sich alsdann die rechte Seite von (4) dem Grenzwerte 0, falls s zu 


1 abnimmt. 
Nun besagt ein bekannter Satz von Dirichlet *): Es stelle c, fiir jedes ganz- 
zahlige n = 1, 2, 3,... eine ganze Zahl > 0 dar; wenn 


fir s > 1, und es existiert 


und ist =a. 
Wenn also 


»(n) 


ling 
x 


fiir eine Progression am + 0, deren Differenz a >6 oder = 5 ist, existiert und 
= ist, so kann nach (4) nur o = 0 sein, was bewiesen werden sollte. 

Kin von Null verschiedener Grenzwert kann also—abgesehen von den 
durch Herrn Lehmer erledigten Fallen—nur fiir die Progressionen 3m + 2, 
4m + 3 und 6m + 5 vorhanden sein; ich werde im Folgenden fir diese drei 
Falle den Existenzbeweis erbringen und beginne mit dem Fall 4m + 3. 


* ** Sur un théoréme relatif aux séries,’’ Journal de mathématiques pures et appliquées, Ser. 2., Bd- 
1, 1856, S. 80-81 ; Journal fiir die reine und angewandte Mathematik, Bd. 53, 1857, S. 180-181; Werke, 
Bd. 2, 1897, S. 198; Vorlesungen tiber Zahlentheorie, 4. Aufl., 1894, S. 306. 
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amo 
existiert und =a ist, so convergiert die Reihe 
8 
n=1 
lim ((s 1)> 
s=] n=] n 
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Es werde Oy (n) = 


gesetzt ; s werde als complexe Variabele o + ¢i aufgefasst und g (s) bezeichne die 
analytische Function, welche durch die fiir o > 1 convergente Reihe 


Ch 
n=] 


definiert ist. Dann ist fiiro >1 


2 2 2 


wo g alle Primzahlen 4m + 3 durchlauft. 
Wenn ¢(s) die Riemann’sche Zetafunction bezeichnet, so ist fiir ¢ >1 


— 


wo p alle Primzahlen durchlauft, also 
1 1 1 
(6) 


wo r alle Primzahlen 4m + 1 durchlauft. Aus (6) folgt 


dies ergiebt, in (5) eingesetzt, 


215 | 

4 


216 Lanpau: Bemerkungen zu Herrn D. N. Lehmer’s 


Es sei eine zahlentheoretische Function y (n) so definiert, dass 


y(4m)=0, x(4m+1)=1, x(4m+2)=0, x(4m+3)=—1 


ist; das ist der vom Hauptcharakter verschiedene Charakter der Gruppe der zu 
4 teilerfremden Restklassen modulo 4. Fiir Primzahlen ist speziell 


(2) = 0, 


und (7) verwandelt sich in 


(7) = 1, 


Weil nun fiiro >1 


ist, ist firo > 1 
1 


x(n)’ 


(8) leistet, wenn die Grundeigenschaften der (-Function angewendet werden, die 
Fortsetzung der Function g(s) tiber die Gerade o =1 hinaus; g(s) ist fiir 
o > 0* meromorph und hat in dieser Halbebene zu Polen 1) alle Nullstellen der 


g (8) = (1— (8) 


Reihe >) x(n) soweit es nicht Nullstellen mindestens gleicher Ordnung von € (s) 
n=1 


sind, 2) den Punkt s= 1; dieser ist fiir g(s) Pol erster Ordnung mit dem Resi- 
duum 


1 1 1 2 

1— 4)- ¥ alt 
4 


§3. 


In meiner Arbeit iber die arithmetische Progression habe ich u. a. folgende 
beiden Satze bewiesen : 


* Weiter braucht man fiir den vorliegenden Zweck nicht zu gehen. 


| 
| 
| 
| 9)= (1-3) 


a 

AY 
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L* Es ist fir 
log ¢ 
(8)| <<a logé, (9) 
wo c, eine Constante ist. D.h. der Quotient 
(8) 
logt 


bleibt in jenem Teil der Ebene endlich. 
II.+ Die Reihe 


() 
(10) 
verschwindet fiir kein s mit reellem Teil >1 (dies war schon vorher bekannt), 
und es giebt zwei Constanten c, und ¢;,, so dass in dem Gebiete ¢>3, 1 — = 
So < 2die Reihe (10) nicht verschwindet und der Ungleichung 
x(n) 1 
= nt log Cat (11) 
genugt. 
Da ferner fiir diese Werte von s 
1 1 
| 2 


ist, so folgt fiir sie in Verbindung mit (8), (9) und (11) 
lg (s)|<q.¢ loge. log*t< log*t. 


Daher ergiebt sich der Satz, welcher genau dem Satz 1. c., 8. 524, entspricht: 
g(s) bezeichne die fiir > 1 durch die Dirichlet’sche Reihe 


ni 


n=] 


definierte Function; dann giebt es eine positive Zahl « mit folgenden Higen- 
schaften: g(s) ist in demjenigen Teil der Ebene eindeutig und abgesehen vom 


Pole erster Ordnung s=1 (wo das Residuum = 4 ist) regular, welcher rechts 


*l.c., S. 514. 
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von der stetigen Curve 
1 


= 1— fir i> 
o=1 t>3, 
1 
fir —3<t<3, 
1 
o=1 fir 3 
liegt (incl. der Curve selbst), und g(s) geniigt fiir ¢>3, 1 — tear <o<2 der Un- 
gleichung 
|g (o + tt)|=|9 (6 — t)| < logte. (12) 
§4, 
Da fiir o = 2 die Reihe 
n=] n' 


gleichmassig convergiert, so ergiebt sich genau wie in §9* der Arbeit iiber die 


arithmetische Progression 
do log —- — =r 9 (8) ds + O(1), (13) 


n=1 


wo das Integral geradlinig zu erstrecken ist. 


§5. 

Wortlich wie a. a. O. in §10f mit Hilfe der dort mit (33) bezeichneten 
Ungleichung ergiebt sich hier mit Hilfe von (12), dass das in (13) auftretende 
Integral 

—, (s)ds= ani. — + O (xe (14) 


8” 


ist, wo c eine positive Constante bezeichnet. 


*L. c., S. 525-526. tL. c., S. 526-529, 
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Aus (14) folgt in Verbindung mit (13), dass 


~Vlog= 
log = + O(ze 


ist. 


Aus (15) folgt, wenn 


gesetzt wird, 


n=1 


(x + 3x) + O(xeV 


Durch Subtraction erhalt man aus (15) und (16) 


(1+ 8) 2 


log (1+ )> C, + den log = + O (ae~¥ 


n=1 n=2z-+1 


Hierin ist die (nicht negative) zweite Summe 


(1+ 5) z 


log L +9) log (1+ 8) 


n=z-+] n=2+4+1 


Nun ist bekanntlicht 


> 2° = Ax loga+ Be + log a), 


n=] 


wo A und B zwei Constanten sind ; also ist a fortiori 


(1+-8) 2 (1+ (1+-5)2 
= > 2’ Ou, S 
n=e2-+4+1 n=2-+41 n=z-+1 


(15) 


(16) 


(17) 


(18) 


= A(1+ 6) %(log «+ log (1+4))+B(1+ 3) —Bz + O(V a log x) 


= Adz log a + Bix + A(1 +8) log (1 + 8) + O (Wz log a) 
= Adz log + O (dx) log x) = O (x log ; 


* Ist die obere Summationsgrenze nicht ganz, so hat n alle bis zu ihr gelegenen ganzen Zahlen zu 


durchlaufen. 


+ Vergl. Mertens, ‘‘ Uber einige asymptotischen Gesetze der Zahlentheorie,” Journal fir die reine 


und angewandte Mathematik, Bd. 77, 1874, S. 294. 
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daher ist nach (18) die zweite Summe in (17) 


Dadurch verwandelt sich (17) in 


log (1 + be + O(a log Tow) 


daraus ergiebt sich genau wie a. a. O.*, dass 


So, = 2 +0 


n=l 


ist, wo 8 eine positive Constante bezeichnet. 
Hierin liegt der von Herrn Lehmer vermutete Satz 


2” 4, 


wv 7 


als Spezialfall enthalten. 
87. 


Ganz analog lasst sich der Nachweis fiihren, dass die Grenzwerte 


> 2” Os, »)(2) 


lim 


x 


x 


2 2” Oe, »)(7) 


n=1 


lim 


existieren und gleich v5 bezw. avs sind. Es gelten nimlich alle Ent- 


wickelungen der §§2-6, wenn dabei folgende Aenderungen in der Bezeichnungs- 
weise und in Hinzelheiten angebracht werden. 
Es werde 
Ch = 2” Og [bezw. c, = 2” Or, 5 (n)] 


*L. c., 8. 580-581. 


= 
lim 2=!— = lim =< 
x 
a 
+) x 
4 
| 


Abhandlung in Bd. 22 dieses Journals, S. 293-335. 


gesetzt; wenn g(s) die fiir o >1 durch die Reihe 


ns 


n=1 


definierte Function bezeichnet, so ist fiir ¢ > 1 


= 
g (8) = 1’ 


wo g alle Primzahlen 3m + 2 [bezw. 6m + 5] durchlaiuft. Wenn r alle Prim- 
zahlen 6m + 1 durchliuft, so ergiebt sich wie in §2, dass 


[bezw. 
ist. 


Hs sei nun x () so definiert, dass 


x4 (38m)=0, x(8m+1)=—1, x(38m+2)=—1 
[bezw. 
x(6m+1)=—1, yx(6m+ 2)=0, 
y(6m+3)=0, x(6m+4)=0, x(6m+5) =—1] 


ist; dann ist nach (19) [bezw. (20)] fiiro >1 


(n) 
n 


n=] 


[bezw. 


n=1 


4 
| 
> 
4 
5 “4 
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Also ist g(s) tiber die Gerade o = 1 fortsetzbar und hat in s = 1 einen Pol erster 
Ordnung mit dem Residuum 


1 1 _ 2/8 


[bezw. 


1 _ 2/3 
6 


Der in §8 citierte Hilfssatz II. gilt auch fiir die hier vorliegenden beiden 


Reihen 
n=] 


wie a. a. O.* bewiesen ist; daraus folgt fiir die jetzigen Bedeutungen von g(s) 
gleichfalls die Richtigkeit des oben auf S. 217-218 ausgesprochenen Satzes und 
damit wortlich wie oben in §§4—6 die Existenz des Grenzwertes 
n=1 
lim 


welcher gleich dem Residuum von g(s) im Pole s=1, also gleich av 


[ bezw. 2/3 | ist. 
37 


BERLIN, den 28ten October 1903. 


*L.c., S. 521. 
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On Hypercomplex Number Systems in Seven Units. 


By H. E. HAwkgs. 


§1. 


In a paper which recently appeared in the Mathematische Annalen I have 
given a method for enumerating all distinct classes of non-quaternion number sys- 
tems in n units, at least two of which are idempotent, from systems in n— 1 units. 
This paper supplements those of Starkweather* so that the enumeration problem 
for non-quaternion systems has now reached a complete solution. I hope ina future 
paper to complete the enumeration problem by giving a general enumeration of 
quaternion systems and to apply the complete result to various related subjects. 
In order to place in available form a source from which examples and illustra- 
tions may be drawn, and to place on record the actual enumeration of systems 
of as high an order as seems at present desirable, I have in the present paper 
given the enumeration of distinct types of irreducible, non-reciprocal, non-qua- 
ternion systems with moduli in seven units at least two of which are idempotent.} 
In §2 a general device is obtained which removes the necessity for considerable 
ineffective labor in making the enumeration which my outline in the Annalen 
required. 


§2. 
Method of Obtaining Tables of Combination. 


An outline of the method to be followed in the enumeration is indicated by 
the following theorems.{ 


* American Journal of Mathematics, Vols. 21 and 23. 

t Systems in less than five units are enumerated by Scheffers, Mathematische Annalen, Vol. 39. 
Systems in six units, in one idempotent unit, are enumerated by Starkweather, American Journal of 
Mathematics, Vol. 23. Those in more than one idempotent unit I have given, loc. cit. 

¢ Proofs of these theorems may be found in my papers in Transactions of the American Mathemati- 
cal Society, Vol. 3, and Mathematische Annalen, loc. cit. 
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1. Every unit in a non-quaternion system falls into one of the four following 
groups with respect to each of the idempotent units e, of the system: 
Group I, contains those untts e; such that 


Group IT, contains those units e, such that 


= 4; 


Group IIL, contains those units e, such that 


Group IV, contains those units e, such that 


Ce, = = 9 


2. If two non-quaternion systems do not contain the same number of idempotent 
units, they are inequivalent. 


Thus we may enumerate all systems with a given number of idempotent 
units without including those enumerated with a different number of such units. 


3. If Sand S' are equivalent there is a one to one correspondance between the 
idempotent units e,,, and e1,,(t=1, 2,....,n—~r7), such that the number of 
units in the groups IV;,, and IV{ are respectively the same 
where ¢, and e, are corresponding units. 


This theorem shows that the first step toward enumeration is the formation 
of a table which gives, for a given value of r the different combinations of non- 
idempotent units into groups. We erase from this table all combinations that 
would lead to reducible systems and one of each pair of combinations that would 
afford reciprocal systems in accordance with the following principles. 


4. The necessary and sufficient condition that a system is reducible is that its 
modulus falls into parts each of which is the modulus of a certain subsystem. 
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5. Those combinations that are identical except that the number of units in groups 
IT and III with respect to every idempotent unit are mutually interchanged, lead to 
reciprocal systems. 


Thus if in a given system there are in groups II, and III,, 4 and ’ units 
respectively there will be in groups II, and III, of the reciprocal system A’ and a 
units respectively. This is equivalent to the statement that the multiplication 
table of two reciprocal systems differ only in the fact that the rows and columns 
of one are interchanged to obtain the other. 

As a guide to the construction of the tables of combination for systems in 
seven units, I will give here the tables for n = 8, 4, 5, 6. It should be noted 
that the order of units in these tables is entirely unimportant. In fact, it often 
appears that the order of the units which is used in the final multiplication table 
of the system must be different from the one that appears in the tables of com- 
bination in order to put the multiplication table into Scheffer’s normal form* for 
non-quaternion systems. Thus, for example: for n=5,r=83 below, in the 
second system it is by no means essential that e, is in group I with respect to e, 
e, in I with respect to e;, etc., but merely in the system for which r= 3 there 
must be one unit in I and one in II with respect to one of the idempotent units, 
and one unit in I and one in III with respect to the other idempotent unit. 

In the following tables the idempotent units are represented at the top and the 
non-idempotent units at the left-hand side. When there is no ambiguity, the unit 
e, is represented by the subscript & only. The group of e, with respect to e, is at 
the intersection of the &*" column and 7" row. The space where IV would 
appear is left blank. As usual, 7 represents the number of non-idempotent units, 
and / represents the total number of units in all groups I. 


n= 


* See my paper, Annalen, loc. cit. 


&= 0, 
2 | 3 
1] | 
31 
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In this case there is one even unit and the combination given below is the 
only one that is admissible. The combination 


3 3 4 


I 


II 


are equivalent to the combinations given below and above respectively after an 
interchange of the units 3 and 4. 
The table for & = 0 is of obvious construction. We have then 


3 4 3 


I II 


In this case we can have no even unit as the system would then be reducible. 
For one skew unit could not connect three idempotent units, and the modulus 
would fall apart (see 4 p. 224). Thus we have only 


226 
n=4 
| r= 2, k= 1. 
3 4 
1} I 
2 II 
gives systems reciprocal to the one retained while 
II | @ 
| 4 3 4 
1 II | 
II | II | IT 
n=5 
r=2 
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k=0 
3 | 4 | 513/41] 5 
| 
r=3 
| 
1 I | I I | 
| 2| I | | | mt] | 
a=as 6G 
1 
| 6 
1] I I I I 
2| | II II III | 11 | | 
3 II | II | I | UI I 
k= 0 
| | 
1] | 10 ir | ur} | | 111 II 
| 
| | | 
3 II | III I | II | | | 
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In the combinations given above, it is to be noted that in setting up combi- 
nations for the case where 


(A) N=Mm; k=k 
we may make use of the combinations for the case where 


(B) r=1—kh; k=0. 


For example, the combinations for n=6, r=4, k=11 follow immediately 


from those for n=5,r=3,k=0. In fact, all possible distinct-combinations 
of the 7, — #4, skew units which are called for in case (A) are already obtained 
in case (B). Thus, to get all possible distinct combinations for case (A) we only 
need to arrange the /, even units so as to give the various distinct combinations. 
This is illustrated in the tables given above in the construction of the case 
n=6, r=4, k=2 from n=4, r=2, k=0. This principle is also appli- 
cable when k=0. For instance, if we wish to write the combinations for 


rar; &=0, 
we may make use of the table for the case 
r=74—1; 
which gives all possible combinations of 7,— 1 skew units, and the proper 
arrangement of the remaining skew unit with respect to these, is all that 


remains. This is illustrated in the derivation of the combination for n= 6, 
r= 4,k=0 from those for n= 5, r=3, k=0. By this device it is possible 


r=4 
k= 3 k= 2 k=1 k=0 
é 5 | 6 5 6 5 6 5 | 6 5 | 6 5 6 5 6 5 6 5 | 6 5 6 5 | 6 
1} I | I I I I | I I I II | I11] II | Wy] IL | III 
2} I | I I I | I {| | | III} II | III 
3] I | I IE | IIT] IL | II | II TIL} If | | IIL] IT | | III III | II 
4} II | III IT | IL | I I | III } III | | | EE} EEL | II 
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to write the tables of combination very rapidly by inspection without including 
any that are superfluous. 


§3. 
Tubles of Combination for n=7. 


Since two skew units can connect at most three idempotent units, all sys- 
tems for which r < 3 are reducible. Thus we first consider 


3. 


There are in this case four idempotent units, a number which is not 
reached in irreducible systems in less than seven units. Thus for this case the 
tables of combination must be constructed without the assistance of tables 
already derived. If one of our three non-idempotent units is even, it leaves 
only two skew units to connect four idempotent units, which is impossible. Thus 
all the non-idempotent units must be skew, and we obtain 


k=0 
1; 2; 33 4s By 
4/5 | 5 | 
| | | 
1} If | Ill II | | Ir | 11 Il | 1 It | 
| | | 
2) II II | Ill II Ill II | | III | II | 
| | 
3] II | | | II II | | | 
| | | 
r=4., 


Since two skew units are sufficient to connect three idempotent, we may 
have in this case at most two even units. For the case k= 2 we make use of 
the table for n = 5, r= 2,k=0. 


4 
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II 


III 


1 


Here we make use of the caseen=6, r= 3, k=0. 


11,4 


6 


k=2 
1, 25 34 54 64 74 84 
| | 
1] I | | I | | I | I | I ae I | | I | | 
2] 1 1 | | I | I I | 1 | I I 
| | | | 
3] 11 | | 1 | | | | II | | | II | III | 
| | II II | Il | | II | Il | | nt | II 
b= I 
% 10, = 12, 13, 14, 
1] I I | I | I I | I 
| 
4 II | III 1 | | | II | 
15, 16, 1% 18, 19, | 20, 
5 | 6 | | | 6 | 7 
1 I | | I | I | I I | | I 
3} II | | Ill II | | | | | | | 1 | UI 
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3 
a) 
= 
= 
i=) 
> 


HAWKES 


In this case we also usen=6, r= 3, k=O. 


21, 22, 23, 24, 254 264 
1] | II | al | 1 | 11 II | 
3} | II | | | Il | Il II | 
| 
4 I | U1 | II | | II | II 
; 274 28, 294 304 31 4 32, 
i 1 II | | | II | u | | II 
| 
| | 
3} II | Ill II | ul Ir | | II | II | II | III 
| 
| | 
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5. 


By use of combinations for n= 3, r=1, K=0 and n=4, r 
we obtain combinations for: = 4 andk=8. 


k=: 4 k=: 3 


4; 


By use of combinations forn=5, r=3, k=Oandn=6, r=4, k=0 
we obtain the combinations fork = 2, k=1andk=0. 


| 55 65 "6 | 
6| 7] 6 | 6 | | 6|7]6 | Tiel? | 
| ij I I | I I | | I I | I 
2| 1 I | I I | | I I I 
3] I I | ae oe | | I | I I 
4| I I I | II | III | IL | I | | III 
5] Il | | III} | I | ul | III | | I | III | III | I 
k=z 3 i k= 
85 95 10; 11; 12; 13; 14; 15; 16; 175 
1} 1 | I | I I I I I II | 0} I | WL] WW | 1 
2} I | I | I I | | | | | | | 
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Method of Obtaining Multiplication Tables. 


In any non-quaternion system the units can be chosen so that the multipli- 
cation table is in Scheffers’ normal form. This form is characterized as follows. 
Let .---, e, be the non-idempotent units. 


Then 
6¢; = Y 


where 7 is the lesser of 7 andj. Also 


Clr = — 9 i<r;0<sSn—r 


except when ¢; is in groups I, II or III with respect to e, ,, when the value of the 
product is determined by the group in which e; is found with respect to e,,,. 
Also, 

s#t,0<s,t<n—r. 


Cops Crp sass 0<sSn—r. 
The units of any system in which the independent idempotent numbers are 
taken as units, are also subject to multiplicative properties expressed by the 


following table, which gives the group to which the product (when non-vanish- 
ing) of two units of given groups must belong: 


Il 


| II 0 0 


(A) 


iv} o | o | wm 


Thus, for instance, if e, and e; are in groups II and III respectively with respect 
to a given idempotent unit, their product ee; will be in group I with respect to 
the same unit, provided it does not vanish. 

32 


1| 1 | 
1] 0 | 0 I | II 

= 
Ilr} | IV | 
| 
| IV 4 
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Thus the units of any non-quaternion system must fall in Scheffers’ normal 
form and obey table (A) simultaneously. Consequently the first step in deriving 
the multiplication tables from the tables of combination is to apply the associa- 
tive law to bring the units into Scheffers’ normal form. The units are assumed 
to obey table (A) at the outset. This process is always possible, and very simple 
to carry out. For further reduction of parameters we make use of the following 


principles : 
Definition. A system is said to be deleted by a given unit, when that unit is 
erased from every position which tt occupies in the multiplication table of the system. 
Definition. A number is nilfactorial with respect to a number B if 


a8 == Ge = 0. 


6. If a non-quaternion system is deleted by a unit that is nilfactorial with 
respect to every non-idempotent unit, the deleted system is associative. 


7. If a system is deleted by one or more units so that there remains only certain 
idempotent units and one or more unbroken groups with respect to those units, the 


deleted system is associative. 


8. If two systems are deleted by the same method (it. e. both under 6) and the 
deleted systems are inequivalent, the original systems are inequivalent. 


Principles 7 and 8 show that when in a table of combination, for instance, 
three units of group I with respect say to e,(n=7) occur, that the various 
distinct systems in four units, three of which are in group I with respect to the 
remaining unit, constitute sub-systems of distinct systems in seven units. 

The types of distinct systems in less than six units are taken from Scheffers’ 


paper already quoted. 
§5. 


Enumeration of Inequivalent Systems in Seven Units. 


The tables of combinations given in §3 determine the portions of the 
corresponding multiplication tables which involve the idempotent units in 
products either with each other or with the non-idempotent units. Thus 1, leads 
to the table following where table (A) has been applied to determine the products 
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of non-idempotent units, and the system is assumed to be in Scheffers’ normal 


form. 

1 2 3 4 5 6 5 
1 0 0 0 0 1 0 0 
2 0 0 0 0 0 2 0 
3 0 0 0 0 0 3 
2 3 4 0 0 
5 0 0 0 0 5 0 0 
6| 0 0 0 0 6 


In the following enumeration the portion of the multiplication table involv- 
ing the idempotent units is not displayed in matricular form as above, but is to 


be supplied by the reader from the tables of combination. 


The non-vanishing 


products of non-idempotent units are given, which, together with the correspond- 
ing table of combination, determine the systems completely. Thus ‘‘all vanish ” 
means that all products of non-idempotent units among themselves vanish, while 
‘‘ ee, = e,” means that all products of non-idempotent units among themselves 


with this exception vanish. 


Thus: 
0 
r—4 


All vanish. 
All vanish. 
All vanish. 
All vanish. 
All vanish. 


k=—=2. 1,. Since I-II =II by table (A), and since no product of two non- 
idempotent units can contain either one of those units, we have I: II=0. 


Similarly II-III =I, but as there is no unit in I with respect to &, we have 


| 
| 
| 
45. 
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II-I1l1=0. Thus, by 8 and systems III, and III, of Scheffers’ enumeration, 


we have 
lyl. =e. 


1,2. All vanish. 
2,1. 
All vanish. 
B41. 
3,°2. All vanish. 
All vanish. 
All vanish. 
All vanish. 
All vanish. 
All vanish. 
bose}. . In this case, if we take the units in the 
order given in the table of combination, we should have e,e; = ¢,, which is not 
according to Scheffers’ normal form. But on interchange of the units e, and e, 


we have an equivalent system, 


9,1. = 4. 

9,2. All vanish. 

10,. Interchange e, and e, and we obtain 
10,°1. = 

10,2. All vanish. 

11,. All vanish. 

12,°1. = 

12,2: All vanish. 

13,. All vanish. 

14,. Interchange e, and e, and we obtain 
14,°1. = 

14,2. All vanish. 

15,. Interchange e, and e, and we obtain 
15,1. = &.- 

15,.2. All vanish. 

16,1. 

16,2. All vanish, 

1. = 4. 


17,2. All vanish. 
18,. All vanish. 
19,. All vanish. 
20,°1. =}. 
20,°2. All vanish. 
k= 0, 21,. All vanish. 
22,. All vanish. 
23,. All vanish. 
24,1. €3° = 
24,°2. All vanish. 
25,. 
25¢1. 
25,°2. All vanish. 
26,°1. = 
26,°2. All vanish. 
27,. All vanish. 
28,. All vanish. 
29,. All vanish. 
30,. All vanish. 
31,. All vanish. 
32,. All vanish. 
6, 
4. 
systems in five units one of which is idempotent. 
3. 
1,6. = 44; 


C304 = + = — +e} 


Hawkes: On Hypercomplex Number Systems in Seven Units. 


Interchange e, and e, and we obtain 


We get as many inequivalent systems as there are inequivalent 


| 237 7 
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Wil. 

1,12. 

1,°13. 


1 1 
1,°14. =— = 


1,715. 

1,16. &=ee= —ee= 

@= 

15°18. = — Ge, = = 4}. 

15°19. = = = — ey = = G. 
1;°20. = = = — = 
1,°21 C364 €4€3 = 

1,22. All vanish. 


We make similar use of Scheffers’ list of systems in four 
units and obtain, 


All vanish. 


All vanish. 


We get by use of the associative law on the products e,¢,¢, 
and ee,, after interchanging e; and e,. 


21]. 
V3. 
“4. 
5. 
2,6. 
31. deme. 
393. @g=e,. 
33. 
3 4,1. 
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4,3-14. Interchange e, and e, and obtain 


1 

4,°3. C4 — — €3 €1; €4€5 €5 > — 

on 
on 
4%. 
4:9. 
4510. 
4°13. =. 
4°14. All vanish. 
55. No interchange is required. 


2 


= = €3 —&- 


1 2 
557. G5 Cy = 
5,99. € 
55°10. = — = = 
5s 11. = — 


5512. =e. 


All vanish. 


| 
3. 
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6,,1-6. Interchange e, and g. 

6;°3. = — Cs. 

6,°4 

6,°5. = 63; = 

6;°6. =. 

6;°7. All vanish. 


All vanish. 


Interchange cyclically 

x 

ate, . 


All vanish. 


. Interchange e, and e,. 
C3 Cyl, = = 
Oy =e. 
= Cp. 


73. 
14. 
7;°5. 
k= 3 8,"1-9. 
8,°1. 
8.°3. 
8,°4. 
8.5. 
8,6. 
8,°7. 
83. 
9,.1-8 
9.1. 
9,°2. 
9,°3. 
9,°4. 
9;°5. 
9.°6. 
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9,°8. 
9.°9. 


10;°1-6. Interchange e, with e;, and e, with 


10,1. 
10,°2. 
10,°3. 
10,°4. 
10,"5. 


11,°1. 
11,2. 
11,°3. 
11,°4. 
11,5. 
11;°6. 


12,°1-3. 
12,°1. 
12,°2. 
12,°3. 


13;'1. 
13,2. 
13;'3. 
13;°4. 


14,°1, 
14,1. 
14,2. 
14,2. 


— 


All vanish. 


= C23 = Ce- 
= Cy. 


All vanish. 


Interchange e, and e,. 

= 


All vanish. 


Interchange cyclically 


All vanish. 


Interchange e, and 
Cy. 


All vanish. 


Interchange e, and . 

Interchange cyclically ee,¢. 
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| | 
33 
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14,°4. = 
14,°5. All vanish. 


15;. All vanish. 
16;. All vanish. 


17;. All vanish. 


YALE UNIVERSITY, July 29, 1901. 


Memoir on Abelian Transformations. 


By LEonarD EuGeNneE Dickson. 


INTRODUCTION. 


One of the most important concepts relating to a group is the distribution 
of all of its operators into complete sets of conjugates within the group. It is 
presupposed, for example, in the recent theory of group-characters. For the 
general linear homogeneous group in an arbitrary field, this problem is readily 
treated* by means of the theory of canonical forms, as established by Jordan} for 
a field of prime order and by another method by the writer,} first for any finite 
field and later for an arbitrary field. By a supplementary discussion, the same 
method suffices for the group of linear homogeneous (or fractional) transfor- 
mations of determinant unity, for the case of a finite field.|| For binary trans- 
formations, the case of an arbitrary field is treated in §1. 

When we pass to a special class of groups, as the linear Abelian group, the 
problem is incomparably more difficult. The Abelian group affects an even 
number 2m of variables. The case m = 1 is treated in §1. The case m= 2 has 
been treated for a Galois field by the writer. The present paper aims to pre- 
sent a systematic general method of treatment for an arbitrary field, and to 
present in complete form the desired numerical results for m= 3 and the 
GF[p"]. The paper presents a generalization to an arbitrary field of the 
canonical forms for m = 2, but does not duplicate the numerical work given in 


*Simple generalization of the papers by Dickson and Putnam on the ternary and quaternary 
groups, American Journal of Mathematics, Vol. XXIII, p. 37. 

+ Traité des Substitutions, pp. 114-126. 

} American Journal, Vol. XXII, pp. 121-7; Vol. XXIV, pp. 101-8. 

|| Dickson, American Journal, Vol. XXII, pp. 231-252; Putnam, ibid., Vol. X XIV. 

§ Trans. Amer. Math. Soc., Vol. 2 (1901), pp. 103-188. Referred to as Tr. I had occasion to re- 
check all of the results of that paper. 
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the Transactions paper. The treatment in §§18-19 is much simpler than in the 
former paper. Moreover, §20, case (i), gives a necessary correction.* A few 
extra pages of this memoir therefore properly deal with this case m= 2. 
Moreover, a large part of the work for m = 3 consists of proof by induction from 
m=1andm=2tom=3. 

In order to allow a more rapid and connected determination of the canoni- 
cal types, I have reserved the determination of the number of non-conjugate 
forms of each type and the number of commutative transformations to a series 
of consecutive sections (§$37-42), which may conveniently serve for reference 
in place of the usual summarizing tables. 

In certain cases I have found the completion of the discussion for an arbi- 
trary field to be impracticable. I believe it highly desirable that an investiga- 
tion should be made as far as expedient for an arbitrary domain, with explicit 
notice when specialization to a particular field (complex, real, rational, 
finite, ....) is made to secure needed properties. 

As an incidental result, it may be noted that the senary Abelian group 
contains subgroups isomorphic with the general ternary linear group (§37), gene- 
ral ternary hyperorthogonal group (§40, type 7,7, 7;,), and the ternary or- 
thogonal group (§39, type Z,,L.,L,,). 

As to the importance of the linear Abelian group, one may mention the 
application to hyperelliptic and Abelian functions, and to various geometrical 
problems such as the 27 lines on a general cubic surface (group for m= 2 
p"= 8), the 28 bitangents to a quartic curve (group for m=3, p"=2, a 
complete table for whose operators is given at the end of the paper). 

If the modular theory is destined to be carried to a higher stage, the linear 
Abelian group in a finite field will play the same role as the congruence groups 
do in relation to the modular group. 

I should state that the detailed steps of this paper have been carefully 
checked, while the considerably condensed character of §§37—41, which give the 
final results, led me to re-check this part. Very convincing checks are noted 


in §42. 


1. Frequent use will be made of the canonical forms and conjugacies of 


* The statement (Tr., middle p. 129) that 7 replaces ¢ by 9’. 
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binary transformations of determinant unity in a general field F. Moreover, 
the group & of all such binary transformations is the group of binary special 
Abelian transformations (§2 for m = 1). 

Consider the transformation with coefficients in F 


T: y'=Bat dy, (ad — By = 1). 
Its characteristic equation is 


A(p)=e?—dp+1=0, d=a+6. 


Denote its roots by x, x. Suppose first that x belongs to F. Then according 
as x =x or x =x", Tis conjugate within G with the respective type 

4A: 


Now B, if, and only if, 


b68=b5=0, dB=ad, ad—be=1. 


If 50, B; is not conjugate with By. If and then 6=0, 
ad = 1, d8 =a, so that B, and B,; are conjugate only if @/d is the square of 
anelementa of F. Each B, is conjugate within G with one of the non-conjugate 
types B,, B,, B.,, where v; runs through a series of not-squares in F' such that no 
two have us their ratio a square in F, while every not-square has with some v; a ratio 
which is a square. If F be the GF[p"], there are three types By, B,, B, or two 
types By, B,, according as p> 2orp=2. 

Suppose next that A(p) is irreducible in F,so that x does not lie in F. 
Then y $0, and y’= y + a/y transforms 7’ into 


S: g=yy, 


Introducing the new variables, conjugate with respect to F, 
X=2—yxy, Yrou—yx ly, 
we obtain for S, the canonical form (not belonging to G@) 
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Hence a transformation which transforms S, into S,, merely multiplies X and 
Y by constants, and hence, if it belongs to G, must have the form 


a =ax—yyby, y = bx + (yyi'a— ydb) y, 
where yyi —y,dab + = 1. 
If yy; ! is a square in F, the condition may be satisfied by takingb=0. If 
yy; | is a not-square, then 6+ 0 and 
1 
yy 


For the GF [p"], p > 2, this condition can be satisfied. Indeed, k* — kd + 1, 
which is not zero in view of the irreducibility of A(p), has at least 4 (p" + 1) 
values, one of which is therefore a not-square in the field. For the correspond- 
ing value of & and a suitably chosen value of 6, the condition will be satisfied. 
For the field of all real numbers, the condition can be satisfied if, and only if, 
— +1 can be made negative, viz., if > 4. 

The S, are all conjugate within F if F is the GE [ p"], or if F is the field R 
of all real numbers and d*?>4. For the field Rand d’?< 4, the S fall into two 
distinct sets of conjugates, represented by S, and S_,. For a general F, S, and S,, 


a 


by,” 


k= 


are conjugate if y/y, is a squarein F orif y/y, is a not-square v such that 
v (kK? — kd + 1) ts a square for some value of k in the field F, but not conjugate in 
the remaining case. 


Definitions, Notations, Lemmas, §§2-5. 


2. Consider two sets of variables £,, x; (t= 1,...., 2m) and the function 


Veo > | (1) 


Let the two sets of variables be transformed cogrediently as follows: 
2m 2m 
i= of =") aya, 
j=l 


Introducing the abbreviation, for 7, s any distinct integers = 2m, 


m 


C =>. 


Aas 
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involving the elements of the r and s" columns of (a,;), we find that 


(4) 


The conditions for the identity y,, ,, = wy;,,, uw being constant, are 


_ ifs=r+1 = even 
C3 (i — 2 5 
0 (unless s = + 1 = even m; r<s) (5) 


The totality of transformations (a,;), such that each a, and u belong to a field 
F and satisfy the preceding conditions, constitutes the general Abelian group 
GA(2m, F). Those of its transformations which have u = 1, and hence leave 
¥;,, absolutely invariant, form the special Abelian group SA(2m, F). 

The inverse of a general Abelian transformation A = (a,) is 


(G95 94 — aj —1 21 
(6) 
1 
j=l 


Indeed, the product AA~’ replaces &;_, by 


(Coz —1 91 Cor Fo.) = 
k=1 


and likewise replaces &,; by &,;. Useful relations, together equivalent to the set 
(5), are obtained by determining directly the conditions that (6) shall make 


Vee = Hvidently they may be obtained from (5) by replacing ay; 


by = Geox, ete. The resulting relations (cf. Linear Groups, p. 116) are 


R. = (ifs=r+1 7 
(unless s = r + 1=even) m;7r<s) (7) 


where the symbol 


Asei_ 1 Asa 


i=1 


(8) 


involves the elements of the 7*" and s‘" rows of the matrix (a,,). 


247 
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3. Lemma. Jf, for any transformation A=(a,), Ry m) 
and the remaining are all zero, then, for the inverse A~!, On = 1/ 
(¢=1,...., m) and the remaining C,, are all zero. 

It is first shown that the inverse A~?! is 


m 


(9) 


=] 


In proof, we note that the product A~"A replaces ¢, by 


1 


upon setting & = 2¢ — 1 or k= 2t, according as k is odd or even. 
The values of C,; for A~' may now be derived from the values of the R, 
for A. For j<k, we have from (9) 


m 
C. 1 Age — 1 Qo, 2i --1 Qo; 24 
%3—12k — = 


| 
=: 


which equals——- R,,»,_,;=0 ify<k, but equals +, 
Me 


J 


In what follows, let j7< Then 


—1 
1 
C352. = — Ry 9. 


Corollary. From (4) it follows that, for transformation A = (2), 


/ / 
t—1 Me | 


4. Henceforth* we employ the standard notation 


* The notation (a) was advantageous in §§2-8. Contrast (1) and (6) with (11) and (12) as tosymme- 
try. One advantage in the notation (11) lies in the form of the inverse. 
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S: => yoni), ni => (¢=1,----,m) (11) 
for a special Abelian transformation. In view of (6), its inverse is 
= 


_ We shall usually designate S by its matrix. Thus for m= 3, 


Oy Yu Y13 
Bu Be Bis 
Oy Ya Y23 (13 ) 
Oy Yu Ys2 


B 31 B 32 33 


The symbols C,, and #,, being positional retain their meaning in the new 
notation. For a special Abelian transformation, 


= O, = = 0 (unless s =r 1=even). (14) 


Formulae (76) and (78) of Linear Groups give the expanded form of (14). 
Frequent use will be made of the following simple special Abelian transfor- 
mations in the standard notation (unaltered variables being suppressed): 


Py (EE ; M: 
Nijat EE + An; 

Ak, 


Nis 


34 
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5. Lemma.* In any field F, the characteristic equation 


Yu 


A (p) =| Pu (15) 


of a special Abelian transfurmation S is a reciprocal equation. 

From the form of the inverse (12) of 8, we see that the first minors of aj;, 
Bij, in | S|=A(0) equal By, ay, respectively. Since A(0) =1, it 
follows from the theory of determinants that any minor of order r whose diagonal 
elements all lie in the main diagonal of | S| equals a similar minor of order 
2m —r. Hence if o, denotes the coefficient of (— in (15), 6, = 


Characteristic equation with a root in F, §§6-15. 


6. Let S be a transformation of G= SA (2m, F) for which A(p)=0 has a 
root x belonging to the given field F. Then there exists a linear homogeneous 
function o with coefficients in F, not all zero, which S replaces by x». Moreover, 
G contains a transformation V which replaces £, by w (Linear Groups, top of p. 
93). Then V-4SV=S, replaces &, by x&. 


7. Suppose first that x x—'. There exists a function 


with coefficients in F and not reducing to c&,, such that S, replaces a, by x~ a. 

If b,, + 0, G contains a transformation U, which replaces £, by 6;',, and 7, 
by o, (Linear Groups, p. 93). Then U;'S,U,= 8, replaces &, by x& and 1, 
by x—',. In view of the Abelian conditions, it has the form 


Ei =D) (ay & + yum): ni => (By & + (16) 
(i=2,....,m). 


The problem is, therefore, reduced from m to m—1 pairs of variables (§35, §37) . 


* I first stated this theorem (with proof for m=2) in the Transactions article cited in §1. A re- 
viewer has suggested that it follows from the theory of bilinear alternating forms. But this theory 
does not seem to have been established for all fields, including those having a modulus. Note that for 
modulus 2, the expression of any form in terms of a symmetric and an alternating form is not valid. 


m 


Dickson: Memoir on Abelian Transformations. 251 


If = 0, then a,, (7 = 2, ...., m) are not all zero. According as a,; 
or 5, is not zero, we transform S, by P.; or P.;M, and obtain a similar transfor- 
mation Sj with a,,30. By the successive generality theorem,* G contains a 
transformation 

m=m—ande mn, & (17) 


This is seen to transform Sj into 


x 0 0 0 0 0 0 0 

Bun By O By dys Ben 

0 0 #3 00 0....0 0 |. (18) 
Bar 0 Box x Bas bog Pom 


To obtain a similar transformation (18’) with = 6.2. = 0, transform by 
Dj, Li, where Pu + T(x —x~') = @ Poe + x) == 


Let first m= 2. If then @,,=0 and (18/) is a transformation 
(16). where transforms (18’) into 


Let next mS 3. Deleting the first two rows and columns of (18’), we 
obtain a special Abelian transformation A on &,,7;(t=2,....,m). Just as 


S, was conjugate with S, or (18’), so A is conjugatey+ with a transformation 
replacing & by x—'&,, and y, by xm, or else with one replacing & by x~'&,, and 
&, by x~;. In the first case we transform by P,, and obtain B: 


x! 0 0 0 o @. 


0 x x# By» O 0 O 
0 0 «x 0 0 O 
B= By O 0 By 
0 0 O 
0 0 Bx 0 933 


In the second case, we transform by L;, and make (3; = 0, obtaining C: 


* American Journal, Vol. X XIII, p. 365. 
t By means of a special Abelian transformation on £i, 7; (i > 1). 
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0 
Bis ---- 


0 


Bre 


0 
0 
0 
x 
0 
0 


In B the first and second coefficients in the unwritten rows are zero by the 
Abelian conditions. If 8,,= 0, B is of the form (16). If 8). 0, we delete the 
first two rows and columns of B and obtain a special Abelian transformation B! 


on £;,%;(¢> 1). There exists a function 
with coefficients in F and not reducing to /é,, such that B’ replaces a, by x~ ‘a, . 
If 0, G contains a transformation U, which replaces £, by &, 
bse respectively. Then U,'BU, is of the form B with 6,;= 0 
(g=8,....,m). Thena,= 6, =0 (7 =3,....,m) by the Abelian condi- 
tions. Transforming by P,, 7,., where o = 0\.x, we obtain 
, = Product of (19) by a transformation on &,, 7,(i=3,....,m). (20) 
The problem is therefore reduced from m to m— 2 pairs of variables (see §38). 
Next, if b., = 0, we may take a,,-0. Then G contains 
Er = £1, m= m, = be, 12 = ng — = (17') 
This transforms B into a transformation replacing & by x—'£,, and otherwise of 


the form B. By Abelian conditions, 43,;—= x, 6,;=0. Transforming by Lj ,, 
we make Then transforming by where — 0, we get 


0 
x" Brg 


the first, second, fourth and sixth coefficients in the unwritten rows being zero. 
If* m= 83, then = 0 and B, P,; is of the form (16). 


252 
x 0 
0 0 0 
C=| Bn 0 Box |. 
Bx 0 
x! 0 0 @ @. 
0 0 x 0 8 @ 
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We next discuss C for the case m= 3. The Abelian conditions give 
Ba = Bs, =— #13, Bog = xB12 — - 
Now C is transformed into a similar transformation C’ with 6,,= 6,,=0 by 
t(x—x')= By, o (x—x-!) = (ag, — 


If = 0, Py'C’Py is of the form B. If By where 
transforms C’ into a similar transformation C” with also 8,=0. If 6,=0, 
then C” is of the form (16). If4,,; 0, C” is transformed into 


x 0 0 x 
—z 0 0 xz OQ (33) 
—x 0 0 o& « @ 
0 0 @ = 


by 7;,, T;,¢, where 333 = xP 
We have now proved the preliminary 
THEOREM.— Within the group G, a transformation whose characteristic equation 


has a root x = x—' in the field F, is for m = 2, conjugate with a type (16) or (19) ; 
for m = 8, with a type (16), (20) or (22). 


* If m$4, we delete the first four rows and columns of B, and obtain a special Abelian transfor- 
mation Bj on &, %(i=3,....,m). As above, B, is conjugate with a like transformation with 
Bs; = 53; = 0 (f= 38,...., m), or else with one replacing by and by «5,4. In the first case, 
Bs: = 0, so that its transform by P,, is of the form (16). In the second case, we transform by Lj , 
and make §,, —0, the resulting transformation being 


Bis 


253 

| 0 Bs Bs 0 O 
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8. Let next A(p)=0 have a root x =x’, but no root u in F'such that 
“+ u-'. By the general theory of canonical forms, there exists a linear func- 
tion a, with coefficients in F and not reducing to cé,, such that S, replaces o, by 
to-+ré,. If 5,, 30, G contains a transformation U; such that U7 'S8S,0,= L 
has the form (see §7) 


& =>! (as + 5): 
(28) 


n= t+ (Cy & + by 
J 


which is studied in §39. If 6, —=0, G contains a transformation (17) which 
transforms into where replaces & by + &,, and & by + &,+ 7&. 
Deleting the first two rows and columns in F#, we obtain a special Abelian trans- 
formation F’ on &;, 7;(¢ > 1), with §;= + &. Proceeding with R’ as we did 
with S,, we find that F is conjugate within G with one of the following two: 


0 
Pris 


9. Let first m = 2, so that (24), and (24), are identical. If 8,,=46,=0, 
(24) is of the form (23). Ifd,=0, 6,50, the Abelian conditions give a,,=—0, 
If also the transform of (24) by Q,2,., where x = is 
of the form (23). If 6,,=0, Bs 0, we first transform (24) by P,, and obtain 


j+1 0 0 0 
/ Bu a1 Be O13 
0 @ .... | 
\ Ba 0 0 0 | 
0 0 0 0 
Bu | Pas Bus Bis bes \ 
/ Qo} 0 +1 0 0 
Ba 0 Bo |. 
\ O31 0 Ago 0 +1 
\ Bs, 0 0 
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a similar transformation with 6, If @.=0, the transform of 
(24) by 7, is M: 


+1 0 0 0 1 0 4 0 
0 +1 1 0 0 
0 0 +1 7’ 0 4 0 

1 0 0 +1 1 


If # does not have modulus 2, Z transforms JY into 
&=+th, 


of the form (23). For modulus 2, U= R,., furnishes a new type. Finally, if 
dz 0, the transform of (24) by 7;;., is of like form with d.=1. We then 
transform by ,, and obtain 


+1 0 1) 0 1000 
= By +1 1 or 
onl +1 o A.= mit fi (25) 
Fa 0 a +1 —a Oa i@ il 


We assume first that # does not have modulus 2. Then #,,,, where 
t= transforms FR, into Rj, where R; is of the form with By, = 0. 
For a= 0, &, transforms R{ into M. Let next For the upper signs, 
Rj=A,. For the lower signs, 7,,_, transforms into A_, 7,,_, Now 
T,,.7;,, transforms A, into A,,-:. Moreover, A, and A, are not conjugate 
within SA (4, F) if is a not-square. Indeed, A,S= SA, requires that 


Ba = — Biz — = — + = — Bog — 


Then Abelian condition Ry, gives a2... 1, whence adj—=a’. Moreover, A, 
and A,7, _,7,_, are not conjugate since their characteristic equations have dif- 
ferent roots. 

Let next F' be the @F'[2"] or the infinite field F® defined as the aggregate 
of all the GF[2"],n=1, 2,3,.... Ifa=0, the transform of R, by M, has 
the form (24) with 3,,= 0, a case previously considered. If a #0, the trans- 
form of R, by 7,,,.7;,, has the form FR, with x~*a in place of a. Taking x = a’, 
we obtain 


h,: +m, (26) 


= BE, + + 
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of period 4. Now LZ; Q,;,, transforms R, into &, where 
(27) 
For the field #’, (27) has a root ¢ in the field, so that the R, are all conjugate. 
Let next F be the GF[2"]. Then ¢ can be determined in F to make 6= 0 if 
and only if @ is a root of f(y) = 0, where 
S Su + (28) 
Indeed the condition is = + f(z’) = 7" + 7=0 in the field. Hence 
the transformations 2, for which f(@)=0 are all conjugate within SA (4, 2"). 
Likewise, the R, for which /(@) =1 are all conjugate. Lastly, no transforma- 
tion R, with = 1 is conjugate with For, if = SR, S must have 


the form 
1 0 0 


Bu Pr Bee Ba = Bu + Bx + B 
Ba Bs 1 


Hence must 8 + 82 + (3, = 0 in the field, so that (8) = 0. 
THEorREM.— For m = 2, (24) ts conjugate with a type (23) or with 
R, or Ry,2,1, when F is the field F®; 
R, or when F is the GF[2"), 


where 8 = 0 or a particular root of f(n) = 1; 


when F does not have modulus 2, where v; runs through a series of not-squares in F, 
such that no two have as their ratio a square, while every not-square has with some 
v;, a ratio which is a square. 


10. Let next m= 3. Consider first (24),. Then 


O33 P Yas = — (a3 + 533) + 1 (Q) 
— p 


is a factor of A(p). By hypothesis, it has no root x in the field F, such that 
Ife = +1, we are led to (24). If x= F not having modu- 
lus 2, we transform by P,; and find, as in §8, that (24), is conjugate with a type 
(23). There remains the case in which (Q) is irreducible in F’, so that y33 + 0. 
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The transform of (24), by Lj, where a;;—A 33; =0, is of the form (24), with 


— 0: 


J+1 0 0 0 0 0 
st 3 Pre O13 613 
0 +1 0 0 0 (2 4 ) 
Bu 0 By +1 0 0 
3 0 0 0 0 y 


Bs 0 0 0 —y? d 


Abelian condition gives a, Transforming by We 

obtain a transformation (24’) with @,,;=0, a,,=0. We next show that we can 
take J,;=0. Ifd,,—0, we transform by 7,,, and obtain a type (24') with 
= 1, and = a3, = 0 as before. Transforming the latter by 


Qs, 1, a (d+ 2)=+ 


we obtain a transformation differing from it only in the coefficients 8, and 4,5, 
and having 6,,=0. Note that a is determined in F' since d = 20 in view of 
the irreducibility of (Q), which is now p*— dp + 1. 

There results (24’) with 8,,=6,—=0. It is thus a product of the type 
treated in §9 by a transformation S, on &, 3, treated in §1. Let F be the 
GF [p"]. Then S, is conjugate with under transformation of determinant 
unity on &, 3 within F. Hence, for the GF [p"], the new canonical forms 
furnished by (24), are PS, where P=R, or tf p=2,P=A,, 
A,, A,T,,_1%,~, or A,7,,_1Ts,_1 if p > 2. 

We may give to S, the ultimate canonical form 7;, where x*+t'=1,x 
belonging therefore to the GF'[ p*]. 

Consider next the type (24),. Denote by F’ the special Abelian transforma- 
tion obtained from it by deleting the first two rows and columns. We may give 
to R’ one of the canonical forms of §9 on &, 72, &3, 73, upon applying a transfor- 
mation of the latter variables. When £’ is of the type (23), (24), becomes 


00 0 0 0, 


1 
1 By dy Bu 
— 91 0 0 0 Ba = Biz — 5128225 (30) 
Ba 0 1 0 0 = Bis 8138335 
9 0 O 1 


2 ial 
| 
| 
| 
q 
4 
q 
i 
i 
; 
35 
¢ 
“ 
j 
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or its product by 7= 7,,_, 7,731, which changes the sign of each variable. 
Let first F have modulus 2. For R’ = R, (24), becomes 


1 0 0 0 0 0 
Bu 1 Be os Bis Os 
0 Ba = Bu + Bis — Por, (31) 

Ba 0 B 0 1 = Big + ad); , 

—1 1 0O 

Bs 0 —a a 1 
wherea=1. For = My 'R, 3 (24), becomes (31) for B=0,a=0. If 
F does not have modulus 2, we may take #’= A,7,417,,.;,a=10r;,. Then 
(24), becomes (31) for 6 = 0, or its product by 7. 


11. Consider transformation (30). If 0, its transform by ,, where 
35: + 0, differs from (30) only in 8,3, 8, With now zero. When 
the result is transformed by Lj, 82; —0d,,= 0, only 6,, and 8, are altered, 
with B.,=0. If also d,,=0, we transform by P,, and obtain a transformation 
(23). Next, if d,,= 0, we transform (30) by where B+ 46,;=0, 
and obtain a transformation (30) with 6, = @,,= 0, which leads to a (23). 
Hence there remain two cases: 


$0, #0, = 0, Ba = 0; d= 0, = 0, Bu #0, Ba 0. 


If, in the second case, 8. = 0, we transform by Q2,;,,, Gi: — 4G, = 0, and 
obtain a similar transformation with 6, = 8B, —=—0. Likewise, if we 
transform by Q31,., Pis—AGPs3= 0, and have 6,,=@8,=0. But, if 
it is transformed by Q3 2, @21— %@3,;= 0, into a similar transformation with 
Piz = Px = 0. Hence in each of these three sub-cases, we obtain a transforma- 
tion (23). For the first main case, the Abelian conditions give 


Pie = O12 Pas, Bis = O13 Bas - 


Transforming by 7}, 5-; 73,32, we obtain * 


* For properties of (32) see Amer. Math. Monthly, 1904, p. 88. 


100 00 0 
1 1 1 
S, = 32 
0 0 & 1 0 
00008 1 
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If 6, = 6, = 0, the transform of (32) by leaves &, and unaltered, and 
hence leads to (23). Since P,; transforms into S;,,»,.,, We May assume 
that 4, $0. 

We seek the conditions under which (32) is conjugate within G with a 
transformation (23). In view of the successive generality theorem,* this conju- 
gacy will follow if, and only if, new variables 


X = a, + by + ck, + dn, + + jns, 
Y= Ag, + By + Ch, + Dn, + HE; (38) 


can be determined such that 


a b c 
and such that, under transformation (32), | 
424, Poo (35) 
where a, A, .... , J, ¢ all belong to the field F. The conditions for (35) are 


=0, j=0, =0, c+e=0, 
B=0, J=te/b,, td=0, Db, =te, C+ H=—ta, 


If b, = 0, condition (17) becomes 
te’ (by + =1, 
whence c$ 0, b,+6,~0. Inversely, if b,+ 6,0, all the conditions can be 


satisfied. For example, we may take 


Y= — byns)/(b, + 03), = + 45). 


If 6, = 0, the conditions reduce to 


b=ec=B=J=t=0, c+e=—0, C+ HE=0, cD—dC=1. 


It suffices to take c=>D=1, d=C=0, a= A=0, whence X—§,—£E,, 
T= 
THEOREM.—S;, conjugate within G with (23) unless 6, = — b, $0. 


* American Journal, Vol. XXIII, p. 365. 


| al 
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Consider next S,,;,,,, where 6,0. Now transforms 
bo, >, into S,sp,, Hence if F be the GF[2"] or so that every element 
is a square, S;, », —», is conjugate with a certain S,,,,. To obtain a like result 
when F does not have modulus 2, we note first that R,,,, transforms S,, », ,, into 
Ss, 80 that we may give to an arbitrary value in Whether F has 
modulus 2 or not, the product 


/ 
Qs, 3, — 3, — Ts, — 3, — Ly, 


where = 63/b,, 6, 0, transforms S, ,,_,, into By choice of we 
may make Hence for any F, S,,»,,-», is conjugate with S,,_,, where 
b= 0 if F does not have modulus 2. 

If §,1,-1S= SS, then S is found to have the form 


—y 0 Y 0 
a 
by + + ss On + 
Bu Be Y Bss +y 


, (36) 


Biz + Ba + Bis + Ba — Bes — Bes — — = — (37) 
The Abelian conditions are #,;=0(j7 = 3, 4, 5, 6), Ry, =0, 


— ¥ (Bae + Bos + + = 1, 
+ — — bn Be 

+ + (a a)(Bos + Bs3) pane + cya;, = 0, 
yeu — + (a — Bis + (a — ay — Bis 

— Ba (Bes + Ba — cy) + Bes (B13 + Bs + cy) = 0, 
— any — aj + — 27 Be — = 1, 
— — yBa + (bu —a + ¥) Bos + (y — a) Bx 
+ (ayn + — + Bes + (an —a + 7) Bs = 0. 


Next, = 0 reduces to = 0, while Ry, + Ry, gives 


bu (Piz + Bis — Ber — Bai) + cy (Bos + Bes + Boe + Bss) 
— + Bsa)” + (Bes + Bes)? = 0. (88) 


Further, Ry + Ry = + Ry = Ray — Ry equals y times the left 


Ry = 
Ry = 
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member of (37). Hence the conditions on (36) reduce to (37), (38) and those 
marked Ry, Ry, Ry. 
Let F have modulus 2 and set B= Bu + + Bs + Then (37), Ry, 

Ry become 
Bie + Bat Bis + Bn = B+ andy —yB=1, 

by* —ayy (39) 
In view of these R,, and (38) become 
¥ (Ba + Bn) + Bly +2) + dn (Bre + Bes) + an (2s + Bss) = 0, 

+ Bd, + (40) 
Hence, the conditions on (36) reduce to Rx, (39), (40). Let first 66 0,c=0. 
Then 6, + 0 by (39), and (40),, so that the latter may be written 


(B/dn)? + = b. (41) 


If F be the field F, (41) can always be solved in F. If F be the GF[2"], it 
can be solved in F'if, and only if, (6) = 0, f being defined by (28). Suppose 
this condition satisfied. Then, in either case, conditions R,, (39) and (40), are 
all satisfied by 
y=0, a=1, 

Biz = Ba = Be = = Bn = By=B. (42) 
Let next f(b) =f(c)=1. Then B? + B=b+c can be solved in F. For any 
such value of B and for the values (42), conditions Ry, (39), (40) are all sat- 
isfied. 

does not have modulus 2, or if F is F™, every S,,,»,, —», 18 con- 
jugate with Sy, within G. If Fis the GF [2"], the S,,»,,-», are conjugate with 
So,1,—1 0” Ss,1,-1, 5 being a particular root of f(n) = 1, while the latter two are not 
conjugate, 


12. Consider next transformation (31). It is transformed by Q,,,;,, into 
a similar transformation with Ifa 0, the latter is transformed by 
Qs,1..» — Aa = O, into a similar transformation with Now 
R,,;,, transforms (31) into a transformation differing from it only in the coeffi- 
cients By, By, By, having By +A in place of By, and B, +A in place of B,. 
Hence, if a0, we may take 46, 6. ifa =0, we may take 
diy = By = 0. 


a 
3 
i 
2 
i 
i 
é 
& 
R 
4 
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Consider, first, the case 0, = If = 0, (31) is of 
the form (23). Ifd, 7,,,, transforms (31) into 


1 0 0 0 0 0 

- 4 0 1 0 0 
—1 0 1 90 (43) 
0 4 

1 0 —1 0 1 O 

a 0 —a 0 a i il 


To show that (43) is not conjugate within G with a transformation (23), we 
proceed as in §11. Let X and Y be defined by (33). The conditions for (35) 


are Now 
be=e=d=e=j=0, C=— 


so that (34) is impossible. 
The subdivisions of the next sections are based on §10. 


13. Consider (43) for 8 =0, a #0, F not having modulus 2. We then 
denote (43) by S,,.. If is the general transformation (13), S,,,S= SS,, , 
requires 
= Ay3 = Aog = = = Ogg =0, deg = Aga = 

Ose = Aq, = Aan, = = 9 (0,7; = 1, 2, 3), 
Bog = 0013, = — = — Aa, 

Boz = — Bis — Bop = — Bog — 

Ba = Bes — Bx Fade, — Bi + Bis + 2613 = Bay, + Ba. 


Hence S must be of the form 


1) 0 0 0 O 0 
0 Oy) 0 O 0 
Boy 0 ads (44) 
Ba 0 — Aas, 0 bu 
Aay, = aby, Ads; Aas, = + adys, (45) 


Ba Gis + 2ad;3 + Ba = — Bay + — Br + Ars. (46) 
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The conditions that (44) shall be Abelian then reduce to 
= 1, + — = 0, (47) 
0033013 — — + Piz + 2612313 — + B=0. (48) 
Hence A/a must equal a square 63, in the field F. If this condition be satisfied, 


Se. 18 conjugate with S, , within G. Indeed, we may employ (44) as trans- 
former, where 


Oy, = Pu = 0, Dig = = gy = Og, = = Bu = 0, 


Hence every Sz, 1s conjugate within G with Sp,, or one of the Sy,,,. 


14. Consider (43) for a=1, F having modulus 2. Transforming it by 
— 73, then by Q,.. _,, and finally by = 7, + @'E,, we get 


If W;, = SWp, S must have the form 
0 0 0 0 
Bu Aig Bis 
Ayo 0 Ay 0 0 0 
Ba Bee O12 + Bis 
By ay O Gy Gy 
Boe = By + Day + da2, 
Bor = 513 + Bis + Bay + Day + day, | (50) 
Bs = Big + aye + Bay + Bay, 
Og, = O33 + Bay, + Bar, 
The Abelian conditions on (50) reduce to 
On ajtay+B+P=0, (51) 
+ 0431043 + Bis + 042343 +D+ 6+ = 0. (52) 


If F be the field F, (51), can be solved for a,,in F. If F be the GF[2"], the 


263 | 
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condition for solution is f(B)=/(@). Suppose this condition satisfied. In either 
case, (52) can be solved in F. For example, we may take* 

Bis = = D+ + 2028. (53) 

THEOREM.—For the field F, every Ws, is conjugate with W,,.. or the 

GF[2"], Ws, i conjugate with Wo. or Wo, where b is a particular root of 

f(y) =1, the two being not conjugate within G. 


15. It remains to consider (31) fora—=8=0, F having modulus 2. By §12, 
we may take @,,=06,,—=0. Then (31) may be written 


+m + one t+ es, 08, + (54) 
= mei t+ +h ths, = eb + ns. 

To test its conjugacy with (23), we proceed asin §11. If S=e=0, Vis 
of the form (23). Let next 6 and e not both =0. Then (35) requires 
b=d=e=0, 

E=te, D=tj, De+ Je= ta. 
Then (34) becomes 1 = cD —jEH =0 and is impossible, so that the two are not 


conjugate within the Abelian group. 
Since P,,;M,M, transforms V,,. into V,..3, we may assume that 6 $0. 


Then the Abelian transformation 


ni =m + y/d&s, = 1/06,, 
nz = y/d& + Ons + es, = 1/08, nz = + + dns, 


transforms V,,.into V),,,. Further, the Abelian transformation 


transforms Vp; 9 into 
Characteristic equation with no root in F, §§16-33. 


16. THEroreM.— Within G=SA(2m, F'), any transformation S whose char- 
acteristic equation has no root in F, ts conjugate with a transformation which 


replaces by yn, . 


* Asa check, I verified that, when (51) and (53) hold and ,, = 8,,=0, transformation (50) is Abelian 
and transforms W3,s into Wp, 8. 
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Let S replace & by + yum + ---- If yn #0, there exists in G 
a transformation V which replaces & by yy'&, and 7, by a. Then V-'SV 
replaces £, by yq'%,. The same result follows if S is conjugate within G with a 
transformation having y,,—0. Suppose then that y= 0 in all the conju- 
gates to S. The transform of S by M@, P, or P,J4, where i>1, has 
Pu» vx Or By respectively, as the coefficient of 7, in &{. Hence, every 
= Ye =0((=1, ....,m). The transform of the resulting transformation 
by n =n has + as the coefficient of yj, and 
— — 48 the coefficient of y; in Hence 
The transform of S’ by & + +; has a, as the coefficient 
of y;in Hencea, for i# 7. Finally, the transform of S’ by Z,, has 
Oy — %, as the coefficient of y; and £}. Hence a, =4,;. It follows from §4 that 
S' is of period 2. By the general theory of canonical forms, the roots of the 
characteristic equation of S' all satisfy x = 1, contrary to hypothesis. 


17. Let S be a transformation of G which replaces £, by yz,, and for which 
A(p) = 0 has no root in F. Thus S replaces 7, by 


—y + on + T, T = + + + + 


If ¢=0, S becomes, in view of the Abelian conditions 


j=2 i= (55) 


j=2 


so that the problem is reduced from m to m — 1 pairs of variables (see §40). If 
0, there exists a transformation on &,, 4,(¢ >1), which replaces & by 
Then >—1*SS = S, replaces &, by yy, and y, by — y~1& + dy + &. 


18. For m = 2, S, becomes, in view of the Abelian conditions, 
0 y oO 0 
0 
0 Y¥22 
0 Bee 


Pox 22 =1. 


| 

4 

36 
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If y= 0, the characteristic equation of §, has the root a. in the field F’, con- 
trary to hypothesis. Hence y..40. Then the transform of S, by y,=7,—A&, 
where dy. + A722 = 0, has the form 


0 0 

1 

0 NY a 
0 


(56) 


0 
0 
0 


—1 


Its characteristic determinant equals 
(a+ 0) + — ny) -- p(a + +1. (57) 
The latter has the factor e— op + 1 if and only if 
o—o(a+ d)+ad0—ny =0. (58) 
Assuming here that (58) has a root o in the field F and that p?— op + 1 is 


irreducible in F’, we determine the conditions under which Q is conjugate with 
a transformation (55). Let 


X= ak, + bn, + Y= Ab, + By + Ch, + Dn, (33') 
where a, 6,....D, and ¢ (below) are elements of F such that 


d 
(34') 


The conditions that Q shall replace X by ¢ Y, and Y by —7-’ X + cY, are 


tA=—byy', t0=b+ca—dy', tD=cy, 
b= Ay, + Cyny, 
oC B+Ca—Dy', d= Cy. 


From the first four conditions, 
b=—y,tA, e=y'tD, a=y7'tB + cD, d=atD — 
In view of these, the last four conditions become 
yyC=(o—8)B, D=—(o—)) A, B=(o—a)C, yyA=—(o—a)D, 
of which the last two follow from the first two in view of (58), which may be 
written (c —a)(o— 4) = yy,. Expressing (34’) in terms of A and B, we get 
(6 — + + [20-8 + yr (o — AB 

= (6 — 8)(26 — a — 8)[4?— (— A+ (— yr - 
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Nowo—d+0. If 20—a—5+0, the condition merely determines what- 
ever values, not both zero, in F be assigned to A and B. Indeed A*°—cB,A+B? 
is irreducible by the hypothesis. If 2e—a— § =0, (58) evidently has a double 
root. Hence Q ts conjugate with (55) if its characteristic determinant has in F a 
Juctor p? — op + 1, but not its square, 


19. Let next (57) be a perfect square, so that 
(a — 6)? = — 4yn. (59) 

According as F has not or has modulus 2, we have 
A (p) = ip’ (4+ +1}, A(p)= (60) 
Now whatever be the nature of (57), the only function, aside from a constant 


factor, which Q multiplies by x, necessarily a root of the characteristic equation, 
is found to be 


— + + — + 1) & + — +1). (61) 
In the present special case, we introduce another function, 
Y, = + — 1) & + y (6 — 2x) mp. (62) 


Denote by X2, Y, the functions derived from X, and Y, respectively by replacing 
x by x_'. In terms of these variables,* @ becomes, if (59) holds, 


Every transformation in / commutative with Q has the canonical form (a being 
the same function of x—* that a is of x) ; 

aX,, %=4X;, y, = aY, + (64) 
Then the transformation from £,, 7), &, y, to x, ¥;, %, y, is the most general trans- 


formation 7 of variables transforming Q into the canonical form (63’), viz., (63) 
on the variables 2:, y;. Consider the function 


Le 
Ye 
* The determinant of transformation is found to equal — y*y, (« —«~')*. That it is not zero also 


follows from the Abelian character of 7, as shown later. 
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where 2, y{ are the same linear functions of &, yj, that a,, y; are of &;, 7. 

Then, as in §2, 9, , equals 

1 7 


/ / 
Ni 


2 
/ 
2 


For the transformation 7, the value of C\, is 
ay ay ax =— yy, {A+ aa (e+ 
ay—dy yy ay—dy dxyy, 
where A = (ad — ad)(x—x7?). 
Similarly, we find that 
Oy = —y {A(x +271 — 3d) + aa (2x? + (x + 
C4 =0, Cn Cis; 
Cy = —yA(x + — +y(x + '— aa (2 + dx + — 3x? — 3x7"). 
The discriminant t = (x — x—')’ is not zero by hypothesis. Set 
d/a=2%-+ xu, whence d/a=A+x7'u. 
Hence 


aa d 


— = — = aatu, Ow aa (Tu + x + 


a a 


Ci, = —- yaa {tu (x + 3d) + 27 
Os, = — y (x + — aa (x + 3d) + 87 + (x + 


From (57), we may write the characteristic equation 
= (p + + — 8). (65) 
Hence C,, may be written 
CO, = — yaa (x + + #1 — 8) + 7+ 4—S(x 


By (65), x + * '—d+0. Hence we can determine wu in the field to make 
Ci,=0. It then follows immediately that 


Cy = yaa (x+x-'—a)t, Cy= — yaa (x 


When has modulus 2, a= and C, = If F does not have modulus 2, 


| 
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x + x-1=43(a + 5) by (60),, whence C,,; = C,,. Hence, for any field F, it fol- 
lows that 


Hence Tis a general Abelian transformation (§2) in the enlarged field F(x). Let 
Q, be a second transformation (56) with the same characteristic determinant (60) 
as the given Q. It follows from the theory of canonical forms with conjugate 
variables that @ can be transformed into Q, by a general Abelian transformation 
in F. The latter will be a special Abelian transformation in F'if and only if 
C,=C. This condition can be satisfied by choice of a and a, if the ratio of the 
‘two values of y (x + x~1— 9) is of the form eé, where e belongs to F(x). If F 
be the GF[p"], ee =e*"*! can be made to assume any given value in the 
GF [p"]. If F be the field of all real numbers, e2 can evidently be made to take 
any positive value in /’, but not a negative value. 


THEOREM.— Jf two transformations Q have as common characteristic determinant 
the square of a factor irreducible in F and if Fis the GF[ p"], they are conjugate 
within SA[4, p"]. If F is the field of all real numbers, there are two distinct sets of 
conjugates.* 


Corollary. If Fis the GF'[ p"], C can be made equal to unity by choice of 
a, so that Q can be reduced to its canonical form (63) by a special Abelian trans- 
formation in the GF'[ 


20. We now consider Q in the two remaining cases: 

(i) A(p) irreducible in the field F; 

(ii) A(p) the product to two irreducible factors p*— ep +f, f# 1. 
In either case, the roots of A (p) = 0 are all distinct and may be designated x, 
Hence by (57), 


+atat=atos. (67) 


In case (ii), x and 4 are the roots of a quadratic equation irreducible in F’. 
Consider X, defined by (61). Denote by Y,, X;, Y,, the functions derived from 
X, upon replacing x by 4, respectively. In case (i), X44, Y;, X2, are 
conjugate with respect to #. In case (ii) X, and X, are conjugate with respect 


* For other infinite fields, the question of conjugacy can be determined by introducing the Rij as 
in the next section. 


) 


270 Dickson: Memoir on Abelian Transformations. 


to F’; likewise, Y, and Y,. In each case the four functions satisfy the require- 
ments as to conjugacy in the general theory of canonical forms,* and Q takes 


the canonical form 
Ajmad, 2) mad, (68) 


We proceed to prove that the transformation of variables from the &,, ; to 
X,, Y;, satisfies the conditions 


Ry = ky = Ry = Ry = 0, 


where &,; is defined in §2. We have 


R | xd +1 (x? — xd + 1) 
ayn — Aad +1 Ad + 1) 
= (x + (e+ — (A+ 


Eliminating yy, by means of (65) for p = x, we get 
Ryy=y (x — + + 


Hence = 0 by (67). Replacing A.by we get Ry, = 0. Replacing x by 
x, we get R.3 = 0. Making both replacements, we get &,,=0. Replacing a 
by x—1, we get 

Re=y(x—x")C, CB(x + x71 —d)(2x + 2x~'—a—d). (69) 


Replacing x by 4 in the preceding, we get 
Ry = y (A— a7") + — 8)(2a + 2a-'— a —9d). (70) 


In either case (i) or case (ii), we have C#0, C, #0. 
For case (ii), we introduce in place of X,, X, the variables 
Then 2, and x, are conjugate with respect to F’, and (68) becomes 


* American Journal, Vol. XXIV, pp. 101-108. 


(68') 
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For the transformation of variables from &,, 7; to x;, Y;, we have 


Ri, = Ry = Ry = R4=0, Ry = 1, n= il, 


so that it is a special Abelian transformation in the extended field F(x, A). 


THEOREM.— Within the group SA(4, Ff’) two transformations are conjugate if 
they have the same characteristic determinant which is the product of two irreducible 


factors — ap +6, 


For case (i), we introduce in place of X,, Y,, Xz, Y, the variables* 
X/f(x), n= m= w= 


where f(p) = + bp? + cp +d, a, b,c, d being undetermined elements of 
not all zero. Then x, y;, x2, y, are conjugate with respect to # and (68) 


becomes 


Let 7 denote the transformation of variables from £,, y, to «;, y;. For it, 


For brevity, set Rj} = (x). Then Ry = By the Corollary to §3, 


Ye 


Ye 


’ 


Eni 


1 


where 2;, y; are the same functions of £;, that y; are of so that T 
affects the two sets of variables cogrediently. It follows that two transforma- 
tions Q, with the same irreducible characteristic determinant A(p), are conju- 
gate within SA (4, F), if (and, at least for normal fields,* only if) it be possible 
to choose /(p) so that @ (x) shall depend only upon the invariant A (p) and not 
upon the individual coefficients of 9. Now 


(x) = (x — + 2x-1—a —))D, DBSy(xt+x-'— (x) f(x’). 


* The field F' («, 4) may be a normal field, i. e., 2 = rat. func. («), with coefficients in F. This is the 
case when I’ is the GF [p"]. It would be interesting to determine, for F'(«, 2) not normal, whether 
or not it is possible to retain the advantage of conjugate variables and yet employ f («, 4) in place of 
S By (67), 42 (a+ 80 that f («, 2) may be written f, («) +f, («). 
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When F is the GF'[p*], must equal x?" or x”", since these three 
together with x furnish the distinct roots of A(p)=0. But x~*= x?" would 
require that =x-?"=x. Again x~1=x?" would require that =x#""=x. 
Hence must = so that 


K=x+x7'= element of GF[p]. 


To make D = 1, it suffices to take as f(x) a root of 
frti=y(K—9), 


all of whose roots f belong to the GF[p*"]. Indeed, the power p* — 1 of the 
second member is unity, not being zero in view of the irreducibility of A(p). 
Hence two transformations Q having the same irreducible A(p) are conjugate within 
SA (4, p”). 

For a general field /’, we have, by (65), 


t=yy,—ad$0, K=x+4+x%. 


Then f(x) /(x—') takes the form rK + s, where 


s=a+0?+c? +d’ + (ac + — 2) + adet. 


1 rK+s _ (rk +s)(K—a)_ K(s +178) sa 


 y(k—8) 


Then D= 1 if and only if r=y,s—=— dy. Hence any two Q with the same 
A (p) are conjugate if equations (71) are solvable in F for a, 6, c, d, whatever 
values 7 and s have in F. They are equivalent to 


P jac+bd+(e+ 2)ad} +(at+b+ec+d)=s + 2r, 
N jac + bd + (e — 2)ad} + (a—b+c—d)y=s— 2r, 
where 


%=yy, — (2—a)(2—3), 
N=t—4— 2%= yy, —(— 2—a)(— 2— 9) 


are not zero in view of the irreducibility of yy, — (K — a)(K — 9). 


Hence 
; 
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We may attack the problem otherwise. If Q and @Q have the same A (p) 
they are conjugate if D= D’, viz., if 


re—s'a! =u(rt—sa), 


for suitable values of a, b, c, d, a’, b’, c’, d’ in F. We thus have two quadratic 
conditions on 8 unknown quantities. 


21. We next consider transformation S, of §17 for m=38. Applying cer- 
tain Abelian conditions, we have 
| 0 y 0 0 0 0, 
0 Bor Bos dag 
0 Bsr 932 
If ¥32 = dy, = 0, we may transform S§, by a transformation on & and 7; and 
obtain a like transformation with also y.,3= 0. If v2, and ds. are not both zero, 
we may transform S, by a transformation on £; and 7, and make yz. = 0, d32. 0. 
We therefore treat S, under two cases: 


(I). ta = = = 0; (II). = 0, Og 0. 


Case I. Ifalso y,,=0, the Abelian conditions C;, and Ci; give = 1, 
= 0, whence £;=a,¢,, so that A(p)=0 has a root a, in F. Hence 
Ye #0. Then Abelian condition C, gives Transforming S, by 
Nz = Ny + Abs, bor + Aveo = 0, we obtain a transformation S; of the form S, with 
= = 23 = 0, 0:3 = 0, and also d= 0. Then Abelian condi- 
tions C,, and Ry, give = 0, — = 0. If 0, then ay, = 0, 
£3 = and A(p) =0 has arootin F. Hence y,; 0. Transforming S; by 
ng = 13 + AES, 533 + Ays3 = 0, we obtain a like transformation with also 6;;= 0. 
Then 6, = 0 by Abelian condition The resulting Abelian transforma- 
tion is 


0 
0 — Vx" 0 0 0 
0 Yn 0 
0 0 


i 
| 
: 
4 
e 
+4 
3 
0 Y 0 0 0 0 ; 
1 0 0 | 
0 
0 
0 
0 : 
37 4 
4 
. $ 
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If aos = 0, its transform by MP, is of the form (55). If a. 0, its transform 
by 7;,,,, 18 of like form with a,; = 1, viz., (92) below. 

Case II. If 0, the transform of S; by Ay2 = 0, is of the 
form S, with y3.== d3,=0, and hence falls under caseI. Let nexty..=0. Trans- 
forming by we obtain an S, with y= 7.2=0, Transforming 
the latter by Q3 » 5,,, we obtain a like transformation S’ with also 6,,=0. Then 
Abelian conditions Cys, give agg= 1, a33 = 0, 33 = 0. 
trex: If S’ has y23 0, its transform by 


= Ako, + Wes, — UY = 0, a3 + = 0, 


is of the form S’ with o.3; =6,;=0. Then R,,.,, transforms the latter into 


0 0 0 

0 0 a QO 0 g 
| 0 00 0 0 | 
\ 0 B 1 0/ 


which is studied in §§24-26. Its characteristic deterininant is 
— (p° + p)(d +a) + (pt + p°)(1 + da — Bg) — p* (2a + yg — 68g) + 1. (74) 


Let next 75 = 0 in S’. Then ages = 1, cay + 03533 = 0 by Abelian condi- 
tions. If a0, we transform by 7,= 7, + 13=73 + uss, Where 
+ Ading = 0, Bog + — = 0, and obtain a transformation which in view 
of the Abelian conditions may be written 


0 0 0 \ 
—y! 100 \ 

0 \ 

0 00 0 0 (75) 

0 0100 0 

0 y B10 —ga/ 


It is studied in §23. Its characteristic determinant is 


— + p)(d +a — ga) + + + da — gda — g — — ga”) 
— (2a — 2ga — dg — gda*) + 1. 
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If a2 = 0, then = 0, Go. = Transforming by — we obtain 


0 y 000 0 \ 
/-y? 6 100 0 
0 00064 0 
\ 0 y 01 a8 Oo 
Its characteristic determinant is seen to equal 
(p> — pd + 1)(p? —a)(p?— a"). (78) 


22. The last result suggests that we determine the conditions under which 
(77) is conjugate within G with a transformation (55) which replaces &, by tz, 
and 7, by —c~'&,+ dy,. The conditions that (77) shall replace X and Y, 
defined by (338), by respectively c Y and —+t~'X + OY, are seen to be 


tA=—by', tB=ay+ jy, tO=b+e+ a8, 
tD=j, tI 
—ta=— + B+ Jy, 
c=B+E+DB6, 


From the first set of six conditions, we get 


b=—ytA, j=tD, d=atJ, e=tC+yrA— aft, 
c=a — BrD. 


Substituting these values in the second set of six, we get 


D=0, J=0, yA=bE— C—al. 


Henced=j7=0. Abelian condition (34) thus becomes 


aB—bA=1, or y 't(B+ +7°A’) = 1. (79) 

Now Cand £ can be chosen in the field to make B+ 0, unless 5=0,a = — 1 
(when also A=0). For B+ 0, the condition may be written 

y (—yAB“') + (— = 1. (79') 


This merely serves to determine ¢ in F fur any given valuesof A and B (B $ 0) 


4 
ij 
i 
t 
4 
: 
al 
| 
a 
| 
4 
a 
i 
4 


276 Dickson: Memoir on Abelian Transformations. 


in F, since 1— dp +p” is irreducible in F by hypothesis. Hence (77) ts conju- 
gate within G with a transformation (55) if, and only if, § and a + 1 are not both 


It remains to consider (77) in the case S=0, a = —1, whence (78) 
becomes (p? + 1)°. Since p* + 1 shall be irreducible, FY cannot have modulus 2. 
Then #3 9. transforms (77) into a similar transformation with 6 =d=0, 
a=—1. Now Lj. transforms the latter into (75) for s5=a=0,g=—1, 


p=— 


23. For type (75), the characteristic determinant (76) factors into 
(p° — pd + 1)(p° — ap — + gap — 9). (76') 
The conditions that (75) shall replace X and Y, defined by (33), by respectively | 
«Y and —7 1X + OY are seen (as in §22) to reduce to 


b=—ytA, g=tD, a=y btA—cD, 
d=g'tI+atD, 3} 
D=0, J=0, yA=— C(g-!+1) (b+ a). 


The Abelian condition (34) reduces to (79). Now C and £ can be chosen in F 


to make B+ 0 unless ) = a, g = — 1 (when also A=0). Hence (75) ts conju- : 
gate within G with a transformation (55) if, and only if, 5 —a and g + 1 are not 
both zero. 


24. Now p” — op + 1 is a factor of (74) if, and only 1 
4 (a + 6) +0 (ad — Bg — 2) + 28— yg + Bdg=0. (80) 


Supposing this to have a root o in the field F, and that p* — op + 1 is irredu- 
cible, we determine the conditions under which (73) is conjugate with a trans- 
formation (55). Let X and Y be defined by (33). The conditions that (73) 
shall replace X by and Yby 'X+cY are 


tA=—by', tB=ay+b+ jy, rD=j, 
tE=—g'd+g ‘aj, tI=cg, 
b= Ay+ B+dy, 'e=B+Ca+F+ JB, 
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From the first six conditions, 


b=—yrtA, j=tD, (81) 
d=—gtE+atD, ytd —g-'atJ — BrD. 


Substituting these values in the final six conditions, we get 


D=—(c—8)A, B, — + A), | 
E=g" (6 + oA — aA), 

B= 9" + + y'B—B, 


The difference of the first two expressions for H vanishes in view of (80). Mul- 
tiplying the second expression for # by o and subtracting the given expression 
for oH, we obtain y—-'sB + A times (80). Hence the three values for # are 
consistent. In view of (82), (81) become 

b=—yrA, j=—(6 — 9) A, 

a=y—'tB + otA, | (83) 

e=[y + (8 —8)] +g" (6 — a)(o — 8) eB. 


Then (34) becomes,* on substitution of the values from (82) and (88), 
= M(A? + cABy-! + + (297s —g-a)(o — 


If M+ 0, this equation determines +, whatever be the values of A and B, not 
both zero (see §22). Eliminating y by means of (80), 
M= — 8)(30° — 20a — 208 + ad — 2 — Bg). 
The final factor is the derivative of the left member of (80). Also, o + in view 
of (80). Hence M=—0 if, and only if, o is a double root of (80). In this case, 
the third root of (80) may be determined by rational process, and hence 
belongs to F. If it differs from o, it is a simple root and hence leads to an 
M+0. 
THEOREM.—J/ (74) has in the field an irreducible factor p*>—op +1 and differs 
from (p*— ap + 1)°, then (73) is conjugate within G with a transformation (55). 


* The coefficient of y~'AB is initially y (20 —4)+ (8+ Replacing fg (o— 4) 
by its value o* — 0? (a+ 4) + o (ad — 2)+ 20 — yg from (80), we get oM. 
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25. Suppose that the characteristic determinant of a special Abelian transfor- 
mation has in the field F neither a linear factor nor a quadratic factor of the form 
p’—op+1. It therefore has no quadratic factor whatever. For if p’—ept+/, f#1, be 
1 
third factor of the form p?— op + 1, witho in F. If an irreducible cubic factor 
vanishes for x, 4, u, there occurs a second irreducible cubic factor vanishing for 
x—*, and the six quantities 


£325 ¢° (84) 


a factor then, by §5, — FP a would be a factor, so that there would be a 


are all distinct. Thus, if x-1= 4, then w would belong to F. Finally, if A(p) 
be irreducible, it vanishes for 6 distinct values (84). 


26. In view of §§24 and 25, it remains to discuss (73) when (74) vanishes 
for 6 distinct values (84). Now (73) replaces 


= ak, + by, + cb, + + + Jns 
by xX, if, and only if, 


xa = —by', xb=ay+ jy, xc=b+cate+ By, 
xad=7, xe=—g'd+g ‘aj, x= cg. 


Now a +0, since a= 0 requires that X,;=0. Fora=1, we have 
X, = — yun + ge + +97 (a —x—") + (85) 


where D=— x’? + xd — 1, and x isa root of (74). Let Y,, X,, Y,, X3, Y3 be 
the functions derived from (85) upon replacing x by x}, 4, a7}, uw, uw}, respec- 
tively. Let D=—A’?>+Aads—1. Then 
g ‘xD x gixi(a—x")D D 
| g giat(a—a D 


1 yx 


= (x — A)igy 
+ (6—x—x (86) 


In view of the notation (84) for the roots of (74), we have 


etx (87) 
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Hence 
(x —A)igy + (8 — x — —A— 

w+ w'are the roots of (80). Hence 


Replacing x, 2 by any two values (84), not inverse to each other, 


Ry =0, (88) 
...-, 6, except for (é,7) = (1, 2), (3; 4), (5, 
_ Replacing a by x—! in (86), we get* 
Ry =o gy + (83 —x— + (89) 


Let = r(x). Then Ry = 7(A), Bog = 7 
Let first A(p) be the product of two irreducible cubic factors in F, the first 
with the roots x, A, u, the second with the roots (§25). Let 


a, = X,/r (x), 2% = X2/r(a), X;/r (wu), 
so that x,, x, 7; are conjugate with respect to #; likewise Y,, Y,; Y;. Then 
(73) takes the canonical form 
m= xm, m=Am, Y3 =u (90) 
For the transformation of variables from &;, 7; to x,, Y;, we have 
Ri, = Ri, = 1, Ri =0 [except for (¢, 7) =(1, 2), (3, 4), (5, 6)], 
so that it is a special Abelian transformation in the field F(x, a, u). 


THEOREM.— Within the group SA(6, fF), two transformations (73) are conju- 
gate if they have as common characteristic determinant the product of two irredu- 
cible cubic factors. 


Let next A(p) be irreducible in F. Let 
X,/f(x), w= (u), Ys = Vs/f(u-’), 
where / (p) is a polynomial in p with coefficients in F. Then 


* To show that R,, +0, we note that (74) gives, for p=«, 


= (K+ — 8) + — 4-1) — Qf], 
— — — Bx? — Bx“? 4 4) (K+ + gB—ad— 4}. 


But 4 (p) has no quadratic or quartic factor in F. 


279 
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Let = Ry /f (x) f 1), Then, as in §20, 


1 

Then =(x—x7')¥(x), where 

V(x) + K) (2K —a)}/ 


Further discussion is limited to the case when F is the GF[p"]. Then 
A(p)=0 has the roots 


1 


(x) 


* 
Ys 


Ni 


Among these consequently occurs x~'. Now x~1=x?”" would give 
= = x; 


x?" would give would give x=x?"=x whence 


K=x+x7-!= element of GF[p*"]. 
To make Y(x) = 1, it suffices to take as f(x) a root of 
(2K—a), 


all of whose roots / belong to the GF [p™]. Indeed, the second member is a 
mark + 0 of the GF'[p™], so that the power p™ — 1 of it equals unity. 


THEOREM.— Within SA (6, p"), two transformations (73) having the same irre- 
ducible characteristic determinant are conjugate. 


27. Consider finally the type, obtained at the end of Case I, §21, 


0 0 0 0 
—y' 6 1 0 0 0 
0 04! ] a g 1 0 
0 0 —g 0 0 0 (om) 
0 0 oO E h 
0 0 0 0 —h-' 0 


It has the characteristic determinant 


— + + + + + 9°)(3 +08 + ae + de—yg 
— (2a + 25 + 2e + ade — +1. (93) 


4 
a 
3 
é 
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28. We first determine in which cases (92) is conjugate within G with a 
transformation (55). The conditions that (92) shall replace X and Y, defined 
by (33), by respectively and —7-1X + are 


rB=ay+bi+eyg, 

tD= cg, tH=c+ee—hy, tJ=eh; 

a= — By-*, b= Ay + Bs + tD Cg, 

oJ — 
| The first six conditions give 


6b=—ytA, c=g'tD, e=h + + (94) 
d=— gtC—gytA+atD +c. 
Substituting these values in the second set of six, we get | 
D=—A(c -d), yg9C=B(o—d), C=H(o—e), AD=gJ(a—«e), (95) 
hH= —a)—gB=B —a)(o— 9) — (96) 
| J =A —(0—a)(o —8)}. (97) 


Upon setting o = p + p~', (93) = 0 becomes 
W (2)=gy 8) + (98) 


which is therefore the condition that p?— op + 1 shall be a factor of A(p). We 
assume that this necessary condition for the conjugacy is satisfied. 

In view of (95), and (97), (95), reduces to AW=0. Likewise (95), 
reduces to BW=0. Hence we may drop (95); and (95),.. 

In view of relations (94)-(98), Abelian condition (34) becomes* 


= + AB + 


V=y +h + (6 — 8)’ — 2h-"gy (6 — a)(o — 8) + (6 —a)(o — 


* The only reduction made was in the coefficient of y~'AB, viz., 
P=y6 + "(20 —a)(o — 4)? 'eg?y? — 2eh-''gy (5 — a)(o—4) + a)? 
1(o —a)(o— 0)? + h- ‘g*y* (e — 0) — "gy (o— a)(o— dye —o) 
+h-* (o— a)?(o— d)3(e —o), i 


Eliminating the last term by using (98) multiplied by h~* (o —a)(o — 4), we find that 
P—0V=—h-'gyW=0. 


38 
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If V+ 0, the condition merely determines 7, whatever values, not both zero, 
in F be assigned to A and B. Now V=0 if, and only if, (98) has a double 
root. Indeed, (98) may be written 


o—e=gih (o — 0)/{(o —a)(o — 6) — gy}, 


since the denominator +0. Differentiating* and clearing of fractions, we 
obtain V=0. If (98) has a double root, not a triple root, the remaining root 
lies in F and leads to the conjugacy. 


THEOREM.— Within G, transformation (92) is conjugate with a type (55) 7, 
and only if, its characteristic determinant (93) has in F an irreducible factor 
p’ —op + 1 which is not a triple factor. 


29. Consider next (92) when (93) is either irreducible in F or is the pro- 
duct of two irreducible cubic factors (§25). Proceeding as in §26, we find that 
the only function, aside from a constant factor, which (92) multiplies by a con- 
stant x is 


— yum + + + — a) Di (hs + 


where D=— x’ +x) — 1, and x is a root of (93). Let D!’= +445 —1. 
Then 
w=ly —y gD’ yg t — 2) 
=(x—A)iy + — 4) 
+ — (a —&)(5 — Lyg — (4 — DI}, 


where ' are the roots of (98), viz., 


— W(c)=0°—o’? (a+ d+e)+0 (ad + ae + de — gy — 
—adetgyetg (98’) 


* That this argument is valid (here a great simplification) follows since, for d+0, the system 
¢(c)=0, 9” (c) = 0is equivalent to 


=0, (d¢’— ¢d’)/d?=0. 


| 
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Hence R,s = (x — a) R, where R is symmetrical in & and 7, and hence expres- 
sible as a function of m: 
(a — m)(d — m) 
— h~'yg [2ad — (a + d)(a +d +e—™m) 
+ + 2(ad+ae + de — gy — gh) — 


Now W(d)=gy(S—e), W(a)= gy (a—e) + (a —8). 


Then (a m)(S— m) gives a polynomial m‘—.... But m is a root 


of the cubic (98'). Multiplying it by m and subtracting from the preceding 
quartic, we obtain (a4 -+5—<«) W(m). Hence R&,,=0. As in §26, equations 
(88) hold, while 


where k=x-+x~'. Proceeding as in $27, we have the 


THEOREM.— Within the group SA(6, F’), two transformations (92) are conjugate 
uf they have as common characteristic determinant the product of two irreducible 
cubie factors. Within SA(6, p”), two transfurmations (92) ure conjugate if they 
have the same trreducible characteristic determinant. 


30. It remains to consider those transformations of the types (73), (75) and 
(92) whose characteristic determinants are the cube of an irreducible factor 
p’—op +1 in F. 

For (75) the conditions are 5=a, g=— 1 (§23) and then A(p)=(p?—ap+1)*. 
Denote this (75) by S, and let x*»—ax+1=0. The only functions which S 
multiplies by x are multiples of X=x&,—£,. If a function Y, independent of 
X, is replaced by x Y + ¢X, then Y is a multiple of 


— + ¢— xe) + t (a — 2x) 


Here a — 2x =x~!—x~0. We take e=0 and set X,= Y, X, where 
~=tx-'. Then S replaces X, by xX,+%x2;. We seek four more functions 
such that the six shall be conjugate in pairs (the two of a pair being derived 


§ 
$ 
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from one another by replacing x by x~') and such that, when the six are properly 
ordered, the general Abelian conditions 


Ry, = BR; = 0 [unless (6,7) = (1, 2), (3, 4), (5, 6)] 


shall hold. One finds the following solution: 


aA, + lxé,, = 1 (xk, — &s), 
alk, + 2ln, + (a 2x-*) N+ (xa — 2) ns, 
Y, = + ln, + (a — 2x) + (x72 a — 2) 


where, as above, = y+(a— 2x). Here X, and Y, are conjugate, X, and Y;, 
X, and Y,. For the transformation from &;, 7; to X;, Y; we have every R,; = 0 


except 
= Ry = Rog = y (x — x7’). 


The transformation S becomes, in the new variables, 
— + xX» — xX» a; = — + oX,+ TYs (100’) 

where 

__ xa—1—a? 


_ -1 
2x — a a— 


— 
so that xo + x~'¢ =—1. Transforming by 
X; = + AY;, t+A(x—x7')=0, 
we obtain a like transformation S,,,, withe=t=0. Let 
m= X/fx), w= or), (i= 1, 2,3), 


where f(x) =a-+ 0x is not identically zero. Then S,,, retains its form 


(100) 
Yi =x + x7 "y3, Yo = toys. 


For the transformation 7’ from &,, 7; to y;, we have 


(x—x7 *) 


‘ 
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The condition f (x) f (x—')=a*+aba + b’=y requires the solution of a quadratic 
in the field F. We here limit F to the GF[p"]. Then x~!= x”, and the con- 
dition becomes /?"*+1=y, all of whose p”+ 1 roots f lie in the GF[p™]. 
Hence (§3, Corollary) for the resulting transformation 7, 

3 


(101) 
independent of y. Hence 7 belongs to G@A(6, p”). One consequence is that 
belongs to SA(6, p"). Since this may be verified 
directly. 
We proceed to show that S;,,, where x> + x~'S = —1, is conjugate with 


S,,, within SA(6, p”). Let § be the general transformation (13) of §4. If 
= SS;,,, then 


0 0 0 0 
‘ane ee & 
0 0 Ay 0 0 0 
0 dv) 0 On 0 (102) 
Os, O O ay O 
0 0 0 0 O bb 
where 
du (> = (dig + (> — x (a3) + - (103) 


The conjugacy of the variables requires that 
The conditions that S shall be special Abelian are then 
The second condition (103) follows from the first, which becomes 
— XO = Uy — Ay, (103), 


For the GF[p"], this becomes, in view of (105),, 


Oy) 
Raising both members to the power p", and applying 


+x = 2x0 + x = — 1, 


i 
i 
j 
| 
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2n lad 
we get ( = xo — x> 


It follows by addition that a,,/a, belongs to the GF[ p*"], so that in this field 
(103), can be solved for aj2/a,;. Likewise, (105); can be solved for aj)d,3 in terms 
of in the GF'[ 

THEOREM.— Within the group SA(6, p"), two transformations (75) having as 
common characteristic determinant the cube of an irreducible factor p?>—ap + 1 are 
conjugate. They are conjugate within GA(6, p*") with the canonical form (100) 
with = 1/(x-'— x). 


31. Consider next transformation (73) when its characteristic determinant 
(74) is the cube of a factor p> —op + 1 irreducible in F. As in §24, 


80=a+d, 
30° — 20a — 205 +ad—2—PBy=0. (106) 


Let x*—ox+1=0. The only function which (73) multiplies by x is, aside 
from a constant factor, given by (85). It now becomes 
X, = — yun + (6 & 

+ (6 — + (6 — 9) (a — x7") + (6 ng. 


Replacing x by x—', we obtain the conjugate function Y;. In the present nota- 
tion, relation (89) gives, in view of (106),, 
Rs, = —x~"){yg + (8 — — a)$ = 0. 
We seek a function X, such that, under transformation (73), 


It suffices* to take zero as the coefficient of 7, in X,. Then must 


X, = — & + (2x — 2x’o + + (2x71 — 8) 
+ + 26—o —adx — + (2—ox) 


* Before attempting the complicated analysis of this section, I first carried out the indicated reduc- 
tion for the field of order p*"=—2. Then must g=y—a=8=1,d=0. Then (78) is reduced to the 
canonical form (100), with >= 1, by the special Abelian transformation 
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Denote its conjugate by Y,. Then R,,;=0. Let 
X, = gb + rm + + vist uns, 


it sufficing to take zero as coefficients of 7. We require that R,,, Ry, and Ros 
shall vanish (i. e., the Abelian conditions connecting X, with X,, X,, Y, respec- 
tively) : 


r+ yxq — 8 (S—o) + (8 —o)(a — v 
— r—s 9) + 1x71 (2a + 25 — 2x-1) w — (2 — ox) v= 0, 
— r—s(2x—d) + 97 1x (2a + 26 —o — ade! — 2x)w—(2— 


Subtracting the third from the second and dividing by x —x~', we get 
2s + ov — 3g-'ow = 0. (107) 


The second and first then give r and q in terms of s, w, v. Forming the function 
X; by which (73) replaces X;, we obtain for Xj; —xX;— xX, [see desired canon- 
ical forin (100)] the expression 


(— x —xg— ry") + + 76 + wy — xr) + n2(w — xd + 2) 
+ [r + sa +v + — xs + xg~1(2x — 2x’o + 
+ g~'(wa — gxv + 50 — adx — + (sg — xw + 2x — 73. 


We seek the conditions under which this shall equal 
mX, + nY3;=(m + n) —y (mx + nx—") + (6 — (mx? -+ nx-*) 

+ —o)(m + n) + (6 —0)[m (a — + n (a —x)] 

+ (6 —o)(xm + x—'n) 73. 
Comparing the coefficients of £, and 7, we get 

(5 —o)(— x — xq — ry?) =w— xd + 2, 
Eliminating r and g by the above relations and, by (106),, also y, we obtain, 
after dividing out (6 —o)’, the condition 
o=—s—vx+g — 20)(2 — xo). (108) 


Comparing, similarly, 7, and x3, we get (s—d)(1—x0)@?=0. Solving the 
conditions from 7, and 73, we get 
(6 —o)(x—x—1)n = 2xw — + x’o, 


109 
(6 —o)(x —x—') m= —ow + 8g — + 2x — + 109) 
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Kquating the coefficients of &, we get ¢=0. LEquating those of &, we get 


xp =0. Hence the six conditions reduce to (108) and (109). Adding 26 = 0 
to (107) and dividing by x—’— x, we get (110),, by means of which (108) reduces 
to (110),: 


w= gv— 2c), s=ov— 3g—1(a — 20) ox. (110) 


In view of these values, we get 
r= +05 — ad) — (a — 20)(4x + 30x5 — (111) 
= (a — 20)( 2a — oxa + oxd). 


Now the Abelian function for X,, Y; is 


Ry = — —r +s (6 —o) + (6—o) — (6 —a)(a — x) 
= g~!(a — 20)(0? — 4)(x- 1 — x). 


Now Ry, (on X, and Y,, conjugate to Y; and X, respectively) equals — Reg, 


whence After some computation, we find that R,, = R,, and that 
for the function for Y,, X;, 


Ry=qr—rgq + vw — we = (0? — 4)(v —v) — 


x), 
where 
t=y~ *(a — 20)?(4 + 308 — 2a8)(220 —- 40” + 4 — ao” + Jo’). 


Since o? — 4= (x — x~')? #0, and since R,, = — R,;, we may choose v to make 
R,,=0. We may, for example, take (o® — 4)v= 
Making the transformation of variables (99), where now 


F(x) F(x") = — (a — 20)(0? — 4), 
we have for the transformation 7 of variables from &;, 7; to %;, ¥;, 
Ri, = Ry = = x— the remaining Ri = 0. 
Hence (101) holds, so that 7 belongs to the GA(6, p”). The theorem of §30 


therefore holds also for transformations (73). 


32. It remains to consider type (92) when its characteristic determinant 
(93) is the cube of an irreducible factor p? — op + 1. 
For the case when F is the GF [2],o=1, y=g=h=1, and 


atd+ adtact+de+8=0, ade +5 +e=1 (mod 2). 


Dickson: Memoir on Abelian Transformations. 289 


By the first, a (6 + e) =a? +a=0, so that the second gives ad=1. Hence 
a=dSce=1. Let x bea root of p*—p+1=0. A function which (92) mul- 
plies by x is given by X, of §29; it is now written X,: 

+ ting, =X, =F, +x ?mt +73. 
Now + xX, for X,=&,+ ... if, and only if, 

Then = 1,2, = = 0. Hone Let 
= t + + tn, + tun, 

The Abelian conditions connecting X, with X,, Y,, X,, X; give 


r+xi+s+v=0, r+x7t+stv=0, 
r+xqtxw+v=0, 


Hence ¢=0, r+s+v=0, g+w=1, r+v=x, so that 
AX; = (w+ 1) + xb, + (r+ x) + 
Let our special (92) replace .X; by Xj. We find that 
Ay — 4X34 X, + (7 +x? + xw) Y;. 


Comparing with (100’), we have c=x’, whence xo+ =x%?+x=—1. 
Now Ry=r+7r+x*w+x 'w. To make we dispose of the undeter- 
mined r and w by setting r=w—0. The resulting transformation from &,, 7; 
to X;, Y; is therefore a special Abelian transformation in the GF[2*], which 
transforms (92) into (100) foro=r=x. 

I refrain from the verification that, for the general GF'[ p”], transformation 
(92) with A(p)=(p’— op + 1)° can be transformed into (100) by an Abelian 
transformation in the GF'[ p*"] such that relation (101) holds. Indeed, (92) and 
(100), with x7 —ox+1=0, are conjugate under /inear transformation in the 
GF [ p™], since the characteristic determinant* of each has the single invariant 


* Give it the notation (cj; ) and denote the minor of ¢; by cj. Then, for (100), 
which have no common factor involving p. Likewise, for (92), 
¢4,=29 (0? +1). 
The theorem holds true for (73), since c,,; = ygp, ¢2, — y (e* — p8a — p*g8 — pa+ 1). 
39 
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factor A(p). Moreover, the conjecture gains weight if we note that types (73), 
(75), (77) and (92) have led to uniform results thus far, the separation of cases 
appearing to be not vital but only to avoid the impracticability of treating the 
parent type (72) subject to numerous lengthy Abelian conditions. 

33. The classification in §21 led to four types, (73), (75), (77) and (92). Of 
these, (77) was reduced to (55) or (75) in §22. In §§23-32, the types (73), (75), 
(92) were treated separately, the conjugacies which occur in a given type being 
determined. It remains to determine the conjugacies occurring between the 
various transformations of the aggregate of the three types. This, however, 
requires no further computation, at least when we take F to be the GF [ p”]. 
Hither a transformation of the aggregate is conjugate within SA (6, p”) with a 
type (55) or else it can be transformed into one of the canonical forms (91) and 
(100) by a general Abelian transformation Jin the GF[p"™], where ¢ is the 
common degree of the irreducible factors of A(p), the multiplier (u of §2) of 7’ bein g 
unity or x — x—', where A (x) = 0. 

THEOREM.— Within SA (6, p"), two transformations, selected from the aggregate 
of the types (73), (75), (77), (92), but such that neither is conjugate with (55), are 
conjugate with each other, if, and any if, they have the same characteristic deter- 


minant. 
Types left for treatment by induction, §§34-40. 


34. It remains to consider (16), (20), (23) and (55). Of these, (20) is the 
product of a special Abelian transformation on &,, 7, 7, by one on &;, (¢>2), 
occurring only when m3. KEach of the other three is a product of a special 
Abelian transformation on £,, 7, by one on &,, 7; («> 1). 


35, Let first m= 2. Then (16) is the product of 7, , 7, where 7 is a binary 
transformation of determinant unity on &, 7,. We apply to 7 the methods of 
§1. Let F be the GF [p"]. The resulting types are 
“= 1 or a particular not-square y, and 7;,,,8,. We may replace by the 
ultimate canonical form 7; 1,42 in the GF [p*"]. 

For (28) and (55) we similarly reduce not only the partial transformation 
on &, 72, but also that on &,, 7. 

Among the types arising for an arbitrary field Fis LZ, ,Z,,, w and ¢ in F. 
We proceed to investigate their conjugacy within G. Now 


Ly, SL,,, Ls, 


i 
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where 8 is a general quaternary transformation, if and only if, 


pon =0, 60, =c8,=0, pon = = TAj2; 


Ifc=0, o $0, then By, By, are zero and 
pP2=0, poy =0, ody = 


Then d,,=1, by an Abelian condition, whence o/u=a},. Also p=0, the 
determinant of § not vanishing. Likewise if tr=o=—0, u#0, p#0, then 
Bu = By =dy=0, andy =1, = so that p/u=aj,. Hence the only 
transformations L,,, , conjugate with Ly, are Ly, and Le, 

Lastly, if u, 7, p, 0 are all $0, 


On Yu O12 
c= 0 Tay, 
Oo Y22 


The Abelian conditions reduce to the following 
21 — — 12 = (113) 


If the a, can be chosen in F to satisfy (112), then the y,; can be chosen to satisfy 
(113). It is possible to take a,; = 0 if and only if p/z and o/u are squares in F. 
Let next a, $0, so that and set aj, = = Aa». Conditions 
(112) then become 


(112’) 


Multiplying the first by v and the second by u, and applying the third, we see 
that tp/ou must be a square in F. Let this condition be satisfied, so that the 
second condition (112’) will determine a. in F when the first determines ay, in F. 
Consider, therefore, the first and third conditions only. If u/p is a square, we 
may takex =2=0. Let next u/p be a not-square in F. If x can be deter- 
mined in F’ such that 

u/p + = square, (114) 
then a, and 4 can be determined in F to satisfy the first and third conditions 
(112’). Ift/p is a square, tp is a square, so that ou is a square by hypothesis 
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and consequently also w/o ; but in this case we found that solutions were given 
by taking a, =0. 

Tf u,t, p, 0 are each not zero, and L,,L,,, are conjugate uithin G 
except in the cases (i), tp/ou ts a not-square in F; (ii), tp/ou ts a square, while 
u/p, t/pand u/p + x7] 9 are not-squares for every x in F. 

For the GF [p"], p > 2, u/p +’z/p can be made a square (or a not-square) 
by choice of x, so that the single type of the form Z, ,Z,,, is conjugate with 
I,,,L,,. For the field of all real numbers, the not-squares are negative so that 
for case (ii) u/p + x*z/p is a not-square for every x; hence no type L,,,,Z,,,, 18 
conjugate with Z, ,Z, , or with LZ, L,,,,. 


36. Summary of all canonical forms for m= 2 and F the GF[p"]. Let 
“= 1 or a particular not-square if p>2, if p=2. The canonical 
forms with all elements in the GF'[ p"] are 


additional for p > 2: Ly, Li AuTi, 41 = (25); 
additional for p= 2: Rg=(26); Ry» ,=(19) forx=—1. 


The canonical forms with not all elements in the GF'[ p"] are 


(63) with x”+1=1, 1; (68) with in the GF[p™] or GF[p"); 
With x?°-'=1, t'=1, VE 1; with et 
efi, 1; 1, 1. 


From this list we obtain a list of canonical forms no two of which are con- 
jugate by retaining but one of the set 
atl T,, Th, T,,, atl, pi Th, atl. 


37. Consider next (16) for m= 3 and F the GF[p"]. Changing the nota- 
tion, we write it 7; ,S, where o is a mark #0 of F'such that oo’, and S isa 
special Abelian substitution on &,, 7, &, 7. We give to § in turn the canonical 
forms of §36, except (19), which is treated in §38. However each form is subdivided 
as far as convenient in determining all the transformations of G commutative 
with 7;,S. We therefore follow the order (but with the present notation) of 
the expanded list in Transactions, vol. 2 (1901), p. 132. 


Type o, all different. 


| 
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Transforming by a suitable product of the /, and P,,, we can bring any one of 
the 6 multipliers into the first place and hence its inverse into the second place, 
any one of the remaining 4 into the third place, etc. Hence there are 


(p"— 38)(p" — 5)( 7) or ax (2"— 2)(2" — 4)(2" — 6) 
non-conjugate forms of this type, according as p>2 or p=2. A form is 


commutative only with the (p"— 1)? transformations 7), 7), 73,.- 

Type 7,,, %*, all distinct. There are 

4 (p" — 3)(p"— 5) or — 2)(2"— 4) 
non-conjugate forms of this type. Each is commutative only with A7;, ,, where 
A is the second matrix on p. 108 of Transactions. The number of commutative 
transformations is 
Type The number of non-conjugates is 
—3) or 4(2"— 2). 

By a general theorem (Linear Groups, pp. 229-233), which is used repeatedly 
here to avoid computation, the type is commutative only with 
[ay 9 ag O 
by dy O dp 
Qo 0 0 Agog 0 


\0 dy O dy O 


Its determinant equals |a,;|.|5,|. The Abelian conditions are 
+ + = 1, + + = 0, 
(t,7 = 1, 2,3; tJ). 
Then |a,;|.|6,|==1. Hence the 6, are uniquely determined in terms of the a, 


The group of the commutative substitutions is therefore simply isomorphic with 
the ternary general linear homogeneous group (Linear Groups, p. 77) of order 


Type 7, .7,417;,., *, @, ‘all distinct. There are 
4 (p" — 8)(p" — 5) or §(2"— 2)(2"— 4) 
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non-conjugate forms. Each is commutative only with 


m=a'm, + fn, thn, 
£3 = y= (116) 
where eh — fg = 1. There are (p" —1)*(p** — 1) p” of these. 


1 


Type 0 
or 4(2"— 2). 


The number of non-conjugates is 


Each is commutative only with AB, A as above and B any binary transformation 
of determinant 1 on &,, 7, giving 


— 1)( p™ — p") . (p™— 1) 
Type 7,,. @, all distinct, as in §36. The number 
of non-conjugate forms is 
— 3)(p" — 5) or 2)(2"— 4). 
Each is commutative only with (116) with f= 0,e=A, giving 
2p" (p"— 1)? or 2"(2"— 1)’. 
Type .-1 The number of non-conjugates is 
2(p"— 3) or $(2"— 2). 
Each is commutative only with AT; .,Z;,,, A as above, giving 
— 1)(p"— or (2" — 1)(2"— 2"). 
Type The number of non-conjugates is 
3 or 4(2"— 2). 
Each is commutative with ( — 1)( — 1)( — 1) transformations. 
Type Z,, .7),+172,+175,.. The number of non-conjugates is 
2(p"—8) or +(2"—2). 
By Trans., bottom of p. 114, each is commutative with only 
2p'* (p™—1).(p"—1) or 2 (2"— 1). (2"—1). 
Type LZ, The number of non-conjugates is 


p"—8 or $(2"— 2). 
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If e=+1 according as p" = 4] + 1, there are 
2p" (p" — «).(p"—1) or (2"— 1) 


transformations commutative with each (Trans., p. 115). 


Type Z,,,L,,,7),417:,+173,., for p>2. There are p"— 3 non-conjugate 
types, each commutative with only 


2p" (p" + 1). 


Type » = 2. Hach of the 4(2"— 2) non-conjugate forms is 
commutative with 2 (2* — 1).(2"— 1) transformations (Tr., p. 111). 

Type f,73,, p= 2. Hach of the 2”— 2 non-conjugate forms is commuta- 
tive with only 2. 2°". (2"— 1) transformations (Tr., p. 112). 

Type A, 7,41 > 2. Hach of the 2(p*—38) non-conjugate 
forms is commutative with 2p. (p"— 1) transformations (Tr., p. 118). 

Type o, all distinct marks of the G@F[p*], 
The number of non-conjugate forms is 


(p" — 1)(p" — 3)(p"— 5) or 2" (2" — 2)(2" — 4). 
Each is commutative with the (p* —1)(p" + 1) a- 
Type .75,.,@ and as before. There are 
(p" —1)(p"—8) or 42" (2"— 2) 
non-conjugate forms, each commutative with only : 


Type 7), +17», and as before. There are 
4(p" — 1)(p" — 8) or 2"(2" — 2) 


non-conjugate forms, each commutative with 
(p™ — 1)(p" + 1). (p"— 1). 
Type 71,412; .%,. 75,4, #, 4, @ as before. There are 
(p" — 1)(p" — 8) or 2" (2"— 2) 


non-conjugate forms, each commutative (Tr., p. 119) with 
2p" + 1).(p*—1) or 1). (2% — 1). 


4 
4 
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Type "75,4, 0°" *'=1,0°$1. There are 
& (p** — 1)(p" — 8) or $2” (2" — 2) 
non-conjugate types (Tr., §18), each commutative with 
(p™ + 1)(p"— 1). 
Type 7, 0" There are 
} (p"—1)%.(p" — 8) or 2"(2"— 2).(2"— 2) 
non-conjugate types (Tr., §19), each commutative with 
— 1)(p"— 1). 
Type ti=1, 2-1, x1. There are 
(p"— 1)(p" — 8) .(p"—8) or re 2"(2" — 2). (2"— 2) 
non-conjugate forms (Tr., §20), each commutative with 
(p" + 1)(p"— 1). 
Type There are 
+ 1)(p" — 3) or $2" (2" — 2) 
non-conjugate forms (Tr., §21), each.commutative with 
(p" + 1) — 1). (p"—}). 
Type (63) 7%, There are 
+ (p"— 1)(p"— 8) or 2"(2"— 2) 
non-conjugate forms (Tr., §22), each commutative with 
p"(p" + 1).(p"—}). 
Type 7,,_173,., p>2. Hach of the 4( p"— 3) non-conjugate forms is com- 
mutative (Tr., p. 109) with [ p”( p**— 1) 1). 
Types Z, and L, ,7,,173,., p > 2. Each of the 2(p"— 8) non- 
conjugate forms is commutative with (Tr., §9) 
2p™ — 1) . (p" — 1). 


Types Z, , and L,,, p>2. Hach of the 2(p"—3) 
non-conjugate forms is commutative with only 4p*"*(p"— 1) transformations 


(Tr., §10). 
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38. We pass to transformation (20) for m=3 and F the GF[p"]. We 
give the binary transformation of determinant unity on £,,73 one of the canonical 


form of §1. 
Type (19) 75,., x, x~*, a, a~* all distinct marks of the GF[p"]. Note that 


P,, transforms (19) into a similar transformation with x—! in place of x. Hence 
there are | 
4 (p" — 3)(p" — 5) or — 2)(2" — 4) 
non-conjugate forms of our type. Each is commutative only with 
a 0 0 0\ 


=| 0 ba? O| 
56 0 0 a | 


where O denotes a matrix all of whose elements are zero. The number of 


transformations is thus ( — 1)’. 
Type (19) Z,.. The number of non-conjugates is 


4(p"— 8) or 4(2"— 2). 


Each is commutative only with the linear transformations* 


aoo000 0 
0 a b 0 
0 0 a 0 0 0O| 
ae (118) 
d 00 0€e 0] 
00 d 0 0 


* This result may be verified directly or derived from the general theory, first rearranging the 
variables. Then the first transformation below is commutative only with the second : 


‘a 0 0 0 0 0 
0 0 @ 0 2 & & 
« 0 0 0 | d 0 0 
=] 0 0 kK 0 0 0 | 9 0 0 a, 0 0 
\0 0 0 d 0 
0 O a 

40 


OLA 


| # 
| 
| 
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The Abelian conditions are 


aa,=1, —ab+ba—ec= (118') 
—a,d—ec, = 0, —ad, + ce, =—0, 
whence 
1 1 _ _—d _ cd 


Hence c, b, d,a,e are arbitrary, with a0,e+0, so that there are exactly 
p*" (p* — 1)” commutative transformations. 

Type (19) 7%4,- Hach of the p* — 3 or $(2"— 2) non-conjugate forms is 
commutative only with the transformations . 


| 

ru—its=1, (119) 
T8 


> asin (117). There are p” (p"—1).p"(p” — 1) of these. 
Type (19) 7%,4,2;,,. The number of non-conjugates is | 


2(p" — 8) or 4(2"— 2). 
Each is commutative only with (119) fors=0,7r=u, giving 
2p". p"(p" — 1) or 2". 2"(2"— 1). 
Type (19) 7%,,,a”"+t’=1,a7+~1. There are 
4 (p" — 1)(p" — 8) or 7 2"(2" — 2) 


non-conjugate forms. Each is commutative only with (117) for e+! = 1, giving 
(p" — 1)(p" + 1) transformations. 


39. Consider next transformation (23) for m= 3 and F the GF[p"]. 
Changing the notation of the variables, we have W7;,.,1;,, where W is a special 
Abelian transformation on £,, 7, &,72,- Let the characteristic determinant of 
W be D(p). The case when D(p) has in F a root x = x~' was excluded by 
hypothesis (§8). We first suppose that every root of D(p) is a root of a= 1. 
Then W may be taken to be R,., A, +172, or a product of certain ,, 
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T,,-1,t=1, 2. In the last case, we replace L;, by its conjugate Z;, and have 
the following preliminary types:* 
Ts, Ly, La, Le, wT, 15 Zs, 15 Lh, La, a3 (120) 
ifp=2;A, u=1, v if p >2), 


together with their products by 7= 7, _,7,,-173,-1- 
For p > 2, is not conjugate with} since 
Ly, L;,;S= 


requires that, when S is given the form (13), 
By=0, ag=vrd, =1, 2, 3). 
The Abelian conditions on § then reduce to 
+ + = + + 55:03, = 0 1, 2, 3; 


together with linear homogeneous conditions on the y,,. The conditions on the 
6, are precisely the conditions that the ternary transformation (d,) shall replace 


it & by =. + & + &). But such a replacement is impossible if v 


is a not-square. 
Next, Z,,, and Z,,, are not conjugate within G. For the conditions for 


L,, = (13) Z,, are 
Bu = = Ba = Ba = = = = = =0, ay 


Then an Abelian condition gives a,6;, = 1, whence v = a}j. 

That the two forms of the type Z,,,Z,,, are not conjugate within G follows 
from the enumeration below of the commutative transformations. 

That no two of the three types LZ, ,, Z,,,L2,4, L,,-Lo,4L3,, are conjugate fol- 
lows from the theory of canonical forms. Also, by the invariance of the roots 
of the characteristic equation, two conjugate forms (120) must contain the same 
number of factors 7; _,, if p > 2. 


* Noting that, by 235, Li, 1Zj,1 and Li, pj, » are conjugate. + Ib. 
t Jordan, Traité, p. 171, for the case of modulus p and m=3. I havea direct proof of the follow- 
ing theorem for an arbitrary field F/. No linear transformation with coefficients in / multiplies 


+ + by a not-square in F, when m is odd. 


| 
} 
4 
‘5 
<j 
4 
a] 
4 
| 
| | 
§ 
a 
# 
4 
Ry 
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If, for p > 2, S transforms , 7, into whose 
p™ powers equal 7,_,, then § is the product of a special Abelian transforma- 
tion on &,, 4, by one on &,, 72, &3, 73. Tne latter would transform L, ,Z, , into 
L,,,L3,,, contrary to §33. Similarly, if S transforms JZ, ,7;,_,.,; into 
Ly, it would transform Z, ; into L,, ,. 

Treating the remaining cases similarly, we find that no two of the transfor- 
mations (120) are conjugate within G. 

Type L,,,Z,,L3,,7. It is commutative with (13) only if 


=n, =e, May, By =O, (1,7 =1, 2, 8), 


The Abelian conditions on (13) then reduce to 


+ uaiz=1, ay tay + af (121) 
+ ja — ig Aisy¥j3 — = 0, (1 22) 
(¢,j=1, 3,3; ¢<J). 


Now, if » > 2, conditions (121) are precisely the conditions* for the invariance 
of H+ e+ s £3 under the ternary transformation (a,;), so that the number of 


sets of solutions is — 1)p". For p= 2, then and the first conditions 
(121) give 1+ a), +a, for i=1, 2,3. Then the second set of three 


become 
+ AjygAg = 1, + = 1, + A,Ay=1 , 


where A, =1+a,. The first two of these may be solved for A;, and A,,, since 
their determinant is unity by the third: 


Ay, = Ag; + = Age + Aye. 


The third has 2*(2°"— 1) sets of solutions. This is therefore the number of sets 
of solutions a, of (121). The determinant of (13) equals |a,;|7. Hence 
|a,;|—= +1, as is evident from what precedes ifp >2. Now if all the deter- 
minants of order 3 in the 3 by 9 matrix of the coefficients of the y, in (122) all 
vanish, we find that the minor of each a,; in |a,;| vanishes, whereas the latter 


* American Journal, Vol. X XI (1899), p. 195, formulae (17), (2’) for s=m=8. 


i 
Aa 
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+0. Hence relations (122) determine three of the y, in terms of the remain- 
ing ones and the a;. The number of transformations commutative with 
Ly, L,,, Ls, , is therefore 

2(p**— 1) p®. p™ or 1) 2". 2%, 


Types LZ, ,7, L,,,Z,,,7. The conditions for ,(18)=(13) ,Z,,, are 


Bu = Bx = Ba = = Big = 51g = = 0,7 0, 
TBag=0, Tog =O, 


T3=0, dy= Oyj, = = == 
According as t = 0 or r = 1, we obtain 


Yu Yi2 On Yun [012 Yi2 


0 a oO 0 90 0 0 ay O 
8a Boz Bos 0 Ua, O O O 
O Ya %e Ya As \9 yn O Yu 
0 dn Bu om \O dy de 
For the first, a, = + 1 and yz, 5, 751, 53, are determined by the Abelian con- 
ditions, while the matrix obtained by deleting the first two rows and columns is i 
that of a quaternary special Abelian transformation. The number of transfor- { 
mations commutative with L, , is therefore : 
— 1)(p* — 1) or 2%", (2 — — 1). 
For the second the Abelian conditions are j 
+ 1, + = 0, +05, = 1, (123) 


=1, — Yuen + 22 — + — 19%_3 = 9, (1 24) 
+ 13733 — = 9, + 012052 + 13033 — 713033 = 0, (125) 
a1 + + — = 0, 031 + — = 0. (126) 


From (128), a3, = dj, a == + ay, 4) (4g, + 5.) = 0. The number N of sets of 


solutions of (123) is 
2(p" + ce) ifu=v; 2(p*—e)ifu=1,p>2; p=2 


where ¢ = + 1 according as p* = 4/ + 1. 


i 

i 

L 
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In view of (124), we can solve (125) for a 3 and 7,3, and (126) for a, and 723. 
Conceive of these values being substituted in (124),. The coefficients of y,; and 
yu remain a, and —a,, respectively, not both of which are zero. Hence either y, 
Or 72, is determined. Hence for each of the p"(p™"— 1) sets of solutions of 
(123) and (124),, for the 8 coefficients entering, the 12 remaining coefficients 
are connected by relations which determine 5 of them. Hence Z, ,Z,, is com- 


mutative with exactly 


2(p"+ ©) p*(p™— 1) p™ifu=v, p> 2; 
ifu=1,p>2 
2", 2" (2 — 1) 2" if 2. 
Type Z,,,7%,-17, p >2. A transformation commutative with it is commu- 


tative with its p** power 7, _,7 and hence is the product of a special Abelian 


transformation >) on &,, by one on &, 73. Being commutative with 


L,,,4=d=+1,c=0. Hence there are 


2p”. (p™ — 1)(p*— 1). 


Type LZ, ,7;,_,7,p >2. A substitution commutative with it must be com- 
mutative with both 7,_, and L,,,. By Trans., bottom of page 114, or by type 


L,,,,, their number is 
(pi — 1). p"(p™ — 1). 


Type p>2,u, A=1,v. A transformation commutative 
with it is commutative with 7, _, and Z,,,Z,,,. The number is thus 


2p" 1) 2p". 
Type L, , 73,17, p > 2. Its p™ power is 7, _,73_,7. A commv- 


tative transformation is, therefore, the product of type (17), Trans., p. 115, on 


£3, "2, &3, by a transformation of determinant unity on &,7,. The 


number is thus 


2p*" (p" + e).p" (p™ — 1) ifu=v; 2p™(p*— p"(p™ — 1) ifu=1. 
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Type ,L3,7,p > 2. A commutative transformation is of the 
form in the preceding type withe=—0,a=d=+1: 
2p*" (p* + €). 2p" if (p"—«).2p*ifu=—1. 
Type 7; _,7, p >2. The number of commutative ones is 
p” (p"™ —1).p™ (p™ — 1)(p™ — 1). 


Type p=2. For the sequence £&,, &, 7, &. of the 
variables, the commutative transformation (as given by inspection by the general 
theory) is the first one below. For the initial sequence &,, 7, &, m2, &3, v3, 
we have the second: 


a @ @ @ 

bafe Ba hedgd y 

g Oy g 9ec¢ 

hgaqdesy |’ f @ « 

x 0p r O x Op Or 

Tx Op 8s & & # 

The Abelian conditions on the second give 

a=0, y=0, r=1, aptex=0, (127) 
he +be+da+fg=0, hp+er+dx+go+dr=0, (128) 
acteg=1, (129) 


From the last two in (127), p=x=0, since the determinant is not zero by (129),. 
Now (128), and (129), determine § and @. Since e and ¢ are not both zero, (128), 
determines either h or 6. Hence of the 18 coefficients, 8 are uniquely determined 
in terms of a,c, e, g [connected by (129),],d, f, r, 0, s and either A or 6, The 
number of transformations is therefore 


a" (2"— 1) 26, 


This result suggests that the type is perhaps conjugate with Z,,Z,,,L,,. That 
this is in fact the case follows since the Abelian transformation 


&=mt+ ns, 
nga ths, + n3 + + 13 


transforms L, ,LZ,,, into 


i 
2 
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Type &,.,, for p=2. The auxiliary and final are now 


e 0 0 0 0 0 
bafeuauy hedg 6 8 
g 0 c¢c 0 0 0 g © « 6 
hgde 638 }’ be faa y 
x Op Or 8 * 0 s 
0 O wu \7 00 Of 


The Abelian conditions on the second are 


acteg=1, ex+ap+as+yr=0, ertac+au+yi=0, (130) 
mu+ts=1, he+be+da+f9+ by +ad=—0, (181) 
(132) 


By the last two in (130), a and y are determined, since the determinant +0 by 
(131),. Likewise @ and 6 are determined by (132), Then (131), determines 
either h or b, neither occurring in the other conditions. There are [2"(2""—1)]? 
sets, a,c,e,g,7, u, t, s, satisfying (130),, (131),. Then d,/,x,p,7,0, and 
either A or 6, are arbitrary. The number of transformations is thus 

Type p= 2. Denote it by V,,. If S be defined by (13), we have 
V,,,S= SV, 7 if, and only if, 


a, O 0 0 

Bu O41 Bi Bis di 

b: 0 Gn 0 0 0 

Ba TO 0 
O 0 O Gs 

0 Tas, 0 Bes bsg 


TY 33 = Ty3 = 0, = Tay, Bou + By + dy = Bay + 


The Abelian conditions all reduce to 

a,—1, Ber + + Pris + = 0, Bai + + 13033 + 013833 = 0, 

+ + 013033 =0, Toy + T013033 = 0, O33033 =1. 
If 1, then y—=0, 1, whence 70. By an earlier 
transformation, we can make 7=1. Ifrt=0, then Ty, = whence 
T=0. Hence, if the two are conjugate, we may set 7—7—1 or 0. 


; 
| 
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For 7=¢ = 1, then = 0, Ogg = = 1, Gy == 1, Gg, = 
= + + 6139335 Ba = Biz + + 3 = 12 + df +B + B. 


Hence V, , is transformed into V, , by the resulting Abelian transformation in 
which db, By, B33, 13, By, are arbitrary* and the others determined. It follows 
that the number commutative with V,, is 2”. 

For T= 7=0, we must have dj, + 4,.= 6 + B, so that a necessary condi- 
tion is f(8) = f(B), f defined by (28). Let this condition be satisfied, so that 
two values of 6, can be found in the GF'[2"]. Then for any set of solutions of 
— = 1 and Gis, G43, arbitrary, the conditions merely determine 
Bu, Ger, O31» 8» Hence there are exactly two non-conjugate forms Vo and V, 9, 
b a particular solution of f(y)= 1. It follows also that there are exactly 
2.2" 1) 2,, Abelian transformations commutative with viz., 


1 00 0 0 90 
ll 1 12 8 13 b13 
Or 0 ] 0 0 0 O13 = 0 or 4, 


Crs + 0 ds 1 0 0 — = 1, 
2137/38 0 0 0 O33 8638 
Bisds3+ 9 0 0 Bs 


Types A, 7), t=0, 1,7, p >2. It suffices to con- 
sider A,L; A, ,L;,, and their products by 7, _ —17},-1. 

Type A,7; 14,T= Y,,,, p>2. The power p’ of it gives 7; _,7, since 
A,, is of period p if p > 3 and of period 9 if p= 3 (Trans., p. 113), Hence if S 
transforms Y, , into Y,,, S is commutative with 73 _, and hence is the product 
of a special Abelian transformation Y on £,, 7, by one on £3, 73. The 


latter, say , must transform Lj, into Z3,. Hence 

br=0, Bt =0, dv=at, ad—be=1, 
then ¢=0. then ad=1, dr =at, whence must be a 
square. Applying earlier transformations, we may taker =¢=—1ory. Since 


Y shall transform A, into A,, where n., M=1, »v, it follows from §9 that u= 
Hence there are 6 non-conjugate forms Y, ,(u—=1,v; r=0,1,v). We may 


* Taking these zero, whence 8,, — 0, 8,,; —4j,, 47; — B+ B, I verified the conjugacy. 
41 
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now readily determine the transformations commutative with each Y, ,. 
§9, for a =a’ =u, we have 


Ay 0 O 0 
0 0 201719 + om [oie =0, 


the number of which is 2p". Further, we have 
br =0, dtr=ar, ad—bce=1, 


the number of solutions of which is p"(p**— 1) or 2p" according as tr =0 or 
t+0. In the respective cases, Y, , is commutative with 


2p*" ( — 1) or 4p. 


Type A,L; t= 0,1,v, p>2. The conditions for X,, 
= , require that 


Oy 0 0 0 O 0 ——" 
Ky 0 a, O 0 Hos = 
’ 
3) 0 0 0 O33 ’ 
Bs 0 —tas, 0 Ogg tags 


The Abelian conditions all give 
=1, 4101 = 0, 2511812 + (011019 =0, 
+ = 9, — + + — 513/953 = 0, 
Then di, = M, whence M=u=—1 ory; +1, dy. If 
then ¢=0. If r0, then y3—=0, = 1, 7033, whence Hence 
no two of the six forms X, , are conjugate. 


Setting M= yp, t=T, we get 6, =ay, = + 1, a, = — dy and 
TY 33 — 0, = TO, 2B» [dig — Tis = 0, (133) 
Tag) + 7513533 = 9, Bs = + Bisds3 — (134) 
— = 1, = - (135) 


If. then 73 = 0, dg = O33 = 1, = =F while the last conditions 
in (133) and (134) determine @,, and Since Gis, d13, are arbitrary, 


By 


5 
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we obtain 4p™ transformations commutative with X, ,,7#0. If r=0, Bu, 
dz, and 6,; are arbitrary, while ay, dy, a, Giz, are determined. 
Hence there are 2p*". p” (p™ -— 1) transformations commutative with A,. 

It remains to take as W, in W7;,, 1; ,, a quaternary canonical form for 
which D (p) has four roots not in the GF [p"], or two roots + 1 and two roots 
not in the GF[p"]. Consider the subdivisions necessary for the types 
T,, Ly,» Ts, +103, where (to the end of this section) A 
transformation which transforms one such type into another is the product of 
T,, 3, = 1, by a special Abelian transformation A on &,, 7, £3, Hence 
they must have the same c and the same sign + in view of the invariance of the 
roots of their characteristic equations. If c— + 1, we may restrict L,,Z,.,, 
to the forms I, Z,,,Z,,2;,. Ife=+-1,p>2, it suffices to take as 
Ly,» Tz, one of the non-conjugate forms 7,_,, 7,=,J3,,; 
T;, -,L,,,L3,,, where or v. 

Type 7),+175,, 73,41. The number of non-conjugate forms is 

or 2". 


The number of Abelian transformations C commutative with any one of the 


forms is 
(p* — + 1)- 


Type 7), 73,41. The number of non-conjugates is 
2(p"—1) or # 2". 
The number of the C is (Trans., bottom of p. 114) 
2p —1)(p" +1) or 1)(2"+ 1). 
Type 7) 4:21: %,.75,+:Ls,,. There are 
2(p%— 1) or 4 2” 
non-conjugate forms. The number of the C is (Tr., p. 115) 
(p" + e)(p" + 1) ifu=v, p> 2; 
2p™ (p" — e)(p" +1) ifu=1, p>2; 2” (2"+1) ifp=—2. 
Type There are 1) non-conjugate forms, each 


commutative with p™ (p*: — 1)*(p" + 1) transformations. 
Types 7) _ p > 2. The total number of non-conju- 


¥ 
d 
| | 
; 
a 
‘ 
H 
‘ 
+ 
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gates is 2(p"—1). Each is commutative (Tr., §9) with 
2p" (p™ — 1)(p" + 1). 
Type > 2. Hach of the 2(p"— 1) non-conjugate forms 


is commutative (Tr., §10) with 4p” (p" + 1). 
Type 7», 0°"t1=1, 671. Each of the 


p™—1 or 2” 


non-conjugate forms is commutative with 2p"(p*" + 1) or 2"(2" + 1). 
Type 7;,,7), 41,0 a8 before. Each of the 


4(p™— 1) or 42” 
non-conjugate forms is commutative with p" (p’*— 1)(p" + 1). 
Type oP" 7, +'41. Each of the 
(p"— 1)? or 2"(2" — 2) 
non-conjugate forms is commutative with 2p"(p** — 1) or 2"( 2"%—1). | 
Type 7, .»" 73,41, a8 in preceding. Each of the 
4(p"— 1)? or 2"(2"— 2) 
non-conjugate forms is commutative with p" ( — 1)’. 
‘Type Ty, ,, t'=1, A, x, all distinct. The 
number of non-conjugate forms is 
— 1)(p" —8) or 2"(2"— 2). 
Each is commutative with 2p"(p" + 1)’ or 2"(2" + 1)’. 
Type 75,41, *, 4 a8 before. There are 
(p* — 1)(p" — 8) or 2"(2"— 2) 
non-conjugate forms each commutative with p"(p”" — 1)(p" + 1)’. 
Type x*1. There are 
2(p"— 1) or 42” 


non-conjugate forms, each commutative with (Tr., §21) 
2p". (p" + 1) p* (p™—1) or 2". (2"+ 1) 2"(2— 1). 
Type a8 before. There are p*—1 or 42" non-conjugate 
forms, each commutative with 


p" (p™ — 1). + 1) — 1). 
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Type (63) 734,25 ,, There are 
2(p"—1) or 2" 
non-conjugate forms, each commutative with (Tr., §22) 
2p". p"(p" + 1) or 2". 2"(2" + 1). 
Type (63) 7; .,, x as before. Each of the p” — 1 or 4 2” non-conjugate forms 
is commutative with p”(p"+ 1). p"(p”™—1). 


40. Finally, consider transformation (55) for m= 83 and F the GF[p"]. 
The hypothesis is that its characteristic equation has no root in F. Changing 
the notation and applying §1, we may write it V 7;,, where V is a special 
Abelian transformation on &,, 7, &, 7,, and where, as always in this section, 
ti—1, a? =1. Likewise for x and r. 

Type 7), , 0°" *!=1,07 1. Each of the 


(p™ — 1)(p" — 1) or 
non-conjugate forms is commutative with ( p’” + 1)( p* + 1) transformations. 
(p" — 1)° or 2" (2" — 2) 
non-conjugate forms is commutative with ( p” — 1)( p* + 1). 
Type *, x1, 7, A, A~’ all distinct roots of The 
number of non-conjugate forms is 
as (p* — 1)( p® — 3)( p® — 5) or 2" (2" — 2)(2" — 4). 
Each is commutative with ( p* + 1)? transformations. 
Type *, A, all distinct. There are 
(p* — 1)(p"—8) or 2° (2" — 2) 
non-conjugate forms, each commutative with (Tr., §21) 
(p" + 1) p"(p™—1).(p" + 2). 
Type 7,,, 7,,73,,. There are 3(p” — 1) or 3 2" non-conjugate forms. By 
the general theory each is commutative with only S: 


/a@ 0 6 0 


f 
i 
é 


| 
+4 
j;@¢@ @ | 
| re 7 9), 
| | O 
\ 0 O Oo 
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The 6 conditions that S shall be Abelian are precisely the conditions that = shall 
be hyperorthogonal (Linear Groups, p. 133), the number of which is 


(p” + 1) 9" — 1) + 2). 
Type (63) The number of non-conjugate forms is 
t(p" — 1)(p"— 8) or 2"(2"— 2). 
Each is commutative with p"(p"-+ 1)’ transformations. 
Type (63) There are }(p*— 1) or 2” non-conjugate forms. is 
commutative with only (118), where now 
The resulting transformations are, however, not Abelian, the present case being 
unique in this respect. Indeed, by §19, end, a transformation of SA(4, p”) is redu- 
cible to its canonical form (63) by a special Abelian transformation in the 


GF [p’"]. It is otherwise with 73,,,x°°t!=1. It follows from §1 that we 
may assume as the transformation of variables to obtain 7; , 


a3 = (Es — (x), yx 'ns)/f 
J (x) being linear in x with coefficients in the GF[p"]. We can make 


by choice of the coefficients in f(x). For our transformation of variables, 
3 


Transformation (118) must leave the second member unaltered. Hence* 
aP*t1—1, ab! —a"d + 
ac?” + =0, 


One of the last two may be dropped. The other determinesc. Now 


For any b/a in the GF[ p*"], the second member equals its conjugate, and hence 
belongs to the GF [p"]. Hence if b/a is not in the GF'[ p"], there are exactly 
p" +1 roots d in the GF[p*"]; otherwise, d= 0. The number of transforma- 


* Modifying §2 for m = 3, we define C,, from C,, by inserting the factor x — x~’ before the 
term given by ?=3 in (3). Then C;,= Cy, =1, all remaining On = 0. 


4 
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tions of SA(6, p”) commutative with one having the canonical form (63) Z;., is 


therefore * | 
(p" +1) [p* + + 1)] + 1). 


The remaining types in §§7-33 for m= 8. 

41. We now discuss for m = 8 the canonical forms determined in §§$7-33, 
aside from types (16), (20), (23) and (55), which have been exhaustively treated 
in §§ 34-40. | 

Type (22). There are }(p"” — 3) or }(2"— 2) non-conjugate forms. Indeed, 
P,,My'T,, -1Qs,1,, transforms (22) into a transformation derived from (22) by 
replacing x by x~! throughout. The only linear transformations (13) commuta- 
tive with (22) are 


0 0 0 
; O 1 By 0 
0 9 O | 


Bor 
— Bex 0 0 ay, O 
0 


by 0 bu / 


The Abelian conditions reduce to 


3 
bn — Ai; Boy 19 41933, Bos = 


*I give a new proof for p” = 2”, and a check for » >2. In each case the work is carried out 
in the initial field. 

Let first »” be of the form 47 + 3, so that —1 is a not-square. Then the special Abelian 
transformation 2 = P,,Z,,_,7;,_,M; has the canonical form (63) 7;,,, =—1. If (18) be 
commutative with 2, it must be commutative with 2*= Z,,Z,, and hence have the form of 
the second matrix just preceding (123), for ~«=1. ‘The latter is commutative with 2 if, and 
only if, 

= — Oy, Gy = On, Oy, 


The Abelian conditions then reduce to 


=1, ass + Yas 1, + — + + =0, 
+ 0120s + 43733 = 0, 4,03, — + + = 0, 


The last two determine a,, and y,;, the determinant of their coefficients being unity. Since 
» > 2, the third determines either ;,. or 7, Which do not occur in the other conditions. Now 
a’ + y?=1 has p"+ 1 sets of solutions in the field of order p” = 41 + 3. Since ys, 6, and either 
OF Yu Yemain arbitrary, there are (p” + 1)? sets of solutions. 

For the G#’[2"], a transformation of SA (6, 2”) having the canonical form (63) 7, , is 


f 
4 
is 
: 
4 
‘ 
“i 
« 
a 
? 
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The number of transformations commutative with (22) is thus p* (p” — 1). 

Type R,7;,,,p = 2, where (as below) a“t+!=1,a4?>1. The number of 
non-conjugate forms is 2". Each is commutative (Trans., p. 112) with only 
2.2"(2" +1) Abelian transformations. 

Type = 2. There are } 2" non-conjugate forms, each commu- 
tative with 2 (2" — 1)(2"+ 1) (Trans., p. 111). 

Type 4,7, > 2. There are 2(p*— 1) non-conjugate forms, 
each commutative with 2p" (p" + 1) (Tr., p. 118). 

Type S,1,-1%),417%2,4173,41, p> 2- An Abelian transformation commu- 
tative with either of the two is of the form (36), subject to the conditions (37), 
(38), Ry, Rey, Ry, Ros of §11, where now b=c= 0 (it being allowable to substi- 
tute R,, for Ry). Let 


Ba + Bu + Bu + Ba=B, Be + Bos =p, Bos + =o; Bis=x. (136) 


whose characteristic determinant is the cube of p? — (6 + 1)¢ + 1, which is assumed to be irre- 
ducible in the field. Forming the conditions that (13) S= S(13), we find that (13) must have 
the form 
Pu As fis 
Yu + + Oy Yu + + fis fs at (+1) ns 
fa + + Y12 ay, + + Yu Vis a3 + (6 + 1) Vis 
yn Gut yn ant (6 +1) yn sss + (8 +1) 
Consider the Abelian conditions on the latter. We have 
Rs = %s + (6 + =1, Ry= 0, 
Ry = Bras = + + + + ais + (8 + 1) + 73, = 0, 
(s) Rut Ris= (an + + (6 + 72) (7 + + + an)? = 1, 
+ + + + + 713733 + ©) +1)(4n7n + + = 0, 
Ry + + + + + = 0 
Ru Rus, Rs = Ro = Rs = Rx = Ris; 
+ Rss = (é + Rs = Ris. 
Hence all follow from Rss, Ris, (3), Ry, R,. If in R,,and R,, we collect the terms in 7,,, a,,, 
we find that the determinant of their coefficients is unity by (s). Hence F,, and R#,, serve to 
determine ;,,, which occur in neither #,, nor Now &,, has '2" + 1 ‘sets of solutions 
7333 (8) has 2" + 1 sets of solutions A=4,, + + not both zero. Then 
becomes 


16 


pa, (6 +1) + (8 +1) + Au + ais + (6 + 1) ayy, + = 0, 
and hence determines a,, or else y,,. But a,,, 7,, anda, or else 7,, remain arbitrary. Hence there 
are 2” (2" + 1) transformations. 
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Then Fy», (37), (38), R3,, 2.3; become, respectively, 
By B(2e—B)=0, (187) 
2001; — 2yp = 1+ any + ai, —aB + = — — yx. (138) 


The determinant of the coefficients of a and p in the last two equals 2 by (137),. 
Hence they determine a, p in terms of ay, dy, y, B, 0, x. 

Let first 6,, be given any one of the p*—1 marks #0, while y, B,o, Gy, 
P12, 23; are given any one of the p®™ sets of 6 marks. Then a, is determined by 
(137), and x by (137),. Then, as above, a and p are determined by (138). Then 
conditions (136), read in reverse order, determine G23, By. Then 
determines (@.,, and (137), determines @;,. All the conditions have been satisfied. 

Let next 6,0, and give ay, x, G13, G31, G3; any values, y any value $0. 
Then (137), gives B= — y~, (137); gives o—=—}y~—'. Then, as above, (138) 
determine a andp. Next, (137), determines (@,,; while (136), read in reverse 
order, determine 312, G23, G3. Then determines 


For p > 2, the number of Abelian transformations commutative with So, ;,—1 1% 
(p*— 1) p™ + (p"— 1) = p™ 1). 


Type S31, p= 2, ora particular root of = 1, f defined by (28). 
Every Abelian transformation commutative with S, ,,, is given by (36), subject 
to (39), (40) and where now 

Let first so that B=0 or d,,. For B= 0, 


=1, Y= ay + ous Br + Ba + Bist Ba = 0, 
Y (Bor + Bs + Bes) + 1333 = 0, 


toyether with Ry. If y=0, then ay = we may 
take B33, G23, Gu, G13, a arbitray, when is determined by Ify #0, 
we may take (33, B21, Pw, Big, a arbitrary, a, any mark 1, whence 
= = Be + B13, while @.; is determined by the equation above, 
Bx» by B=0, 8B, by Ry. Hence the case B=0 yields 2 + 2 (2"— 2) sets 
For B= 61, (39) give 
= ay $0, +o, Bis + Brg + Bay + = 

We may take By, G13, Ges, Px, arbitrary, a, any mark $0. Then By 


is determined by B= 9,,, 8; by Ry, Bs, by the third equation above, a by (40),. 
42 


| 313 
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Combining these (2”— 1) 2 sets with those for B=0, we get* 2(2"— 1) 2” as 
the total number for b= 0. 
Let next f(b) = 1, sothatd$0. 1f6,=0, 


P= 65, 0 or Y: 


We may take @,,, G2, G13, Ges, G33 arbitrary. Then (39), determines 
B= b determines 0, (40), determines a, Ry, determines @,,._ There result 


2.2% sets. Ifd, (40), gives 
(Boy!) + Bog! =b + 
Hence, by §9, must + = 0, whence The latter has 
roots 6, in the GF'[2"]. To each of these correspond two roots B in the field. 
Kliminating a, between the last two equations (39) and simplifying by (40), , 
we get 
by” + you = 1 + dj. 
Combining this with (40),, we get by =B or B+6,. Hence there are pre- 
cisely 2"*! sets ay, d, 0, B, y satisfying (39),, (39), (40),. Of these exactly 
two sets have y= 0: 
l, B= 0, y=—0; Gy by 1, B= 1, y= 0. 


For y= 0, we may take a, (23, 833, Gu, Big. Gig arbitrary, when Gx, B32, Ba, 
are determined by (40),, B, Ry, (39), respectively. For y+ 0, we may take 
a, Bess B13 arbitrary, when By By are determined by B; 
(40),, (39),, 224, respectively. There result sets for Hence,} there 
are 2(2" + 1) 2™ sets for f(b) = 1. 

Type p > 2. An Abelian transformation commutative 
with one of the four forms must have the form (44), subject to (45)-(48), where 
now B= A=a=u. Hence 
= +1, Ba = Bis + + 

Bo = — Bret 2013 = + di, — dys, 


together with (48), which determines Since remain arbitrary, 
there are transformations. 


* I note for check that I had obtained this number as the number of Abelian transformations com- 
mutative with V,,. which ($15) is conjugate with 9, ,,. 
¢ Obtained also by a different but longer method of solution. 


| 
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Type p=2, @=0 or a particular root of f(y) —=1. An Abelian 
transformation commutative with Wo, must have the form (50), subject to (51) 
and (52), where D—=3S—0, B=. The 2. 2™ sets are given as follows 


ay=—1, Cb, Bu, Bw, Gy arbitrary ; 
Qy=1, a,=0, By=d 5 +45, Bu, By, arbitrary. 


Type 7;,, Ts, 1, furnished by (90). The six multi- 
pliers are all distinct* by §25. The replacement of x by x?" is effected by trans- 
forming by the replacement of x by by Hence 
there are § (p*" — p”) non-conjugate forms. Each is commutative with p™— 1 
Abelian transformations having simultaneously the canonical form 7, , 7) 

Type x?" =x, x, x, furnished by (91). Now 
x?" by §26,end. Of the p”™-+ 1 solutions, it is only necessary to exclude 
those making x?"t!—1. Hence, as for preceding type, there are } (p™"— p") 
non-conjugate forms. LHach is commutative with p™ + 1. 

Type (100) for o=1/(x-'—x), x" t1=1,2°41. Now P 
transforms (100) into a transformation which may be derived directly from (100) 
by replacing x by x~', o by a, throughout. Now the transformer P does not 
preserve the conjugacy of variables since, for it, z; = —y;. Now the transforma- 
tion =— y;(t=1, 2, 3) multiplies the bilinear function (ay; — 
by —1. But by the interchange of x and x—', the sign of the second member 
(101) is altered. Hence if we return from the canonical variables z,, y; to the 
original variables £,, 7;, (100), and (100),. become transformations conjugate 
within the special Abelian group. Hence there are exactly }(p"*—1) or } 2” 
non-conjugate forms of the present type. If we determine the general ternary 
tarnsformation § commutative with the transformation which (100) effects on a, 
%, %3, and take the conjugate transformation S on 1, Ys, Yo, We obtain as the 


*To prove directly, if !=xp", then «P™=x-p"=x, whence If «'=x«p™, then 
k = kP™ = k—Pp", contrary to the preceding. 


2 
| 
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most general transformation commutative with (100) 
/ a 0 b 0 0 90 


0 a” 0 Oo 
0 0 a 0 0 O 
0 O a” O 
—b 0 ec 0O a 
0 0 0 O 0 a 
The Abelian conditions on it reduce to the three: 
aa" = 1, —ab"+ba""=0, 


Hence b/a belongs to the GF [p**]. The third condition may be written 


a 


Subtracting it from the power of p" it, we see that it has p” solutions c/a in 
the GF [p™"], when 3 belongs to that field. Hence* there are exactly p™ (p"+1) 
transformations in G which are commutative with one having the canonical form 
(100). 


Checks. Table for p*= 2, m=3. 
42. The complete list of canonical types for m=3 is given in §§37-41, 
together with the number WN of non-conjugate canonical forms of each type and 


the number C of transformations of the group G@ which are commutative with 
each form. The order of @ for the GF[p"] is 


Q=p™ (p* — 1)(p* — 1)(p* — 1). 


* As a check, I verified that the only Abelian substitutions in the GF [2] commutative with (75) for 
a=6=1, and necessarily y= g =1, are the 12: 


Fu 0 0 
Oy + Oy + 3 + 0 0 
0 0 0 0 
| ys Bog Pog Yu 
| 0 0 Yu 0 an 0 
+ hes Yu a, + Yu 


where, for 7,, = 0, we get = 1, =0, = a5, being arbitrary ; for y,,= 1, 
Further, I verified that (75) is now of period 12. 


‘ 
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One check on the work is that C is found to divide Q for each type. A more 
fundamental check is furnished by equality of Q and the sum of the expressions 
NQ-+C (the total number of transformations reducible to a given type) for 
the complete list of types. This lengthy computation was made for p > 2 with 
the greatest care, each step being checked.* The resulting polynomial of degree 
21 in p” was found to be identical with Q, thus furnishing a 21-fold check. This 
check was particularly convincing as the individual expressions to be added 
involved fractions which, in their “lowest terms,’ had as denominators the vari- 
ous factors of 48. 

The case p = 2 was checked only when n = 1 (see accompanying table, the 
total in the last column being 1451520 = 2°.345.7—=Q). In fact, the separa- 
tion of the cases p = 2, p > 2 is of trivial character except for a few types. 

Independent of the preceding checks, I convinced myself that no two distinct 
canonical types in the list represented transformations conjugate within G. 


* The expressions were left in factored forms so that many sets could be readily added. Those in 
§§39-41 were twice added with the same result. 


Fs 
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Table of non-cunjugate types of operators of SA(6, 2). 


Type Period Commutative Conjugate 


all 
73 
2°.37.5 
2.3 945 
315 
45360 
7560 
7:3 7560 
672 
10080 
2.3 30240 
2.3.5 48384 
2.5 145152 
13440 
40320 
#3 120960 
40320 
3.5 96768 
2240 
20160 
60480 
2.3 60480 
2*.3* 10080 
3780 
11340 
90720 
90720 
207360 
161280 
120960 


Identity 


Tr, =A + 1) 
LT, 

Ly 

T 02 (o° 1) 
Ti, 

Ty. To, =x + 1) 

(63) Ly 

(63) 

Ti. 

Ty Ts, 


Ty, Tags Taps = 1) 
Dp (p° = 1) 
(100), (42 = 1, o=1) 
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Ly Le Ls; 
Ly 
Ly 
Ria 
Ry Liy | 
Ry | 
R, 
(63) 
Ry Ts 
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Ts, 
Sin 
Sou 
Woo 
Wo 


Invariants of a System of Linear Partial Differential 
Equations, and the Theory of Congruences of Rays. 


By E. J. W1iuczyNskI.* 


In a series of papers, published in the Transactions of the American Mathe- 
matical Society, the author has laid the foundations for a theory of ruled surfaces, 
based upon the consideration of the invariants of a system of ordinary linear 
differential equations. In the present paper, these considerations are extended 
to partial differential equations. The paper confines itself, for the most part, to 
a special case, and this for two reasons. In the first place, the complication of 
the more general cases is such as to make it appear unwise to attempt their 
treatment at present; moreover, the real essentials of the method appear just as 
well in a special case. In the second place, the special problem considered has 
its own intrinsic interest, as it leads to a theory of congruences. A whole geom- 
etry seems to be possible on this basis. The theory of curves, of surfaces, of 
complexes, etc., can all be built up, and have in part already been built up, by 
considerations which are of the same character as those discussed in this paper. 


§1. Determination of the most general transformation which converts a general 
system of linear partial differential equations of the first order into another 
of the same kind. 


Let us consider a system of gq homogeneous linear partial differential equa- 
tions of the first order 


n ™m™ oy n 
k=] i=1 k=1 

with the m unknown functions y,,....y, of the m independent variables 


* Of the Carnegie Institution of Washington. 
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X14, ++++ Xm. We wish to find the most general point transformation 


1,2,....2), (= 1,2,....m), 


which will transform (1) into another system of the same form. 
We have from (2) 


dy. = > df, + 


aE. 


On, 
But after the transformation 7; is a function of £,,.... &,,, so that 
dn => dé, 
and therefore 
On, 
But we also have aus 


whence, substituting the above values for dy, and dz,, 


On, OY; On, 
1, 


These equations must be satisfied for all values of d&,, .... d&,,, 80 that we 
must have 


m), 


a system of mn equations whose solution would give the expressions for ~ in 


On, 


These expressions must be linear if the transformed 


terms of the quantities 


| 
3 
i 
} 
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of system (1) is to be again a linear system. But this will be so if, and only if, 


all of the partial derivatives se vanish, i. e. if the /, quantities are functions of 


£,.--- &, alone. Equations (3) then become 


‘ 


where now obviously the right members must be linear functions of 


My etc. But this is so only if 
is a function of &,, ...- &» alone, i. e. if 


But the right member of (3a) must be linear and homogeneous in 7, .--- 1, 


, etc. Therefore 


i. @. Gyo can only be a constant. But it must even be zero, for else the new sys- 
tem obtained from (1) by the transformation, while again linear, would not be 
homogeneous. 

We have, therefore, the following result: The most general transformation 
which converts system (1) into another of the same form, is homogeneous and linear 
in the dependent variables, but entirely arbitrary in the independent variables. The 
general form of the transformation is 


Yr. = + (A= 1, 2,....n), 
ay, =f, (E1, Ge, ++ Em); 
where a, and f, arearbitrary functions of &, ..-- En, subject of course to the restric- 
tion that the determinant 
| xs | 
and the Jacobian of f,, ..-- fn with respect to &, ..-- &_ shall not vanish. 


This theorem applies of course only to a general system of form (1) and to 


¥ 
+o 
aa 
Pa) 
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| 
| 
a 
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transformations which have no special relation to the system considered. The 
same remark applies to Staeckel’s proof of the corresponding theorem for a 
single ordinary linear differential equation* as well as to my own proof of the 
corresponding theorem for a system of such equations.t It is easy enough to 
see that the theorem may be extended to cover systems of partial differential 
equations containing higher derivatives than the first, moreover not necessarily 
linear but still homogeneous. All of these results are simple consequences of Lie’s 
theory. 


§2.—Introduction of the special problem. General remarks on the calculation 
of the invariants. 


We shall, in this paper, confine our attention exclusively to the special 
case of two equations with two dependent and two independent variables, viz. 


Q= ay, + by, + C% + dz, + ey 4 Sz = (1) 
aly, + cz, + + ey + 0, 
and where a, b,....,/’ are functions of a, and a. 


Let a, 3, y,6,g and h be arbitrary functions of &, and & such that the 
determinants ad —@y and ie) do not vanish. Then, as we have seen in §1, 
1) 62 


the most general transformation which converts (1) into a system of the same 
character is of the form 


y =an+ 2 =ynt+ 
9 (E1, %=h(E,, (3) 


But clearly one may also consider instead of (1), any system of the form 


for these two systems are entirely equivalent. Since the coefficients of (4) are 
simple combinations of those of (1), the operation of replacing (1) by (4) may 
also be looked upon as a transformation. 

In calculating the invariants of (1) we shall apply these various transforma- 


* Staeckel, Crelle’s Journal, Vol. 111. Tt Wilczynski, Am. Jour. of Math., 1901. 
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tions successively. We shall call those functions of the coefficients of (1) which 
remain invariant under the transformation 


y=on+ BO, z=yn +06, (5) 


where a, @, y, 6 are arbitrary functions of 2, and 2, pseudo-invariants. Those 
functions of pseudo invariants, which are invariant under the additional trans- 
formation which corresponds to the substitution of (4) in place of (1), shall be 
called seminvariants. Finally, those functions of seminvariants, which do not 
change when the independent variables are arbitrarily transformed, shall be 
called invariants. A similar nomenclature is to be applied to the covariants. 


§3.—Determination of the pseudo-invariants. 


If we apply transformation (5) to system (1), a new system 


Q= 0, Q'=0 
is obtained, whose coefficients are 
a=aa+cy, 
= ba + dy, d=bB + do, 
e= aa, + ba, + cy; + dy, + ea + fy, a (6) 
f=aB,+b8, + cd, + dd, + 


while @’, 0’, ete., are given by the same equations if every letter a, b, c, etc., be 
replaced by a’, b’, c’, etc. 

The transformations (5) form an infinite group, which may be defined by 
differential equations (in the sense of Lie). Therefore, Lie’s theory of such 
groups may be applied. The most general infinitesimal transformation of this 
group will be obtained by putting 

a=1+Ad, B=udt, y=rdt, J=1+4 


where é¢ is an infinitesimal and where A, u, v, p are arbitrary functions of 2, 
and x,. The corresponding infinitesimal variations of a, b, c, etc., may be easily 
computed from (6). They are 

da= (Aa + ve) dt, de =(ua + pc) de, 

db = (Ab + 7d) dt, dd=(ub + pd) dt, 

de = (Aya + + + + Ae + vf) dE, 
if = (wa + fad + pic + pod + we + pf) dt, 


etc. etc. ; 


(7) 
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If any function F of these quantities is an absolute invariant under trans- 
formation (5), d/ must vanish for arbitrary values of A, u, v, p and of their 
various derivatives. The system of partial linear differential equations thus 
obtained for F is always a complete system according to Lie’s theory. Although 
we shall be able to obtain most of our invariants without integrating such systems, 
we shall always use them to furnish the proof of the completeness of the system 
of invariants obtained otherwise. 
From equations (6) it is obvious that 

t =ad—be, =a'd'— be, 

k =adcd -a'c, |1=bd' — Od, (8) 
m=—ad'—b'e, n=a'd — be, 


are relative pseudo-invariants, their quotients being absolute pseudo-invariants. 
Each of these functions satisfies the equation 


F= (a5 — By) F. 


These pseudo-invariants involve merely the eight coefficients a, b,c, d; 
a’, b',c', d'. If we set up the complete system of partial differential equations 
satisfied by pseudo-invariants of this kind, we find that it contains 4 independent 
equations and 8 variables. Therefore, there are only four independent absolute, 
and only five relative pseudo-invariants depending on these variables. 
In fact, there is a syzygy between the quantities (8), namely, 
—mn—ki= 0, (9) 
and we shall take 
k, and t=m—n (10) 


as our system of pseudo-invariants, for these five are independent. That this is 
so may be easily seen if we put 


For then 
t=ad—be, v=a’, k=a—ae, I1=b, t=a+b—ad, 
and the Jacobian of these five functions with respect to the five variables 
a, b,c, d, a’, disregarding sign, is 
a’ (a—b+a'd), 


and this does not vanish identically. 


f= 68, 

{ 
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If we set up the system of partial differential equations, satisfied by the 
pseudo-invariants depending on the quantities 


(11) 


we find that it consists of twelve independent equations with 28 independent 
variables. There are therefore 16 independent absolute or 17 relative pseudo- 
invariants containing these coefficients and their first derivatives. 

In order to construct them we put 


(12) 
g=f—q—d, 
It is easy to see that the pairs of quantities 
Pd; a,c; bd; a,¢; 
are all transformed by the same equations, i.e. as we shall say are cogredient. 
Therefore the determinant of any two of these pairs is a pseudo-invariant. 
Let us put r=aqg—cp, r=ad —cp’, (13) 
s=bg—dp, 


Then these quantities are pseudo-invariants. 
Moreover if and y are two pseudo-invariants, for which 


P=AW, A=ad—By. 


we have 
Therefore, — ov, = A” — (14) 


Let us denote — oY, by and call it the Wronskian of @ and with 
respect to x,. It is clear then that the Wronskians of two such pseudo-invariants 


are again pseudo-invariants. 
We can, therefore, write down the following list of 17 pseudo-invariants, all 


of which contain only the 28 quantities (11): 
t, 0, 1, (tgs (tes 8), 7,85 7°, 8; (kez 1,9): (16) 
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They are independent. For the first five are independent of each other, as we 
have already seen. Each of the next eight contains a quantity which is not 
contained in any preceding one, so that the first thirteen are independent. The 
last four contain the additional variables e, /, ¢, f’ in four independent combina- 
tions, so that there can be no relation between the seventeen pseudo-inva- 
riants (15). 

We continue our search for pseudo-invariants by asking for all those which 
contain, besides the variables (11), the second derivatives ofa ....d,a’.... d’, 
and the first derivatives of e, fe’, f’, 1. e. altogether sixty quantities. The sys- 
tem of partial differential equations will consist, in this case, of twenty-four equa- 
tions, obtained by equating to zero in df the coefficients of A, u, v, p and of the 
first and second derivatives of these functions with respect to x, and 2. These 
twenty-four equations are independent. In order to abbreviate the proof of this 
statement, let us represent the matrix of the fourth order: 


a oR 


oo 


by MM, and a matrix of the fourth order all of whose terms are zero, by 0. If we 
now write down the matrix of the coefficients of our system of partial differential 
equations, we find in it the following determinant of the 24th order 


0 0 0 M O 0 

0 O O 0 M 

2. 0 0 M 
0 M O 2”, 0 

0 0 M O M, 2M, 
MM M M, My My 


where J/, is the same matrix as M formed with a,, b,, etc. This determinant 
does not vanish. Therefore the 24 equations are independent. 

This system of 24 equations must therefore have 60 — 24 = 36 independent 
solutions, i.e. there must be 36 absolute, or 37 relative pseudo-invariants 
depending on these 60 variables. 


a 
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We can easily form the twenty new pseudo-invariants. According to (14), 
the sixteen Wronskians 
(4, ?), (4, &), 
t)e, ete., 
(te, ete., 


are such pseudo-invariants. But only twelve of these are independent, for 
we have | 
((%, t”) (a, t)o, ete., (17) 
as may be seen by direct computation. 
The following eight quantities 


(it; GO, 
(8:, 2%), (8, (st, 4), (sf, (18) 


are also pseudo-invariants. Together, we now have the twenty new pseudo- 
invariants. For, they are independent of the previous seventeen, and of each 
other, as each of them contains a variable not contained in any previous one, viz. 

tiny ky, 

tony 1995 ee, 

diy ’ tie ’ ky, he ’ 

af,—ce;, af,—ce, afi—ce, alf{—ce, 


bf,—de,, bf,—de, WAi—de, WA —de, 


where the last eight are independent combinations of the eight variables ¢,,.. . . fj. 

Of course this process for obtaining pseudo-invariants can be continued. 
There are 65 relative pseudo-invariants containing no higher derivatives of a, 
b,....q@ than the third, and no higher derivatives of e,..../’ than the second. 
For, the corresponding system of partial differential equations consists of 40 
equations with 104 variables. These pseudo-invariants can all be obtained by 
continuing the Wronskian processes in an obvious manner. A simple induction 
completes the proof of the following theorem. 

The pseudo-invariants of (1) are all functions of 1,7, k,1,t,r, 8, 7, s' and of 
the quantities obtained by combining these with powers of t according to the 
Wronskian process. 


§4.—Determination of the seminvariants. 


Let us now consider the system 
+ (19) 
+ a! = 0, 
45 
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instead of (1), to which it is obviously equivalent if 
the functions 9, J, vy, @ of x, and 2, being otherwise arbitrary. Then system 


(19) is of the same form as (1), and denoting its coefficients by capital letters, we 
have 


A! =ya + 
B=9b+ B' = yb + ol’, 
C= ¢c +, C'=ye + ad’, 
4d, D=yzd+ad',{ 
E= ge + Ve’, E' = xe + we’, 


We can therefore regard the process of replacing system (1) by (19) as a 
transformation upon the coefficients of (1) by means of the equations (21), which 
are obviously again the equations of an infinite continuous group which can be 
defined by differential equations. 

Seminvariants are such functions of the coefficients of system (1) and of 
their derivatives which are invariant under this transformation besides being 
pseudo-invariants. 

Denoting systematically the various quantities formed for the new system ! 
by capital letters, we easily find ‘ 

t+ od(m+n) +i, 
= yo(m +n) + (22) 
K=6h, 


(21) 


so that &, 7 and ¢ are at once seen to be seminvariants, as are also the combina- 
tions (%,, t) and (/;, ¢), and all others obtained by a repetition of this process. | 
We again introduce infinitesimal transformations by putting 


gH=1lt+edt, p=—ldt, y=rnst, o=1+ 06, 


where e, , 7, 6 are arbitrary functions and é¢ is an infinitesimal. From (22) we 
then find immediately 

= +O (m+n), 
=n (m + n) + 20, 
dk = (e + 

ol = (€ + 6) 
dt =(e+ 6) 


(23) 


y 
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where the infinitesimal factor d¢ has been omitted everywhere on the right mem- 
bers. 


Remembering that 
(%, t) ((m t) = (m, + n,)t—(m +n) etc., 
we find from (23), again omitting the infinitesimal factor, 


t) = 2) +O ((m+n),, t)+ O(%, t) + Ut(m+n) — bit, 
(t,t) = t) +n ((m+n),, t) + 30 t) + mt (m+n)— 


From equations (12) and (18) we find 
Or = 2er + Cu— — et — lam, 
ds = 2e8 + lv + fn—Z,l, (25) 
= 267! + yu + mk — non— 6,7, 
ds! = 26s! + + nymt+ + yl, 
where we have put 
v= ay <p.) (26) 
v = bq' —dp'+ 


which quantities are manifestly pseudo-invariants which could be expressed 
algebraically in terms of the standard set. 

Let us make a table of these infinitesimal transformations. At the head of 
each of the seventeen columns we place one of the functions 


To the left of each horizontal row we write one of the letters ¢, ¢, 7, 6, &, etc. 
The infinitesimal transformation of any of the seventeen quantities 2, 7’, etc., is 
then easily obtained by looking at the corresponding column in the table. 
Each of the quantities in that column is multiplied by the arbitrary function to 
the left of the row in which it is found, and the sum of all such products is the 
infinitesimal transformation required. 

But this table, at the same time, serves another purpose. It gives the coeffi- 
cients of the system of partial differential equations, whose solutions are the 
seminvariants depending upon the seventeen variables considered. For example, 
the quantities in the first row of the table are the coefficients of the equation 
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The table now follows: 


which is obtained by equating to zero the coefficients of ¢ in the general expres- 
sion 
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Let us consider the ten equations which are obtained by omitting equations 
eand 6. None of these ten equations contains the partial derivatives of F with 
respect to any of the seven quantities J, ¢, ¢), t). These ten equations 
contain only the derivatives with respect to the other ten variables. But the 
determinant of these equations may be evaluated without much trouble. Disre- 
garding its sign, it is equal to 

+ — 4kl + 
and therefore, in general, different from zero. But this shows that the partial 
derivatives of F with respect to the ten variables here considered must be zero. 
In other words, these seminvariants must be functions of &, J, ¢, (&, ¢), (i, ¢) 
alone. These latter quantities are themselves seminvariants. Therefore: 


All seminvariants which contain no higher derivatives of the coefficients 
a,b,....@ than the first and which contain no derivatives of the coefficients 
e,f,é, f' are functions of the following seven : 

ke, l,t; (&, (4, 4); («= 1, 2). 


If we were to continue this method of determining the other seminvariants 
one step farther, our system of partial differential equations would show us, that 
there are two new seminvariants which cannot be formed from the previous seven 
by the Wronskian process. But, while it is possible to determine them, the 
amount of labor necessary for this is very great, and we prefer to avoid it by 
introducing from now on a normal form, which we shall consider as being pre- 
served by all transformations of the differential equations (1). 

This normal form can in general be obtained by merely solving a quadratic 
equation. Wecan make ¢ and 7 vanish by choosing 9, v, J and appropriately. 
In fact if we put 

o=m+n+V/ (m+n)? — 40’, P= — 2, 
y=m+n—VJ/ (m+n) — o=— 2, 


the pseudo-invariants J and J’ for the system 
924+ 70'=0, 
will be zero, as shown by equations (22). This can always be done unless 
(m +n)? — = — 4kl = 0,7 
which case we shall leave aside for the present. 


Suppose that this reduction has been effected, so thatt= 7 =0. The trans- 
formations (3) do not disturb these relations. But the transformations (21) do, 
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in general. Hquations (22), together with the condition ¢a—yy~0, show 
that the only transformations of form (21), which leave invariant the system of 
equations 7 = 7 = 0, are those for which either 


or 
But such transformations either convert every pseudo-invariant into itself, or 
change its sign, or at most interchange two of them, so that 
rey rte, ss!,e+s! 


are invariant for all such transformations. 
If, however, we disregard those transformations that interchange the two 


operators Q and Q! we may say that for the normal form of our system of partial 
differential equations, which is defined by the conditions i =v = 0, the quantities 


k,l, t, r, 8, 7, & 
and those obtained from them by the Wronskian process constitute a complete system 


of seminvariants. 
This normal form can always be obtained by solving a quadratic, except if 


— 4ki= 0. 


§5.—Determination of the invariants, 
If new independent variables be introduced by putting 


we find Oy _ dy dé, Oy 
If then we put 


we must assume Ap—wy different from zero. If we denote the coefficients of 
the transformed system of differential equations again by a, 5, etc., we find 
a= ar + bu, a=adatu, | 
b= av + bp, 
= ca + du, c= +du, (27) 
=cv +dp, d=cy +dp, 


| 
F=f, 
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From these equations it is easy to obtain the following : : 
= Ah + + Aut, 
=k + + (28) 
= 2avk + (Ap + uv) t+ Qupl, 
whence ? — 4kl (29) 


is seen to be an invariant. 

It is necessary to obtain formulae which shall show how to find the effect of 
this transformation upon the derivatives of a given function. Let / be such a 
function of a, b, ¢, etc., and let f denote the corresponding function of a, 3, etc., 
these being functions of £, and &, and therefore also of 2, and x,. We have 


dé, = Ada, + uda,, + pdx, 
whence Ada, = pdé;—udé,, Ada, = — vdé, + adé,, 
where A=Ap— ur. 

— Fut sha. (30) q 

In particular, let the transformation be infinitesimal, so that : ‘ 
A=1+xe, voce, p=1+Te, (31) 


where ¢ is an infinitesimal, while x, 7,0 and ¢ are arbitrary functions of 2, ; 
and x,. Then, neglecting infinitesimals of higher order, ‘y 


f=ftY, A=1+(«e4+ 
and, therefore, substituting in a 


(Sf) 

of d (df) of of 

We proceed to find the infinitesimal transformations of the various seminva- : 
riants. We have first (omitting the infinitesimal factor e), ‘ 
da=xa+nb, da’ = xa! + xb’, ) 

6b =oa+ cb, 6b! = oa! + cb’, 

dc =xe + nd, dc’ = xc! + xd, + (33) 

dd =oc dd! = oc! + cd’, 

de = Of , de! = =0 . | 
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Substituting (31) in (28), we find 


dk = + at, 
dl = + ct, (34) 
St = + (x ++ Ql, 


Therefore, making use of (32), 


(ky, t) = 2x (hy, t) + (k,, 1) —o (ky, t) +7 (hy, t) 

+ xykt + 1, (? — 2kl) — 20,k? — kt, 
(Ke, t) = 3x (he, t) + [2 (ho, 1) — (hy, t)] 

+ + 7, — 2kl) — 20,k? — kt ,| 
t) =—o [2 (&, 1) + t)] + 37 #) 

+ + 0, — 2kl) — — x, lt, 
6(4,¢) =x(l,, t) t) — 20 (he, 1) + (ly, t) 

+ lt + 0, — 2kl) — — x, Jt. J 


(35) 


Similarly, remembering the defining equations (12) of p, q, p’, q’, we find 


dp = —xa—nb—oa—t,b, dp'=—xa' — (36) 
dg = — xe —nd—o.—td, dq! = —x,d' —o,c! — 
whence 
or = xr + ms — (m+ 7) 4, (37) 
ds = or + ts + (x, +02)t, ds! =or + + (x, + 62) 7: 
For the normal form for which 1 = 7! = 0, we have 
dr =xr+as, ds =or | (38) 
dr! = xr! + Os! = or + 


Any function of the seminvariants k, J, ¢; t), t); r, 8, 7’ and s', which 
is an absolute invariant under the most general transformation leaving the normal 
form i= 7 = 0 unchanged, must therefore be a solution of the system of twelve 
partial differential equations which is represented by the following table. The 
letters x, tT, etc., to the left of each row indicate that the quantities in that row 
are the coefficients of the equation obtained by equating to zero the coefficient of 
x, 7, etc. in the general expression for df. The letter at the top of each column 
indicates that the quantities in that column are the coefficients of the partial 
derivatives with respect to that quantity. 
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The determinant of equations 7, and o, is @(#— 4k), and therefore not zero. 
This shows that (%,, ¢) and (/,, ¢) cannot occur in such an invariant. From equa- 
tions 7, and o, one concludes that the invariants are also independent of (/,, ¢) and 
(l,, t). The system now reduces to one of four equations in seven variables, so 
that there must be three absolute or four relative invariants. Of these we already 
know one, viz. 


=? — (40) 
The other three are 
—trs+ ks’, + H=rs!—r's. (41) 
§6.— General properties uf invariants and covariants. 


We have noticed in the preceding paragraphs that every invariant is multi- 


plied by a power of each of the determinants ad — Gy, da — wy, 
1 2 
m2 Oey when all of the transformations here considered are performed. This 


Ox, Ox, 
could have been proved a priori without first computing the invariants, and is 
also true of the covariants. The proof for this would be very much like the 
corresponding proof in the theory of algebraic invariants. 
If we make the special transformation 


2=az, a=const., 
it is seen that every covariant must be a homogeneous function of y, 2, y, %, 
etc., as well as of the coefficients a, b, etc., and of their derivatives. 


Let Y be any pseudo-covariant homogeneous of degree & in the coefficients, 
and of degree 7 in the variables. If we make the transformation 


y=ay+ Bz, z=yyt+ 02 (1) 
or — Sy—Be —yy t 
ad — By’ ad — By ' 
we find from equations (6) 
a=aa+cy, ete., 


and since we know that y will be equal to y multiplied by a power of ad — By, 


— since J will be a homogeneous func- 


tion of a, @, y,6 of degree k—i while ad — By is homogeneous of degree 2. 


the exponent of this power must be . 


j 
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For our purposes of calculation it was convenient to write our transformation in 
the form (1). But if we make it a rule to always write our equations of trans- 
formation solved with respect to the new variables, we should have 


y=ay+ Bz, z=yyt dz, 
and correspondingly 


}=(ad— 


If ~ is also a semicovariant, we find that for the transformations, which 
correspond to replacing the system Q = Q! = 0 by 


GQ 4+ VO'=0, 
is multiplied by 
(po — 
Make now a particular transformation of the independent variables 
Ram, 
where ¢ is a constant. Then 


a=ca,ete, é=e, ete. 

Every quantity is multiplied by some power of c. Let us say that a quantity 
multiplied by c” is of weight w. Then clearly every invariant or covariant must 
be isobaric, and an arbitrary transformation of the dependent variables multiplies 
it by (Ap — ur) *. 

Let us unite our results in a theorem. 

Every rational function of y, z, a, b, c, etc., which has the property of being 
absolutely invariant is a quotient of two homogeneous isobaric rational integral 
functions of these quantities which are relative invariants. 

Let I$ be such an integral rational invariant function, of weight w, of degree i 
in the variables, and of degree k in the coefficients. If the system 

be transformed by putting first 
y= ay + Bz, + OZ, =f, (a, Ie) » (a, Ie), 
and then by replacing it by 
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The determinant of equations 2, and o, is f(#— 44/), and therefore not zero. 
This shows that (%,, ¢) and (/,, ¢) cannot occur in such an invariant. From equa- 
tions 7, and o, one concludes that the invariants are also independent of (/,, ¢) and 
(l,,¢). The system now reduces to one of four equations in seven variables, so 
that there must be three absolute or four relative invariants. Of these we already 


know one, viz. 
= & — (40) 


The other three are 
6 = lr’ —trs + ks’, Gl — tr’! + hs”, (41) 


§6.— General properties uf invariants and covariants. 


We have noticed in the preceding paragraphs that every invariant is multi- 


plied by a power of each of the determinants ad— By, da— vy, = ges 
1 2 


_ = when all of the transformations here considered are performed. This 


could have been proved a priori without first computing the invariants, and is 
also true of the covariants. The proof for this would be very much like the 
corresponding proof in the theory of-algebraic invariants. 

If we make the special transformation 


y=ay, a=const., 


it is seen that every covariant must be a homogeneous function of y, 2, y, %, 
etc., as well as of the coefficients a, b, etc., and of their derivatives. 

Let y be any pseudo-covariant homogeneous of degree & in the coefficients, 
and of degree 7 in the variables. If we make the transformation 


y=ay+ &% (1) 
or 
ad — By ad — By 


we find from equations (6) 
a=aa+cy, etc., 


and since we know that y will be equal to ~ multiplied by a power of ad — By, 
— since y will be a homogeneous func- 
tion of a, @, y,d of degree k—i while ad — @y is homogeneous of degree 2. 


the exponent of this power must be 


3 
3 
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For our purposes of calculation it was convenient to write our transformation in 
the form (1). But if we make it a rule to always write our equations of trans- 
formation solved with respect to the new variables, we should have 


y=ay+ Bz, z=yy+t oz, 
and correspondingly 


v= (a3 — By) ¥. 


If ) is also a semicovariant, we find that for the transformations, which 
correspond to replacing the system Q = Q!/=0 by 
GQ 4+ YQ'=0, 
wy is multiplied by 
LS 
(ga—vx)?. 
Make now a particular transformation of the independent variables 
where cis a constant. Then 
a=ca,etc., é=e, ete. 
Every quantity is multiplied by some power of c. Let us say that a quantity 
multiplied by c” is of weight w. Then clearly every invariant or covariant must 
be isobaric, and an arbitrary transformation of the dependent variables multiplies 


it by (Ap — ur) *. 

Let us unite our results in a theorem. 

Every rational function of y, z, a, 6, c, etc., which has the property of being 
absolutely invariant is a quotient of two homogeneous isobaric rational integral 
functions of these quantities which are relative invariants. 

Let I be such an integral rational invariant function, of weight w, of degree % 
in the variables, and of degree k in the coefficients. If the system 

a= = 0 
be transformed by putting first 
y=ayt+ Bz, 2=yyt dz, (tr, 
and then by replacing tt by 


4+ YO'=0, ~Q+00'=0, 
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the transformed invariant is 
Ti? = (46 — By) (pa — Hx)? (Ap — Lin? 


Since the exponents must be integers if J is a rational invariant, we see 
further, that both of the degrees and the weight of any invariant function must be 
even numbers. 

For invariants properi=0. From two such invariants of degrees k,, hk, of 
weights w,, w, we can obtain an absolute invariant, if and only if two integers ”, 
and A, can be determined so that 

+ =0, 
Aw, + = 0, 


i, e. if, and only if, 


For our four invariants we have the following table of weight and degrees: 


Invariant. | Weight. | Degree. 
3} 4 4 
2 4 
6 
4 6 


Therefore only one absolute invariant is obtained namely G/G'’. 


§7.— Geometrical interpretation. 


Let us write the equations (1), putting into evidence the dependent variables, 
as follows: 


Q(y, 2)=0, Ay, 2) =0, (42) 
and let y, 2” for k= 1, 2, 3, 4 be four pairs of simultaneous solutions, so that 
Q(y®, (4= 1, 2, 8, 4). (43) 


Let us interpret y“ and 2” as the homogeneous coordinates of two points P, 
and P, in space. We shall have 


y =f" (ay, 2 = (a, a) 1, 2, 3,4) (44) 


when these solutions are known. As a, and z, assume all of the values of which 
they are capable, P, and P, will describe two surfaces S, and S,, which 


‘ 
4 
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moreover will be placed in a point-to-point correspondence, those points being 
corresponding points which belong to the same set of values (x, 22). 

An arbitrary change of the independent variables, clearly does not change 
these surfaces, nor does it change the point-to-point correspondence between 
them. The most general transformation of the form 


+ B z=y (HX, a») 4 (a1, 


clearly converts the points P, and P, into two others, P, and P,, situated on the 
line L,, joining P, and P,. If then we consider the congruence of lines joining 
the corresponding points of the two surfaces S, and S,, this congruence will be the 
same for all of the systems of differential equations equivalent to (1) by trans- 
formations of the infinite group considered in this paper. 

But it is necessary to examine this somewhat more closely, so that we may 
see to what extent this geometrical image is characteristic of our system of differ- 
ential equations. 

Let the functions /™ and g'’ in (44) be any functions of 2, and «, whatever, 
and put 


y= ay” +> ey” + + (45) 
where ¢, ...- ¢, are arbitrary constants. By differentiation we find the following 
four equations: 
Oy dy” day ay 
Ox, Ox, * Oxy 
We can eliminate ¢,,.... c, in two different ways, and thus obtain the two 
equations: 
ay, ay” ay ay 
D, = Ox, = 0, D, Oat — 0, (47) 
Oz) dz) Oz Og? dz) 
Oe,’ Ox,’ Ox,’ 
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which are of the form of system (1) and are satisfied by the four pairs of func- 

tions y™, 2. Moreover, this system is essentially unique. We have eliminated 

in such a manner as to make f= 0, e' = 0. Had we eliminated differently, the 

reduction to this form could be accomplished a posteriori, and, moreover, as equa- 

tions (21) show, in essentially one way. 

In order that (47) may be a determinate system, it is, of course, necessary 
that each of the matrices 

02% Qe Ox,’ Ox, 


(k= 1, 2, 3, 4) (48) 


— 


az,’ Om’ Om’ Om 


J 


should contain at least one non-vanishing determinant of the fourth order. This 
we shall assume to be the case, and we will not here enter upon a discussion of 
the meaning of the exceptional cases. 

We see that to every congruence there belongs, in general, a system of par- 
tial differential equations of the form (1), namely, the system (47). 

But there are an infinite number of congruences giving rise to the same 
system of differential equations. In the first place it is clear that (for arbitrary 
constant coefficients c,) 


also constitute a simultaneous system of solutions. But this means that every 
congruence, obtained from the given one by projective transformation, gives rise 
to the same system of differential equations. But more than that. Equations 
(47) merely express the fact that, if we denote by Y and Z any possible pair of 
solutions, while y”, z” represent four particular pairs of solutions, the following 
conditions must be satisfied 


| 
k=1 k=1 (49) 


If the quantities @, are constants we get the case just noticed. But the equations 


| 
4 4 
k=1 k=1 


(49) may be satisfied even if the quantities @, are not constants. A 
necessary for this, is that they satisfy the conditions 


4 4 
Dy? =0, (@=1, 2). 
k=] A k=1 


But this is equivalent to demanding that 


shall be the coordinates of two planes passing through L,,. 
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ll that is 


(50) 


If we denote the coordinates of any two such planes by u“ and v™, we 


may put 


(51) 


where Aj, (4), Ae, M, are arbitrary functions subject merely to the integrability 


conditions 
+ (Agu (A=1, 2, 8, 4). (52) 
Te 
We can express this result in another way. Ifa .... a, w® .... u® are eight 
arbitrary functions, and we denote the minors of ¢? .... ¢® in the two deter- 
minants 
gD) 2@ gf) and | gl 
by u® .... and .... v® respectively, then and v are the coordinates 


of any two planes passing through the line Z,, of the congruence. D 


etermine 


the functions A .... uw in the most general way, so as to satisfy the conditions 


du” dv 


Ct, ' 


so that we may put 
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Then the most general solution of system (1) is 


4 4 
Y= doy”, Z=Do2", 
k=1 k=1 


the four pairs of particular solutions (y™, 2) being such that not all of the 


determinants of the fourth order in the matrices (48) become equal to zero. 


Under these assumptions we can deduce a system of partial differential equa- 
tions for u® and v™ similar in form to (1), and which may be spoken of as being 
adjoined to (1). For, with our interpretation, it represents the same congruence 
as (1), the lines of the congruence, however, being obtained as intersections of 


corresponding planes instead of as lines joining corresponding points. 
As a matter of fact we shall have 


= 0, yur” = 0] 


Now we have Q (y®, 2)=0, Al (y®, )=0 
and therefore (y™,2”)==0, ete. 


whence, making use of (53), 


k k (k) (k, — 
adn” On, = + On, 


or again according to (53), 
We find — the first of the tienen four equations : 
i) ) 


(53) 
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whence 


(ab! — a’b) + (ac'— a'e) (ad' — a'd) > 0, 


(ab! — yo + (cb! — (db! — d'b) = 


Remembering that we have assumed 


Oa, 
we find by subtraction 
dv" 
(ae ald) + (be! — Ue) 
dv 
+ (bd | =0. 


By asimilar process we can obtain another equation precisely the same except 
that 2 is replaced by y®. But any set of four quantities which satisfies two 


relations of the form 
— 0, —0, 


may be considered as the coordinates of a plane passing through L,,. We may 
therefore write down the result that the quantities uv”, v® of our previous theo- 
rem satisfy a system of partial differential equations of the form 


Ov 
Oats 


Ou 
+ vu+pv=0, = 0. (54) 


(ac! — a'c) = + (ad! — a'd (dc! — bie) (bd’ — b'd) 
1 


The values of » and p will depend upon the choice of the quantities A”... .a®, 
u....u subject to the conditions of the previous theorem. 
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It follows at once that the functions @, are solutions of the differential equa- 
tion of the second order 


Ox Ox, Ox, 


if we remember the significance of the quantities &, 7 and ¢. 


§8.—Developable surfaces of the congruence. 
Suppose that we have four pairs of simultaneous solutions of system (1), 


= f(a, 2 = 2), (4 = 1, 2, 8, 4) (56) 


the conditions being fulfilled under which they determine a congruence. If we 
put in (56), 


we obtain two curves, ¢, and c, and those lines of the congruence which join cor- 
responding points of the two curves are to be considered. They form a ruled 
surface of the congruence. The question arises as to the existence of developable 
surfaces made up of lines of the congruence. 

If we imagine (57) substituted in (56), we find for every index k, 


But the surface in question is a developable surface if, and only if, the 
tangents of the two curves c, and c, constructed at corresponding points intersect, 
i. e. if, and only if, it is possible to satisfy the equation 


dy dz __ 


where 4, uw, 7, p are functions of ¢, by putting y= y™, z= £”, for (k= 1, 2, 3, 4), 
i. e. if, and only if, A, u,v, p can be determined so that 
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But y and z satisfy the equations 
Q(y,2z)=0, O'(y,2)=0. 
We may combine these into an equation 
aQ (y, + a/Q! (y, z) = 0 
which becomes identical with (58) after substituting into it the values (57) for 


and a. 
For the identity of these two equations we must have 


= acta'e ae+ale = (59) 
ab + ab! = ad + =r, af + af = 


From the first four equations, eliminating a, a’, y and p, we obtain 


aa O 

6 O 

d dO 


or, expanding and remembering the significance of /, 7 and ¢, 
— toip, + ho, = 0, (60) 


a quadratic differential equation, perhaps more clearly written 


Idx? — tdx, dx, + kdx; = 0. (60a) 


If this equation be satisfied by choosing x, as a function of x, in accordance with 
it, or more symmetrically x, and x, as functions of ¢, in accordance with (60), 
equations (59) can be satisfied. It is possible, therefore, to assemble the lines of 
the congruence into developable surfaces in an infinity of ways. The congruence 
contains two families of «| developable surfaces, which are obtained by integrating 
the two differential equations obtained by factoring (60). 

Suppose thatk=/=0, ¢#0. Then the two families of developables are 
obtained by putting either x, or x, equal to an arbitrary constant, i. e. the curves 
z= const. on the surfaces S, and S, are the curves in which the developables of one 
family intersect these surfaces, and the curves x,= const. are the curves in which 
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the developables of the other family intersect S, and S,. But equations (28) 
show that we may always choose new independent variables &, and &, so that for 
these & and 7 both vanish, if & and 7 are not zero in the first place, provided ?— 4k 
is not zero. We have merely to take for £, and & two independent solutions of 


the equation 


Oily 
Therefore, if t —4kl does not vanish, and we introduce new independent 
variables &, and &, by putting 


where &, and & are two independent solutions of the differential equation 
d& 


the curves &,; = cunst. and £ = const.. represent the curves on both surfaces S, and S, 
in which these surfaces intersect the two families of develupable surfaces of the 
congruence. Moreover this choice of parameters is characterized by the conditions 


It must be possible to determine the functions a, @, y, 6 in the transfor- 
mation 


y=an+ Bl, z=ynt+ (62) 


in such a way that the surfaces 8, and S, may become those two surfaces which 
contain the edges of regression of the two families of developable surfaces. 
Suppose that the surface S, is the locus of the edges of regression of that family of 
developables corresponding to £;= const. and S, that of the developables cor- 
responding to £,.=const. Then P, must lie on a tangent to the curve ;=const. 
which passes through P,, i. e. an equation of the form 


+ =0, (68a) 
2 


3 


must be satisfied, and similarly an equation of the form 
4 n+ Fe =o. (63b) 
61 


Moreover, we have already assumed that the preliminary reduction 


0 


has been made. We must therefore have 


a=0, ¢é=d=0, d=0, k=I1=0, 


where 4a, etc., are expressed in terms of a, b, c, etc., by equations (6). 

The conditions ¢ = d=0 and d@ = =0 give i=i’ = 0 respectively, for 
neither @ and 6 nor a and y can vanish simultaneously, as that would make 
ad — By vanish. We can therefore put 


B=—d, a=—e¢, y=d’, 
and then find 


—a'ec) = —k=0, d= —Id=I=0, 


so that all of the conditions are satisfied. 

The lines of the congruences are clearly the common tangents of the two 
surfaces S, and S, thus determined. These are usually looked upon as two sheets 
of a single surface, the focal surface of the congruence. 

If, then, for a system of form (1) the conditions k =/= i = i! = 0 are satis- 
fied, the two sheets of the focal surface of the congruence may be obtained by 
making the transformation 


y=en+dad, z=ant+ 00. 


If ¢ also vanishes, they coincide. The curves x,= const. on S, and the curves 
x, = const. on S, are the cuspidal edges of the two families of developables which 
are contained in the congruence. 

We can, however, obtain the focal surface in another, more elegant manner. 
Let the system (1) or 
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be given in the first place, and let its coefficients be a, 6, c, etc. Consider in 
place of this the system 


whose coefficients A, B, C, ete., are given by (21). Then transform this system 
by putting 
y=ant+ BO, 0, 


and denote the new coefficients by A, B, C, etc. We shall then have, in particular 


T= (0B (VB A= (aa + cy) x + Wat (64) 
D= +d) (KB +a)¥, Bi=(ba + dy)y+ (Wa +dy)o. 


Let us determine these transformations, so that 


C=D=A=B=0. (65) 


Then the new system has the form 


Ay, + Ba, + 


The first equation shows that P, is in the plane tangent to S, at P,, and the 
second shows that P, is in the plane tangent to S,at P,. In other words, the 
line P,P, is tangent to both §, and S,, which must therefore be the two sheets 
of the focal surface. 

But in order that equations (65) may be satisfied it is necessary and sufficient, 
(since the possibilities ¢=W~—=0, and y=w=0 are excluded, and since the 


determinant ad — Gy must not vanish) that the ratios © and = should be 


distinct roots of the quadratic 


(ab! — a/b) A? + (ad! — be! + cb! —da')aA+cd—cd=0, 


whose discriminant is @ — 4k. 


On, 
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But we have 


(ad — By) n = dy— Bz, (ad— By) C=—yy + dz, 


whence 


ab! — a 


We have then the following result. The factors of the expression 


C = (ab! — a’b) + (ad' — a'd + cb! — cb) yz + (ed! — cd) # (67) 


are distinct if ?— 4kl—0. If they are put equal tu ny and € respectively, the 
surfaces S, and S, are the two sheets of the focal surface of the congruence. 

One may conclude herefrom that the above expression is a covariant of our 
system. This may be verified analytically. 

Moreover we learn that the condition 


?— 4kl = 0 


means that the two sheets of the focal surface of the congruence coincide. 
If this reduction be combined with that of our previous theorem, we notice 
that every system of form (1) can be reduced to the form 


Yo = Ay (68) 
a4 =vy + pe 


provided that ¢ — 44/0. In that case the surfaces S, and S, are the two (dis- 
tinct) sheets of the focal surface. Moreover, the curves 2, = const. on S, and 
the curves 2, = const. on S, are the cuspidal edges of the two families of devel- 
opable surfaces of the congruence. 

The curves x, = const. and 2, = const. are conjugate curves on each of 
these surfaces. For, if we differentiate both members of the first equation of 


| 

i 
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(68) with respect to x, and those of the second with respect to x, we find 


= + ep) (Ar + er) — A (ur + (69) 
V2 =(% + Ar) a+ + [vy + ur) + Ar)] z. 


But any four functions of x, 2, which satisfy an equation of the form 


20. a0 


can be taken as the four homogeneous coordinates of the points of a surface on 
which the curves x, = const. and 2, = const. are conjugate lines.* 

If the sheet of the focal surface S, degenerates into a curve, it must be 
possible to find a function of x, and z,, such that the ratios of 7, 7, 7, 7 are 
functions of 6 alone. This is the case if in equations (66), F=0. For let 7, 
n” be any two solutions of the equation 
On 


then their quotient satisfies the equation 


12 
whose most general solution is an arbitrary function of any particular solution 0. 
Moreover any four functions whose ratios are functions of § alone always satisfy 
an equation of this form, so that the condition F= 0 is necessary as well as 
sufficient. 

To express this condition in invariant form, let us assume in the first place 

thatt~=0. We have seen that we can always assume that this is the case by 
choosing the functions and properly and considering the system 


92 4+4Q'=0, go—dy +0, 


* Darboux, Théorie des Surfaces, Tome I, p. 122. 


Ox, 
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instead of Q=Q!’=0. Then make the transformation 


y=an+ BC, z=yn4+ 0. 


The first equation should assume the form 


Therefore, we must have ¢é = d= f=, or 


aB+cec3=0, 68+d5=0, (70) 
a3, + 6B, + cd, + dd, + eB + fd =0. 


The first two conditions can be fulfilled by putting 
B:6=—c:a=—d:b, 
since t=ad—be=0. 


If we differentiate each of these conditions with respect to x, and x, and use the 
resulting equations to eliminate @,, 8, 4,, 6, from the third condition, we find 


(e — a, — by) — ad) 5 =0, 


or, according to (12), 


PB + (71) 


which, together with the first two conditions, gives 


r=aq—cp=0, s=bg—dp=0, (72) 


for 8 and 8 cannot vanish simultaneously. On the other hand, if these condi- 

tions are satisfied, one finds ¢ = d= f= 0 on making the above transformation. 
Therefore, the conditions 7 = 0, s = 0, are necessary and sufficient to make 

one of the sheets of the focal surface degenerate if7= 0. 

48 
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If we refer everything to the normal form for which «=? =0, which 
always exists if ¢ — 4k1 = 0, we see that ifr =0, s =0, the sheet S,, of the focal 
surface degenerates, if 7’ = 0, s' = 0 the sheet S, degenerates. [fr=r=s=s'=0 
both sheets of the surface become curves ; if t? — 4kl also vanishes, these two focal 
curves coincide. 

If the system of differential equations be reduced to its canonical form (68) 
for ¢? — 4kl + 0, if r= 0, w must vanish, and the first equation becomes integ- 
rable by quadratures. Similarly the second for 7’ = 0. 

Therefore one of the equations of our system becomes integrable by quadra- 
tures if, when written in the canonical form, either 7 and s or 7 and s! vanish, 
i. e. if one of the sheets of the focal surface reduces to a curve. Both equations 
are integrable by quadratures if 7, s and 7’, s’ both vanish, i. e. if both sheets of 
the focal surface reduce to curves. This presupposes however a reduction to the 
canonical form, which requires the factoring of the quadratic covariant C (equa- 
tion (67)), and the solution of equation (61), which is equivalent to the solution 
of the ordinary differential equation (60a). 

Let us construct a canonical form for the case ?’—4k/=0. We can assume 
for the first equation the same canonical form as before, so that our system will 
certainly have the form 


by, 
ly t+ 
whence k=0, l=bd', m=0, t= be. 


But in this case ¢? — 44/7 = 0, so that c’ must vanish. But then we can eliminate 
y, from the second equation by means of the first, which gives the canonical 


form sought 
+ 
ay, + dm = vy + pz. 
By differentiation we find 


Ud! Yon + (Ul, + pee] Yo + — + u(Ap—pv)]y, (74) 


which proves that the lines of a congruence, the sheets of whose focal surface coincide, 


1 
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are tangents to one of the two sets of asymptotic lines of that surface. For, any four 
solutions of an equation of the form 


= ao, 60, cb 


define a surface upon which the curves x, = const. are asymptotic lines.* 

An exceptionally interesting example can be given for such systems Q = 0, 
Q!' = 0, for which both sheets of the focal surface degenerate. For, consider the 
system, well known in the theory of functions, 


oy Oz OY Oz 
for which we find 
¢=—-1, (=—1, m=a=t=0, —4 


In order to make 1 and 7’ vanish, we consider the system 


instead, where we put 


4=—V—1, o=1, 
which gives us 
for which 
k= — —1, — 32, n= 3, t= 0, 16, 


so that its focal surface degenerates into two distinct curves. 


*Darboux. Théorie des Surfaces, Tome I, p. 144. 


V—1, Y=1, 
od = 0, 
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To find these curves we make the substitution obtained by factoring the 


covariant C, i. e. we put 
which gives 


— On _ — 


and therefore 


=f + im), = 9" im), 1, 2,8, 4), (77) 


where the / and g™ functions are arbitrary functions of the two independent 
arguments x, + tx, and x, — t#, so that equations (77) represent two arbitrary 
curves, whose points are put into an arbitrary correspondence with each other. 


Therefore, the partial differential equations of the theory of functions represent 
any congruence whatever, which 1s made up of the lines intersecting two distinct 
curves. Any system of partial differential equations of form (1), for which 
t-= i =r=r =0, can be transformed into the canonical form 


Oy 
Ot, 


Oy Oz __ 0 
Ox, 


We can make another interesting application. Let us suppose that 
t? — 4kl = 0, and that the sheet S, of the focal surface is a surface of translation, 
which may be generated either by the curves const. or const. More- 
over let us assume that our coordinates are cartesian. Then the first equation of 
(69) must reduce to y= 0. We must, therefore, have 


A=0, wm tup=90, 


for u cannot vanish, since the surface S, would otherwise degenerate into a curve, 
as shown by (68). Therefore, we find »y=0, i. e. the second sheet of the focal 
surface is a curve. We can therefore enunciate the following theorem : 


Consider the congruences formed by the tangents of the curves x, = const. and 
a, = const. of a surface of translation, the surface being capable of being generated 
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by the translation of either a curve x, = const. or x, = const. All of the lines of such 
a congruence intersect a curve. 


This theorem is essentially the converse of a theorem of Lie’s.* 
§9.— Catalogue of types. 
We have seen that, if  — 4k1 0, system (1) can be reduced to the form 
Aytusz, 
But this can be simplified. For, if we put 


Adare fod 


we find for y and z a system of the form 
4, (78) 
If  — 4kl = 0, we have already found for the system the form 


(73) 
aly, + de, = vy + pe. 


Let us assume d! + 0, and put 


Then (73) becomes 
Yn = AY, + m= vy. (79) 


If 0, (73) becomes 


Ayt+uz, ay, = vy + pz. 


* Lie-Scheffers, Geometrie der Beriihrungstransformationen, p. 383. 
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We may now assume a! + 0, for otherwise we could at once reduce our system 
of equations to a single equation of the first order. We may therefore put 


y = 


=s, 


which gives Yo = AY + UZ, = Pz. 
In this case the congruence degenerates. For we have 
— +P pay, 


The first equation shows that the focal surface is, in this case,a curve. The 
second shows that P, is always on the tangent to this curve constructed at P,. 
Instead of »” straight lines, we have therefore merely «', the tangents of the curve 
described by P,. By writing pz=2' and then dropping the strokes, we can 
write for this type more simply 


Yy = 2%, Yomayt we. (81) 


We have found, therefore, the following typical forms for systems of partial dif- 
ferential equations of form (1): 


I y=uz, ry; 
Il y= wuz, (82) 


HI. y=2, yomayt me. 


Any system of form (1), which cannot be reduced to a single equation, can 
be reduced to one of these forms. It now becomes a simple matter to decide 
whether two such systems are equivalent. The systems are reduced to their 
typical forms and these are compared. If the types are equivalent, the same 
thing is true of the original systems. 


§10.—Laplace transformations. 


A linear differential equation of the form 


Oz Oz 
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can be transformed into another of the same form by either of the transformations 


Thus from any equation of this form a single infinity of other equations is 
obtained by the transformation of Laplace. The original equation has two 
invariants 


__ da 
t+ab—e, Cc, 


and if either of these is zero, the equation can be integrated by quadratures. 
Each of the equations, obtained from the given one by the method of Laplace, of 
course, also has two invariants, and if either of these vanishes, that equation and, 
therefore, the original one can be integrated by quadratures. A great many 
interesting investigations can be attached to the theory of these transformations. 

M. Darboux has interpreted the transformation geometrically, in a beautiful 
manner, and it is on the basis of this geometrical interpretation that we shall 
introduce Laplace transformations of our system. 

If 2? .... 2 are 4 solutions of (83) and are taken as the homogeneous coor- 
dinates of a point in space, then the locus of this point is a surface upon which 
the curves x = const., y = const., form a conjugate system. Consider the curves 
«* = const. and construct their tangents. They form a congruence one sheet of 
whose focal surface is the given surface. Clearly the tangents along a curve 
x = const. form a developable surface of the congruence whose cuspidal edge is 
that curve x= const. But we know that the lines of the congruence can be 
assembled into developable surfaces in another way. Consider any fixed curve 
y= const. It intersects the curves x =const. At each of the points of inter- 
section, construct the tangent to the curve « = const. at that point. These lines 
of course belong to the congruence, and form a developable surface whose cuspi- 
dal edge lies on the other sheet of the focal surface. Now it is this other sheet 
which is obtained by putting 


* Darboux, Théorie des surfaces. T. II, Chap. 1. 


% = ~— + az. 
oy 
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In the same way the second transformation arises from the congruence of lines 
tangent to the curves y = const. 
Our transformations are precisely the same as these, geometrically. We 
assume that ¢ — 4k] 0, so that we may write for our system 
x = uz, = vy. (85) 
The surfaces S, and S, are the distinct sheets of the focal surface of our 
congruence C. The curves x,= const. on S, and the curves 2, = const. on 8S, 
are the cuspidal edges of the two families of developable surfaces. We wish to 
deduce from the given congruence C another one C;, which shall have the surface 
S, in common with C as one sheet of its focal surface. But we shall assume that 
in this second congruence the curves x, = const. on S, instead of x, = const. shall 
be the cuspidal edges of the one set of developable surfaces. Every line of the 
new congruence is then tangent to a curve «x, =const. on the surface S, and, 
therefore joins P, to a point on such a tangent, which we shall call P;. We 


must therefore put 


(86) 


But as P, moves along a curve 2, = const., the line P,P, must describe a devel- 
opable surface of the congruence C, which has its edge of regression on the, as 
yet unknown, second sheet of its focal surface. We wish to determine A so that 
P, shall be a point of this edge of regression. This is so if, and only if, during 
this motion the line P,P, always remains tangent to the curve described by P,, 
i. e. if an equation of the form 

(87) 


be fulfilled. If we substitute for ¢ the value from (86), we find 
+ am + = Bz + yaz + ym, 
or + y% + (a, —B—ya)z=0. 
But, on the other hand, we have, if we put A =p = 0 in (69), 


Vv 
— — uvz = 0. 


Oz 
1 
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The two equations must be identical, as they represent the same surface JS, 
referred to the same conjugate system. Therefore, 


2, y=0, a 


Vv 


whence we see that the transformation (86) becomes 


Equations (87) and (86) give 


Ox, Ox, Oat, 


If we introduce + yn in place of 7, we obtain the following result. The 


congruence C; is obtained by making the transformation 


ton 
(89) 
and its equations are 
On _ 1 logy 


Similarly another congruence C_, is obtained by putting 


90 

027,02 us Ox, (90a) 
The repetition of the first transformation gives rise to a sequence of congru- 
ences C,, C,, C3,...- and the second gives rise to a similar sequence C_,, C_., 
C_;,...-ete. If this sequence is finite in either direction, one of the sheets of 


the focal surface of the last congruence thus obtained degenerates into a curve. 
This takes place for C, for instance if 


log » 
~ 
49 
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It should be noted that for our system, the quantities r,s, 7’, s', become 
r=0, f=), 


so that clearly the coefficients of the various systems obtained by Laplace trans- 
formations are expressible in terms of 7 and s, which take the place of the 
quantities A and & in the theory of the differential equation of Laplace. 

The entire theory of the differential equation of Laplace can clearly be pre- 
sented from this new point of view. 

Moreover it should be noted that, although we have used the canonical form 
of our system of differential equations to deduce the form of the Laplace transfor- 
mations, we might have used its unreduced form. Then it is clear that the various 
dependent variables introduced by the successive Laplace transformations will be 
connected covariantly with our system of partial differential equations. 


Paris, September 15th, 1903. 
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On Elements Connected each to each by One or the other 
of Two Reciprocal Relations. 


By C. De Po.ienac. 


CHAPTER I. 


Art. 1. In what follows I represent by Z an aggregate of n elements. 


looked upon as mere ideal concepts. 

Between any two elements there will exist by hypothesis a reciprocal rela- 
tion FR, or a reciprocal relation R, which, for pure convenience, I shall call 
respectively Variation and Permanence, without attaching any particular mean- 
ing to either of these terms. Except being reciprocal, these relations are unde- 
fined and unrestricted, so that if two elements are supposed to be connected toa 
third by the relation #,, it does not follow that the same relation FR, subsists 
between them as would be the case if, for instance, 2, was a relation of equality 
or any other implying with respect to the individual element some intrinsic 
attribute of magnitude, form, etc. 


Conventional Terms. 


Any two elements e,, e; must, by the fundamental hypothesis, be connected 
either by a variation or by a permanence. If by a variation, for instance, we 
shall say that e, and e; have a variation together, or that e; has a variation with 
e;, and vice versa. 

We shall also say that e; is a variation-element of e,, and vice versa. 

It will sometimes be convenient to use the term variation instead of varia- 


we 
4 
i 
inf 
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tion-element, thus, where no confusion of ideas can occur, we shall speak of the 
variations of e,, meaning the variation-elements. 
All the same expressions will apply to permanences, mutatis mutandis. 


Cycles of Variations and Permanences. 


Every pair of elements out of the aggregate HZ, having been arbitrarily 
given a variation, or a permanence, if several elements ee’ .... e’ have nothing 
but variations between them, we shall say that they form a cycle of variations. 
The term cycle of permanences will be similarly understood. 


2.— Annotation. 


We write the elements in columns with the only restriction that any two 
elements must not be put down in the same column when they are connected 
by one of the two relations, say to fix ideas, the relation called variation. The 
law of annotation is then simply : 

Any two elements between which there is a variation, must not be written in the 


same column. 
Regard being had to this rule, a number of schemes will be formed, such as 


each scheme containing all the elements, and, in each column, the elements 
giving nothing but permanences. 

Observe that, in conformity with the rule and whatever be the set of rela- 
tions, we shall have the scheme : 


in which each column is composed of a single element. 

The law of annotation is only concerned with the composition of the 
columns in every scheme, not with the order in which the elements are written 
in each column, nor with the order in which the columns are written in each 
scheme. It must be, therefore, well understood that two schemes are distinct only 
when they differ by the composition of some column or other. 


es 


by One or the other of Two Reciprocal Relations. 


3.— Table of Schemes. 


I shall, in what follows, use the word Table to designate an aggregate of 
annotated schemes. The full or general Table will mean the aggregate of all the 
schemes possible under the law of annotation. Their number necessarily 
depends upon the relations arbitrarily established between the elements, that is 
to say, upon the incidence of variation or permanence between each and every 

air. 
’ Ex. 1. By way of illustration, let us take seven elements, 1, 2, 3, 4, 5, 6, 7, 
connected as indicated in the subjoined synopsis, in which the variations belong- 
ing to every element are written on the same line as that element. 


Elements. Variations. 

1 23 6 7 

2 1 3 5 6 

3 1 2 4 5 

#6 @ 7 

5 23 4 6 

6 124 5 7 
7 1 4 6 


The permanences belonging to each element are at once inferred from its 
variations, e. g. since the variations assigned to element 1 are with the elements 
2, 3, 6, 7, it must have permanences with all the remaining elements, viz. 4, 5 
(Art. 1), and so on. 

From the adopted set of relations, the following cycles of variations are 
inferred : 


Cycles of Variations. 
123; 126; 167; 2835; 256;345;456; 467; 


all of three elements, and as, under the rule of annotation, no two elements giv- 
ing a variation can enter the same column, it is clear that every scheme must 
have three columns at least. 

In order to obtain all the schemes, we can begin by writing all the elements 


in a row, 


which gives the scheme having the maximum number of columns; then, by 


' 
4 
4 
: 
a 
i 
iJ 
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referring to the synopsis of variations, we can reduce the number of columns 
successively. 
Or, we can start with any cycle of variation, e. g. 


& 


and introduce the remaining elements one by one. 
The application of either process will lead to the following general Table of 

twenty-seven schemes : 

(1236) | (1 

(476 ) | (4 

(1 (1 

(4 7) (6 
(1 7) | (1 
(46) 
(1236) (1 
(647) 
(1234) (44, 
(676) 
(1 5) (1 
( 7) | 
(1 5 6) 
(4 
(4 
(1 6%) | (1 


(4 


qn 
oO 


(1 28 4 5) 
(1 23 5 6 7) 
) 
(1 6 7) 
(5 ) 
(1 7) 
| ) 
(1 6) 
) 


— — — 


~J 


lor) 


(1 5 7) 
( ) 
(1 6) 
( ) 
(1 5 6) 
( 7) 


(1 5 6 7) 


for) 


neo nN So HO AN SO 
~I 


for) 


o 


4. Reverting to the general case, it is evident that the minimum number of 
columns met with in one or several schemes depends essentially upon the connec- 
tion of the elements, that is to say, upon the particular way in which the varia- 
tions and permanences are distributed. For the purpose of reference to this 
minimum, it will be convenient to adopt a letter for it. Accordingly, in what 


follows : 
The minimum number of columns will be designated by k. 
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As an immediate consequence of the meaning of &, in connection with the 
law of annotation, the maximum cycle of variations cannot involve more than & 
elements. This consequence may also be stated thus: Between k + 1 elements 
taken at random, there exists at least one permanence. 

Observe that if the maximum cycle of variation contains /’-elements, it does 
not follow thatk=/. For, in the above example, the maximum cycle of varia- 
tion has only three elements, yet k= 4. 


5. If we single out from the general Table all the schemes which have only 
k or k+1 columns, we shall obtain a reduced or partial table which we shall desig- 
nate by 7, and in which every scheme is annotated with the minimum number 
of columns, or the minimum plus one. 

In the above example, Table 7 is made up of the schemes 1, 2, .... 19. 


Abridged Mode of Writing. 


In the sequel we shall represent an aggregate of schemes of an equal num- 
ber of columns, say «, by the abridged notation 


where each £ stands for a column or, what is the same thing, for some cycle of 
permanences in the widest sense of the term, including pairs or single elements. 
The symbols £,, £,, etc., must be understood to represent in turn the different 
cycles of permanences met with in the various schemes of « columns, whose col- 
lective representation is condensed into the above abridged form. 

According to this convention, Table 7 will be represented by the two 


abridged forms: 
|Z, B,.... 


Bl, 


the second of which gives the schemes of & columns considered as schemes of 
k +1 columns, with one blank column indicated by a dot. 

It must be well borne in mind that #,, Z,, etc., being mere symbols, do not 
represent the same aggregates of elements in both forms. 


4 
a 
il 
i 
i 
4 
‘ 
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6. The representative form 
H,.... 


admits of one arbitrary column, that is to say, in the aggregate of the schemes of 
k + 1 columns, every cycle of permanences, including pairs and single elements, 
will, in some scheme, make up a whole column. This is easily seen as follows: 

Let us designate by the notation # a cycle of permanences arbitrarily 
chosen, which might be a permanence-pair or a single element, and let us select 
any particular scheme of & columns, say 


As this scheme, like every scheme, contains all the elements, we can pick 
out of the different columns, the elements of which £# is composed, and place them 
together in the blank column, which gives the required scheme: 


Exceptionally this scheme might reduce to one of & columns. If, for 
instance, we had taken E=8E, our operation on the particular scheme of & 
columns originally selected would have been nothing else than the shifting of a 
whole column bodily, thus leaving the scheme unaltered. Nevertheless, we can- 
not assert a priori that a particular cycle of permanences will make up a whole 
column in some scheme of & columns, e. g. in the above example, where k=4, 
there is no scheme of four columns in which the element 3 makes up a whole 


column. 
With schemes of 4+ 2 columns, two columns would become arbitrary, and 


so on. 
We can now condense the two representative forms of Table 7 into one, viz. 


for this typical scheme has generally 4+ 1 columns, and by making E=0 we get 
the schemes of & columns in their abridged notation. 


7.—First Partition. 


Representing, as in Article 1, by E, the aggregate of the given elements 


-+++ We partition E into two arbitrary distinct sets of elements which 
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by analogy we shall designate by A and B respectively. We have then sym- 
bolically 


| 


+B. 
In scheme (1) the symbol # becomes generally io likewise the conven- 


tional symbol # becomes generally - , i.e. a chosen cycle of permanences con- 


taining elements of both sets. We may, however, without ambiguity, write 


for it is obvious that once the particular cycle of permanences A has been 
chosen, B is limited by the law of annotation to such cycles of permanences out 
of the set B as form a cycle of permanences with A and vice versa. Otherwise 
told, the two cycles A and B are arbitrary, subject to the condition of being 
what may be called congruent with one another. 

The general form of scheme (1) under the partition is 


A Ay... A, 


We can, in the arbitrary column, make separately or conjointly A=0, 
B=0. ForkE=A, F= B, E=0 are legitimate values of E in scheme (1). 


If we make B= 0, we obtain the following type of schemes: 


| Be, & 

comprising all the schemes of table Zin which the elements of the set B occupy 
k columns at most. 

The aggregate of such schemes forms a partial table which we shall call the 
Table of the first Partition and designated by 7,. 

As all the schemes of 7, are also schemes of 7, we can say that table 7; is 
contained in table 7’. 


50 
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A 
z=“, 

; 

= 

ty 


368 Pouianac: On Elements Connected each to each 


8. Table 7; will also contain schemes of the type: 


A, Ay | (3) 
B, B,.... By, B, 


in which both sets are written in & columns at most, two of which are different. 
In order to justify this assertion, let us first write the scheme in the more 
convenient form 


Columns 1 2 38....k—1 hk k+1 


@ 


in which it must be well understood that A, B are mere indeterminate symbols 
having a different meaning in each column, as representing in each an aggregate of 
different elements. All the symbols A, taken together, make up the set of ele- 
ments designated by A; similarly with B. 

Now, if in (2), we make A=0, we get the general type of the schemes of 


k columns illustrating the partition, viz: 
A, A, eeeve A, | 


We write it likewise: 
i. @- 


and it can represent any particular scheme of & columns. If, now, we remove 
from any column, e. g. the second, all the elements which belong to the set A to 
place them in the first column—the blank column—we obtain 


12 83.... 


4. 
BB....BB 


and this is a scheme of the type (3), for by permuting the second and the k+1™ 
columns, which leaves the scheme unaltered (Art. 1), we obtain scheme (3) in the 
new abridged writing. 


= 
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The two representative schemes of table 7, of the first partition are then: 


1 9.... 
Bic (2) 
2.... 
B....B B 


Scheme (2) alone admits of an arbitrary column confined to cycles of perma- 
nences chosen among the elements of the set A. 
9.—Second Partition. 


We can proceed to a second partition by sub-partitioning the set A into two 
sets A,, B,. We have then symbolically 


A=4,+B, H=A,+B,+B. 
In carrying out this second partition in the two representative schemes of 
the first partition, the symbol B remains unchanged, while each symbol A 


changes to : . Therefore scheme (2) becomes 


1 
& 


ht & 


the symbols A,, B,, B having as before different meanings in the different 


columns. 
We can again make separately or simultaneously A, = 0, B, = 0 (comp. 
Art. 7). Making B, = 0, we obtain the type of schemes 


. &... (4) 


q 
be 
Pe 
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Likewise scheme (3) becomes 
k k+1 


(5) 


Now, in the same way as we obtained a reduced table 7, by singling out of 
table 7;* all the schemes in which the elements of the set B occupied & columns 
at most, we can obtain another reduced table by singling out of 7, after the sub- 
partition of A into A, + B, all the schemes in which the elements of the set B, 
occupy & columns at most. 

We shall by analogy call this new reduced table the table of the second par- 
tition and designate it by 7. 

All the schemes of the types (4) or (5) belong to 7. But I say that it 
will, in addition to these, include schemes of the three following types : 


1 k+1 


A, 


(8) 


* Let us recall that table 7’ is, by definition, made up of the agyregate of schemes of no more than’ 
k+1 columns. 


2 
(6) 
1 2....k k+1 
By. 
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The proof is as follows: 
If in type (4) we make A, = 0, we have a form illustrating the second par- 
tition in any scheme of & columns, viz. 


1 2.... & k+l 
» 


Removing the elements belonging to the set A, from the last column to the 
blank column, we obtain the identical scheme type (6). 

To justify the existence of the scheme (7) in table 7,, we first observe that 
it can be written 


t 

B, 


for the permutation of the two rows is tantamount to a permutation of elements 
in each column and leaves the scheme unaltered (Art. 2). 
This done, it is only necessary to imagine the first partition to have been 
E= R + B, 

and the sub-partition 

R = A, + B, 
which gives the same total partition of elements as before, viz. 

E — A, + B + B, ° 

Type (7) is then the new form of type (5). 

The existence of type (8) follows from the definition of table 7; for it is 
obvious that the schemes in which both the set B and the set B, take up indi- 
vidually & columns at most, will generally contain the remaining elements, i. e. 
those of the set A, in all the columns. The same type can also be inferred from 
the types (5) or (7) by removing into the column devoid of the elements of the 
set A, one or more elements of that set, which may happen to form a cycle of 
permanences with the elements of the set B or the set B, contained in that 
column. 


. 
i 
| | 
= 
Fi 
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The table 7; of the second partition is then characterized by the five types, 
(4), (5), (6), (7), (8). 
They might also be represented by graphs, e. g. 
A, 
B, (6) 


(7) 


ete. 


10. There is no difficulty in generalizing these results. We can form a new 
reduced table 7; by singling out of table 7, the schemes in which the elements 
of another set B, occupy at most % columns. 7; will be the table of the third 
partition of the given elements expressed by the symbolical equation 

E=A,+B,+ B, +8, 
and this third partition can be conceived to have been obtained from the second 
partition by sub-partitioning A, into A, + By. 

The typical schemes in any new partition will be inferred from those of the 
preceding one by breaking up the various symbols into two as may be observed 
by comparing the first partition with the second. In any representative scheme 
we may have any number of symbols excluded from one column and the remain- 
ing ones from the other, or also one symbol subject to no exclusion, as in type 
(8) of the second partition, e. g. 


where the symbol 4,, can be struck out from the first or from the last column. 


B 
A, _— << AA 
B, 
1 
..& «& 
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If, in any representative scheme, we condense into one symbol all the sym- 
bols for which the dot occurs in the same column, we obtain, as should be, a 
representative scheme belonging to the first partition, for this operation is tanta- 
mount to condensing several sets into one, so as to reduce the total number of 
sets to two. 

Remark.—There is only one type of schemes in any partition where one 
column may be considered arbitrary, viz. 


1 2 k+1 
A 
B,, Bn Bn 


B 
B B 


This circumstance will play no part in the sequel, and while it seemed diffi- 
cult to omit every mention of it, on account of its obviousness, yet no particular 
stress need be laid upon it. 


11. The results arrived at so far can be summed up in the following propo- 
sition : 

Proposition I.— If elements in any number be arbitrarily connected each to 
each by one or the other of two reciprocal relations, and if & be the minimum of 
columns in which they can be annotated (subject to the law given, Art. 2), 
then if the aggregate of these elements be partitioned into any number of sets 
arbitrarily composed, it will always be possible to annotate schemes of no more 
than & + 1 columns in which the elements belonging to any number of these 
sets shall be excluded from one column, and the elements belonging to the 
remainder of the sets shall be excluded from another column. 

Otherwise, 

In building up schemes of no more than &+1 columns by introducing the 
elements one by one in any order, it will always be possible to obtain schemes 
in which every element as, and when introduced, shall be excluded from one or 
from the other of two columns of previously determined ranks. 
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Remark.—The possibility of such an exclusion is strictly confined to two 
columns. In the second partition, for instance, we have not been led to any 


scheme of the type 
-kkt+1 


B, . 
B B 


in which the three sets appear, simultaneously excluded from three different 
columns. Nor is the existence of such a scheme generally possible so long as 


the connection between the elements remains arbitrary. 
Calling exclusion feature the general possibility of excluding sets of elements 


from one or more columns, Proposition I asserts that— 

When the connection of the elements remains arbitrary, the exclusion-fea- 
ture is, generally speaking, restricted to two columns with respect to every 
element in the aggregate of the schemes of no more than &+ 1 columns, where 


k is the minimum of columns which any scheme can have. 


12. Hx. 2.—Let us take thirteen elements connected as follows : 


Elements. Variations. 


for) 


JN rR RO wp 
I CO “I “IO 


to 


Da o 


or © 
— 


. £8 
1 8 13 
2 9 
3 9 
4 11 
5 8 13 
6 10 11 
7 9 12 18 
8 9 10 
9 12 
10 
11 
12 
13 
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In order to determine & (minimum of columns, Art. 4), we can start with 
the cycle of variations 


and introduce the elements one by one in their natural numerical order, putting 
them down in the smallest number of columns consistent with the synopsis of 
variations. It is only necessary to take into consideration the variation of each 
successive element with the preceding elements already annotated. 

e. g. From the synopsis, element 4 has variations with elements 1, 3 
already annotated ; we can then write: 


> 
4 
Klement 5 has variations with 2, 3, 4, and we can write 
1 2 8 
5 4 


Proceeding in this way, we shall obtain a wnique scheme of three columns, 


viz. 
1 2 3 
5 4 6 
9 7 8 
11 10 12 
13 


We have then £4 = 8. 
In order to illustrate the typical schemes of the second partition, let us 
throw the thirteen elements into three sets: 


2 8 11 18, 
5 7 8 10, 
=4 6 9 12, 


bol bul be 
II 


12 3 5 7 8 10 11 18, 
p=m4 6 9 1% 


followed by the sub-partition of A into A, + B,, where A, and B, are the sets 
above given. 
51 


which we can conceive to be derived from a first partition 
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If in the scheme of three columns we remove from the first column the ele- 
ments 5, 9 which belong to B, and B respectively, we obtain the scheme 


illustrating the typical scheme (6) of the second partition. 
If we only remove element 5 into the fourth column, we get 


1 2 3 . 


A 


illustrating type (7). 
If in this last scheme we remove 11 to the fourth column, we obtain a 
scheme of the type (8), viz. 


2 3 11 


Remark.— Although always leading to a specimen of types (5)(6)(7), this 
simple process may not be sufficient to obtain all the schemes of a given type; 


11 13 
B, 7 8 "| 
10 
6 
| 
B,| 7 
- 10 
12 
A, |? | 
1 
13 
B, | 7 8 | 
10 
4 6 
12 
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e. g. the scheme 


A, 1 = 
11 18 
B, 5 7 
10 
B 6 4 
12 9 


which illustrates type (5), cannot be evolved out of the scheme of three columns 
by the mere removal of a few elements from one and the same column, but it is 
easily obtained by introducing the elements successively. 

The restriction of the exclusion-feature asserted in Proposition I and pointed 
out in Art. 11, Remark, can also be readily illustrated. 

Let it be required to compose a scheme of no more than four columns in 
which the above sets, , B,, B, shall be excluded from the first, the second and 
the third columns respectively. 

We can start with the cycle of variation 1 2 3 and as these three ele- 
ments are to be excluded from the first column as belonging to the set A,, we 
can write them in the six different ways: 


. 18 24; |. 21 84; 


« & 
le @ 


which, in composing schemes, must be examined one after the other. 

We begin with |. 1 2 8| and introduce the elements in their natural 
order. 

Element 4 has the variations 1, 3 (Synopsis), and being excluded from the 
third column as belonging to the set B, can only be put down in the first column. 
We have then so far 


bo 


bel bol bel 
== = 


Element 5 has the variations 2, 3, 4, and being excluded from the second 


377 
| 
|, 
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column as belonging to the set B,, can be placed nowhere in this scheme, which 
consequently drops out. 
The next initial annotation is 


Here element 4 has two places, giving the two schemes, 


13s 2 1s 
4 


Again the first one does not admit of element 5. In the second, 5 has only one 


place, and we get 
« 


’ 


but 6 having the variations 1, 2, 4, 5, and being excluded from the third column 
as belonging to the set B, can be placed nowhere, and the scheme is lost. 
We must then turn to the third initial annotation of the elements 1, 2, 3 


and by trying them all in succession, it will be found that in several schemes we 
can successfully annotate eight elements, but no more, e. g. we have the scheme 


- O 


into which element 9, having the variations 2, 3, 7, 8, and being excluded from 
the third column as belonging to the set B, cannot be annotated. 


13. To sum up: Whatever be the distribution of variations and perma- 
nences among the given elements, we can, by means of the synopsis recording 
their connection, build up schemes, element by element, of & and & + 1 columns 
(&, minimum number of columns, Art. 4), and if, at any stage of the process, we 
throw the elements already annotated into two distinct arbitrary sets A and B, 
we know from the results obtained in this chapter and embodied in Proposi- 


A, 
B, 
B |4 
B, 5 e 
B 
B, | 8 7 
| B 6. 4 
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tion I, that among the schemes so far obtained there will be one or more of the 
type 


& #.... 
. BE 


and again, it follows therefrom that in introducing the next element into the 
schemes of this type, it will be possible, in one or more, to exclude said element, 
at will, from the column which contains no element of the set A or from the 
column which contains no element of the set B; for this additional element 
might have been a priori assigned to the set A or to the set B. 


CHAPTER II. 


14. Hitherto the connection between the elements was purely arbitrary. 
We shall now examine what restrictions must be introduced in order to obtain a 
full extension of the exclusion-feature described in Proposition I. 

k being as before the minimum number of columns met with in any scheme, 
(Art. 4), the desired extension consists in the possibility of composing schemes 
of k+1 columns in which &+1 arbitrary sets of elements shall be excluded 
respectively from & + 1 different columns. 

Adhering to former notations, the symbol of such schemes would be (Chap- 
ter I, Art. 8), 

1 2 38 ...-k—1 k k+1 


| 
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or, more generally, 


1 2 3 ..--k—1 k& k+1 

B, bd B,_, B, 

’ (8’) 
B, B, B, 
BoB. 


where one of the sets, viz. A, is subject to no restriction as to annotation. 
That such schemes are obtainable I will presently show, but the exposition 
will be facilitated by the introduction of a few new conventional terms. 


15.— Monogeneous and Polygeneous Elemenis. 


When schemes are built up element by element, each additional element 
finds a certain number of variations and of permanences among the elements 
already annotated. 

If the new element has only one variation among the elements already 
annotated, it will be called monogeneous ; if it has several, polygeneous, and in the 


latter case, duogeneous, trigencous, and, generally, m-geneous, according to the 
number of such variations, or also polygeneous of the order m. 


16. We can now assert the following fact: 

If an additional element be #— 1-geneous at most, it will be possible to 
exclude it from any column whatsoever in each of the schemes of & +1 columns 
previously annotated. 

The proof is immediate. 

By hypothesis, the new element is k — 1-geneous at most. By definition, 
it finds in each previous scheme at most # — 1 variations. The elements giving 
these variations can then take up at most &—1 columns in each scheme. 
Hence, schemes of & + 1 columns being allowed, the & — 1-geneous element can 


= 
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be entered into two columns at least in each scheme. In other words, there are 
in each scheme two columns at least in which the 4— 1-geneous element finds 
nothing but permanences. 

This told, one of two things must happen. 

Hither in any scheme the particular column from which it is intended to 
exclude the new element, contains one of its variations, or it does not. 

If it does, the new element is by the law of annotation excluded from that 
column, and the extra prohibitive condition is superfluous. 

If it does not, the new element might be put down in such column, but may 
be also kept off from it and entered elsewhere, as there is at least one other 
column in which the new element has no variation. Q. E. D. 

The same will be true of another 4 —1-geneous element, and, consequently, 
of any number of &— 1-geneous consecutive elements. 

As an immediate consequence, if the given elements can be assigned such an 
order as will make each at most 4 — 1-geneous with respect to the preceding 
ones, then in the annotation of the schemes the possibility of exclusion will be 
unrestricted. 


17. There is no difficulty in obtaining such an aggregate of elements. The 
easiest way is to start with a cycle of variations of & elements 


when, so far, the minimum of columns is assuredly &, and next to add any num 


ber of elements 
Crtis On 


at most &— 1-geneous, which is done by giving e,,, no more than & —1 varia- 
tions among the preceding elements ¢, e ....¢,; in the same way giving e ,» 
no more than —1 variations among the preceding elements, 
andsoon. The value of /as designating the minimum of columns will remain unal- 
tered throughout, and in the schemes of 4+ 1 columns the exclusion-feature, as 
before understood, will be unrestricted. 


18. Ex. 3.—As an example, let us resume the thirteen elements of example 
2 (Art. 12), in which K=3. They are not duogeneous (k — 1-geneous) in their 
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natural order, but if we strike out the elements 5, 6, 8, 9, 13 the remaining eight 
elements, 1, 2, 8, 4, 7, 10, 11, 12 are at most duogencous in the order in which 
they are given, as the synopsis in Ex. 2 shows. 

We now add twelve more duogeneous elements, and write down the new 


synopsis : 
SYNOPSIS. 
ELEMENTS. VARIATIONS. 


Duogeneous at most. With preceding elements. With subsequent elements. 


none 2 3 4 7 


1 

2 

3 14 


7 
10 
11 
12 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 


1 3 12 
none 11 16 20 
4 10 12 15 16 
7 #11 14 18 
3 12 15 19 22 
11 14 17 20 
10 11 
15 16 19 
12 16 21 
17 14 23 
10 15 22 
18 16 24 ' 
14 20 23 25 
19 22 24 
21 23 25 
22 24 none. 
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We still have = 3, for the synopsis shows that the following scheme of 
three columns is relevant under the law of annotation: 


1 2 3 
10 4 1] 
12 7 17 
15 14 18 
19 16 20 
21 23 24 


7 10 16 19 2 
1=14 15 18 21 24 


123 17 2 


and let it be proposed to work out a scheme of the type: 


1 2 3 4 
Rm. 
BBB. 


- 1 2 8 |, and introducing the ele- 


Starting with the embryo-scheme 


ments one by one in the numerical order of magnitude, we obtain, among others, 
the scheme : 


1 


| 25 
A, P | 2 3 
25 11 
B, 16 7 
23 . 10 
B, 
21 24 
20 22 
52 
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19. The unrestricted exclusion-feature which, as proven, pertains to an 
aggregate of elements, at most 4 —1-geneous inter se is expressed in signs by the 
two symbolical schemes (8), (8’) of Art. 14. We can in (S’) put A,=0 in any 
column, and by condensing into one the two symbols which will then be missing 
from the same column we fall back on the type (S). In both the symbols can 
be further sub-divided into any number of symbols. 

We can now sum up the results obtained in this chapter in the following 
proposition : 

Proposition IJ.—If the given elements can be assigned such an order as will 
make them at most 4 — 1-geneous, inter se, the exclusion-feature in the aggre- 
gate of schemes of & + 1 columns is unrestricted. 


CHAPTER III. 


20.—I propose in this chapter to draw some inferences from Proposition I 


(Ch. 1, Art. 11). 
Let Z, as before, be an aggregate of elements arbitrarily connected. Making 


first partition, we have — 
E=A+B, 


and, as proven in Chapter I, & being the minimum of columns, we shall find 
among the schemes of no more than & + 1 columns schemes of the type 


1 2....k k+1 


A 


which is symbolical scheme (2) of the first partition (Ch. I, Art. 7). 

N. B.—We have left out the dot over the first symbol A as immaterial, and 
will do so in the future. (See Remark, Art. 10.) 

Let us now introduce a new element a, giving it permanences with all the 
elements of the set A and variations with all the elements of the set B. We can 
enter @ into the column which contains no element of the set B in all the schemes 
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of the type (2) whose aggregate forms what in Ch. I has been called the table of 
the first partition. We could enter a into no other scheme without augmenting 
the number of columns, and as it is understood all along that we reject schemes 
with more than & + 1 columns, all the schemes not of the type (2) drop out, and 
after the introduction of a, the general representative scheme of the table under 
consideration is 


a 
a (2) 
2 


21.— First Sub-partition. 


The aggregate of elements being now A+ a + B, we introduce a second 
new element, a,, giving it any number of variations but with the express condi- 
tion that they be all taken out of A+a. The elements thus selected compose a 
set which we shall call B,, the remaining elements, another set A,, and we have 
then 

A +a= A, + 


By construction, a, has nothing but permanences in both the sets, A; and B 

As for a, it may be assigned either to A, or to B,; we leave it undecided 
for the present. 

I say now that, without augmenting the number of columns, it will be possible 
to annotate a, in some of the schemes in which a has already been annotated. 

This, as will be seen, results at once from Proposition 1; among others we 
shall obtain at least one scheme of the form 


1 .... 8 


i 

| 

| 
j 

(8) 
‘a 


386 Poutiegnac: On Elements Connected each to each 


for, if we erase both a and a, we get the scheme type (8) of the second parti- 
tion, the concrete existence of which in one or more specimens has been proven. 
(Ch. I, Art. 9.) But in every such scheme @ and a, are here relevantly anno- 
tated, under the rule laid down, viz. all the variations of a make up the set B, 
those of a,, the set B,. 

The elements of the set B do not participate in this second partition, which 
can be looked upon as a sub partition of the set A, increased by a, into A, 
and B,. We have already used the term sub-partition in Ch. I, and it will be 
convenient to continue to do so, the second partition being the first sub-partition, 
and so on. 

In scheme type (2) of the original partition, we have written a over the 
symbol A, and in scheme type (8) of the first partition, a, over the symbol A). 
This, in order to avoid confusion, and to indicate that a in scheme (2) and a, in 
scheme (8), are free elements, i. e. yet unassigned to any particular set. 

From the place which a occupies in scheme type (8), it can be conceived to 
belong either to A, or to B,. In the latter case only there is a variation between 
a and ay. 

If a has been assigned to the set A,, then a and a, give a permanence, and 
we shall have such schemes as 


1 Q.... k k+1 


which, by erasing a and a,, reduce to the schemes type (4) of the second parti- 
tion (Ch. I, Art. 9), the concrete existence of which has been proven. More- 
over, a and a, are relevantly annotated in respect of their connection both with 


one another and with the original elements. 


22.—Second Sub-partition. 


The aggregate of elements is now 
A, + a, + B, + B, 


| 
| 
A, 
a 
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a being included in A, or in B,. We introduce a third new element, a,, giving 
it any number of variations, but all taken out of the set A, + q. 
These variations form a set B,, the remainder a set A,. We have then 


A, +a, = A, + B,, 


and, by construction, a, has permanences with all the elements of the three sets, 
A,, B,, B; a and a may conjointly or separately belong either to A, or to By. 

Here again it will be possible, without augmenting the number of columns, 
to put down a, in some of the schemes which already contain « and ay. 

To show it clearly, observe that the connection between a, a,, a, depends 
on the sets to which a and a, have respectively been assigned in the first, and in 
the second, sub-partitions. Due regard being had to the rule governing the 
introduction of the new elements, a, a, a,, we find in all the six following 
cases : 

1°. a, @,a% forma cycle of permanences. Then in the first sub-partition, 
A+a= A,+B,, must have been assigned to A,, and in the second, A, +a 
= A, + B,, both a and a, must have been assigned to Ap. 


a a, Permanence. 
Ag. Id. 
a. Variation. 


Then in the first sub-partition, a has been assigned to A,. In the second, a, has 
been assigned to A,, a to B,. 


+. a ,. Permanence; a assigned to Ai, 1st sub-partition. 
a, a,- Variation; a, 2d sub-partition. 
a, a. Permanence;a “ 

4°, a a,. Variation; a assigned to B,, 1st sub-partition. 
a, @,. Permanence;a, a 9d sub-partition 
Ap Id. 

5°. a a. Variation; a assigned to B,, 1st sub-partition. 

Qe. Id. a « B 

= 2d sub-partition. 
a, a. Permanence. 

ae a a, Permanence; a assigned to A,, 1st sub-partition 
a, Variation; a, 


Ba, 2d sub-partition. 


if 
4 
t 
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Several otherwise possible cases must here be ruled out, e. g. a, a, a can- 
not form a cycle of variations, for a variation between a and a, implies that a 
has been assigned to B,, but, by the standing rule, a, has nothing but perma- 


nences in the sets B, B,. 
A relevant annotation of a, in the six cases can be illustrated ; among others, 


in the six corresponding schemes below written: 


1 1 @ 
Oy Oy 
a 
a 
ay 
a 
1 2 ....k4+1 k+1 
6°. 
ay 
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The concrete existence of these symbolical schemes can be inferred from the 
schemes of the first sub-partition (Art. 21) by cancelling a, and condensing the 
two symbols A,, B, into one A,, when we fall back on the types (4) and (8) of 
the first sub-partition. Or directly leaving a, a,, a, out of notice, the schemes 
actually exist in virtue of Proposition I. Moreover, a, a, and a, are relevantly 
annotated in respect of their connection, both with one another and with the 
original elements. 

Observe that some cases can be illustrated by more than one representative 
scheme, e. g. in case 1° the six schemes are relevant ; in case 2°, the schemes (2) 
and (6), etc. 


23.— Generalization. 


The possibility verified up to three additional elements must now be 
extended to any number of them. 
We first recall the main features of the question (Comp., Arts. 20, 21, 22). 
A first partition 
E=A B 


being made, the first additional element a is introduced. It is given perma- 
nences with all the elements of the set A and variations with all the elements of 
the set B. 

The sub-partition of rank 2 is 


ye A, + B,. 


It is made for the purpose of introducing the next additional element a;, 
which is given permanences with all the elements of the set A, and variations 
with all the elements of the set B,. 

The elements of the set B; do not participate in any further sub-partition, 
they can receive no further variations. 

a, —, can be assigned, at will, to A, or to B;. In the latter case alone, it is 
connected with a, by a variation. 

From the rule governing the introduction of the new elements, as here 
restated, the following immediate inferences can be drawn: 


| 
4 
ith 
4 
| 
d 
ate 
+f 
i 
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Inferences. 


i. The set A, can include any element a,, where h<t t. In that case a, 
must have been assigned successively to ies eee A,_,, 4;; for if inany 
intermediate sub-partition a, had been assigned to B;, where j is one of the 
numbers h+1,h + 2, etc., it would not, by the rule, have participated in any 
further sub-partition, and could not, therefore, belong to A,. 

Any other additional element a;, where 7< 1, can also belong to A;, and 
generally, any number of additional elements or a-elements, as we will designate 
them, for brevity. 

ii. All the a-elements belonging to A; form a cycle of permanences. For 
if within A,, a, and a; gave a variation, where h<j < 7, then a, would belong 
to B;, and could not belong to A. 

This cycle of permanences admits also of a;, as, by construction, every vari- 
ation of a; is included in B,. 

iii. Any element a; can have variations with any number of a-elements of 
ranks inferior to its own. For by ii A;_, can include any number of previous 
a-elements, and these can, in the next sub-partition A,_,+0;_;=44;+B,, be 
all assigned to B,. They form a cyele of permanences by ii. 


iv. Any a-element can be connected by a variation with only one a-element 
of a rank superior to its own. 

For if a; and a; , +H give a variation, a, must have been assigned successively 
to Ay41, Aja2---- Ayy,—1, and, finally, to B;,,,, when it can receive no more 


variations. 
v. As a consequence, the first additional element a can have only one 


variation among the a-elements. 

vi. The elements of the sets B, B,, etc., must, in all generality, be assumed 
to actually occupy & columns in each scheme, from which it follows that the 
additional elements a, a,, etc., can, generally speaking, be annotated in only two 
columns. 

Assuming now the possibility of relevantly annotating m additional ele- 
ments, @, Gm» — in two columns, whatever be the sets towhich they may 
have been successively and are finally assigned, we shall establish the same pos- 
sibility with respect to a,,, i. e. with m + 1 additional elements. 

To fix ideas, we take m= 6, but the reasoning will be general. 


390 


We have then to show that 7 =m +1 elementsa, a, .. 
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@ can be anno- 


tated in two columns under any distribution among the sets of the successive 
sub-partitions, e. g. the following: 


Ap 


Ag 


B,; Oy, Gz. 
By; a 


from ii. 
Variation. 
2 Ay. Id. 


We leave a purposely unassigned for the present. 


The conventional partition-equations are: 


Original partition, 


Ist sub-partition, A+a= A, 


2d 
3d 


4th 


5th 


6th 


66 


{ Standing rule. 


E=A+B 
+ B,, a unassigned thus far. 

A,+a,=4A,+B, a, assigned to By. 
A, + a = A; + Bz, 
A, + By. 

As 
A, +a,= A; + B,, tA, 

O4 


a, assigned to A,. Hence (a, a, a, ag) form acycle of permanences 


But so long as a is unassigned, we have here virtually a distribution of 6=m 


additional elements a,, 


cancelling a, the above equation of the first sub-partition becomes 


A=A,+ B,, 


a, to an original aggregate A—E—B. For 


which represents an original partition of the aggregate A. Likewise, the above 
equation of the second sub-partition, viz. 


A, + a,= A, +B, 


. 
i 
— 
f 
= q 
66 
i 
| 
|| A; + a5= A, + a, Ay. 
53 
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becomes that of the first sub-partition to an original aggregate A, and so on, the 
only difference being that the additional elements have here suffixes equal to 
their ranks, which is immaterial. 

Hence, by hypothesis, there are one or more schemes corresponding to the 
above distribution of these 6 = m elements a, a, .--- a in which they are rele- 
vantly annotated in two columns. Let us take any one of them, e. g. 


If we prove that we can reinstate the set B and the element a under any 
hypothesis as to its connection, we shall have established the existence of a 
proper scheme to the original aggregate E and 7=m-+1 additional elements, 
with an arbitrary distribution of these elements among the sets of the successive 
sub-partitions. 

The proof is immediate. 

By vi, a can have at most one variation among the a-elements, and this will 
happen if it has been finally assigned to some set B,, giving it a variation with 
a,. Then, in the last written scheme, a can be written in the column first or 
last in which a, is not, and the exclusion-column of the set B, is thereby deter- 


mined. 


| (S) 
Ag 
B, |. 
B,. 
| 
ee 
B, 
By 
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If, for instance, we take 18, we have the scheme 
1 2 ...-k k+1 


Xs 
(81) 
a3 
a 
— B, 
B, B,. B, 
B B 


If a has been finally assigned to the set A,,, here Ae, it has no variation 
among the a-elements and can be entered ad iid, into the first or the last column, 


giving the two schemes: 
1 k+1 


A, 


393 | 
| 
Oe Bs 
a B, aes 
B, B,.. 
re 
| 
1 
B 
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k k+1 


B; 


BB 


The actual existence of these schemes can be vindicated a posteriori as in the 
second sub-partition (Art. 22). If we cancel the a-elements, the three schemes 
reduce to two and each has at least one actual specimen by Proposition I. On 
the other hand, the additional elements are correctly annotated in respect of 
their connection both with one another and with the original elements. 


24.—Definitions of the Terms “ Outer Group,” “ Inner Group.” 


We shall generally call “ outer group” the aggregate of the elements which, 
in the process of the successive introduction of elements, remain susceptible of 
receiving new variations. 

We shall call ‘‘inner group” the aggregate of the elements debarred from 
that possibility, whether arbitrarily or in consequence of some standing rule or 


hypothesis. 
Here, under the rule laid down for the introduction of additional elements, 


after each new sub-partition, viz. 


+ a, _;=A,+B,, 


1 
A, 
6 
394 
oee 
B, 
. 
. 
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made for the purpose of adding one or more element a,, the outer group is 


A, + a; 


the inner group, 


25. The introduction of these two new terms will facilitate the statement of 
the following facts: 


I..—All the a-elements belonging to the outer group can be written in one 
and the same column. 


This may be inferred from schemes (S) and (S,) (Art. 23). If, before rein- 
stating a into S, all the a-elements of the outer group could be written in the 
first column as in (8), a also can, as shown in (S,). 

A direct proof is also easily obtained. 

Admit the assertion with m a-elements, a, « One lota,, ay, ote., 
be the a-elements which have been finally assigned to A,,_,; the a-elements of 
the outer group are then a,_1,a,,a,, etc., and we have, by hypothesis, the 
scheme 


Am —1 

Aq 

B, | 
B, B, 
etc. 


In the next sub-partition 


+ bn —1 = A, + 


we can assign a, _, either to A,, and the outer group or to B, and the inner 
group, keeping in both cases a, a,, etc., in the outer group. 


t 
395 
if 
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In the first case we have 


In the second case, 
1 


in both cases the assertion is justified with one more a-element. 
II.—The elements of the outer group can be written in & columns. 
For, in either of the two last written schemes, we can put A, = 0 in the 


last column by Proposition I independently from the connection of the a-ele- 
ments. 


III.—The elements of the outer group continue to exhibit the exclusion- 
feature as defined Proposition I. 


1 2 1 
Am 

Am —1 

Bi 
Ly 
Qe 

etc. 

B, 

B, 

etc. 
Am 
A, 
Ly 
etc. 

Om —1 

B, B, 
° B, B, 
etc. 
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Before proceeding to the proof, let us observe that, after the introduction of 
the a-elements, the minimum of columns has became & + 1; therefore, Proposi- 
tion { does not holdin the aggregate of schemes under consideration ; one more 
column would now be necessary. Neithor does it hold with respect to the 
a-elements inter se, for with respect to these we have & = 2, and they are only 
allowed two columns. But, as seen in II, the elements of the outer group com- 
prising an arbitrary set A,,, made up of original elements and of any number 
of additional elements, a,, a,, etc., are in some schemes actually written in 
k-columns. Therefore, Proposition I would apply to the outer group if anno- 
tated separately in & + 1 coluinns, and the condition involved in III is that we 
shall always find among the schemes resulting from the addition, under the rule 
laid down, of any number of elements a, a, etc., all tne schemes which are neces- 
sary to illustrate the restricted exclusion-feature with regard to the elements 
of the outer group in all possible cases. Below a direct and general proof. 


26.—Demonstration of Assertion III. 


From the first wording of Proposition I (Ch. I, Art. 11), the exclusion-fea- 
ture will be established with respect to the elements of the outer group if, throwing 
them into two sets, G, G’, arbitrarily composed, we prove that in the aggregate 
of the schemes obtained after the addition of any number m of the new elements, 
, 1, --++ Gm—z, there exist schemes in which the elements composing G, 
are written in & columns only, and the elements composing G’, also in 
k columns, one of which is different; otherwise expressed schemes in which 
the elements of G and of G’ are missing from two different columns, which can 
be taken as the first and the & + 1". 

The elements of the outer group A,, + a, are of two kinds: firstly, elements 
pertaining to the original aggregate E, and, secondly, additional elements, viz. 
aNd Which have been finally assigned to A,,. 

Similarly, the two arbitrary sets, G, G’, will contain original and additional 
elements. One of the two sets G or G’ must include a,,. Let us write 


Om} 
G= dy dy Oy, 


A 

‘3 

ia 

| 
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C and C’ being exclusively composed of original elements all contained in A,,. 
The suffixes p,g,....7; p',q’,.--.7', are arbitrary except, of course, that 
every one of them is < m. One of them may be = 0; the corresponding ele- 
ment a) being in our notation identical with a. 

To justify assertion III, we must find at least one scheme in which the 
elements composing G will be missing from say, the last column, and those com- 
posing G! from the first. 

If such a scheme exists, the elements of the outer group must appear in it 
as shown in the following embryo-scheme : 


i 


and we have only to prove that the elements of the inner group can be rele- 
vantly inserted into it. 

Let a, be the additional element of the inner group which has the highest suffix. 
Being in the inner group, it belongs to some B-set (Art. 24), and has a varia- 
tion with one, and only one, a-element of a rank superior to its own. (Art. 23, 
Inference iv.) This a-element is then in the outer group. Moreover, a, has 
nothing but permanences with— 

1°. The a-elements of the outer group whose ranks are inferior to its own. 

For if a, had a variation, e. g. with a,, where r<h, a, would belong to B,, 
a set of the inner group, contrary to our hypothesis. 


Ay Ay 
Qq’ 
a, Oye 
B, | 
B, 
| 
o. 
B, 
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2°. The elements involved in the symbols already written, viz. C, C’, 
B,, ote. 


For, by the standing rule, the variations of a, make up the set B, and the 
corresponding symbol, #, is not yet written in our scheme. 

In conclusion, a, has one, and only one, variation in the scheme as written 
so far, and can be entered into the column first or last, in which its variation- 
element is not. 

If it be a, for instance, we can write a, in the last column with the symbol 
B,, and at the same time the symbol B, in all the columns except the last. We 
have then added one more a-element and one more line of symbols to our 
embryo-scheme, which now reads : 


1 ....k k+l 
Om 

& B, 
etc. Oh 
etc. 

axes 


a, being disposed of, let a; be the additional element of the inner group 
whose suffix is now greatest. a,, like a,, belongs to some Jb-set, and has 
a variation with an a-element whose suffix is >i. It may be a, or an a-ele- 
ment of the outer group. In any event a,, just as before, can have only one 
variation among the elements already annotated. Hence, it can be placed in the 
column first or last in which its variation-element does not occur. 

If, to fix ideas, we take a, to be the variation-element of a,, we must enter 
a, into the first column with the symbol B,, and exclude the symbol B; from the 
first column. This done, we have again added one more a-element and one more 
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line of symbols to our scheme, which now reads: 


1 2 .... k k+1 


Proceeding in this way and reinstating the a-elements of the inner group 
in the order of decreasing ranks, each of them will always find one, and only one, 
variation among the elements already annotated, and can then be written in the 
column first or last, which does not contain the a-element, with which it has a 
variation. 

When al] the a-elements and the corresponding B-symbols have been anno- 
tated, we have a scheme which is concrete with respect to the additional elements, 
as each letter a represents only one element, and symbolical with respect to the 
original elements. The actual existence of such a scheme is justifiable a poste- 
riort by the reasoning often made use of before; the symbolical part of the 
scheme has, from Proposition I, one or more concrete specimens, no matter how 
the sets B, B,, .... B,_1, C, C’ are composed, and, on the other hand, the 
additional elements a, a,,.... a, are relevantly annotated both inéer se and in 
relation to the original elements, as each additional element a; is written in the 
column from which the symbol B,, which represents the aggregate B, of its 
variations, can be and has been excluded. 

Assertion III is thus fully proven. 


C oe e 
x C! 
Ay Qa’ 
a, Ay 
Ah 
— 
& 
B, eee B, 
a; 
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27. The process of sub-partitioning the outer group can go on as long as 
there are elements left to operate upon. At some stage of the addition of a-ele- 
ments, the outer group might happen to be made up of these altogether. In any 
case at every stage the outer group is composed for elements which in one or 
more schemes occupy only & columns. Consequently we could introduce an ele- 
ment a», giving it variations with all the elements of the outer group. This is tan- 
tamount to making A,,= 0 in the equation of the m‘ sub-partition 

y on —1 = By. 

We have then _ 7 


and the outer group reduces to the single element a,,. The corresponding sym- 
bolical scheme has the form 


k+1 

Om 

On —1 


etc. 


28. We can now enunciate the following theorem: 


THEorEM.—If elements, arbitrarily connected, have been annotated (according 
to the rule given Chapter I, Art. 2) in & and & +1 columns, & being the minimum, 
it will be possible, without augmenting the number & + 1 of columns to add any 
number of elements, each with any number of variations, provided that at each 
addition, all the variation-elements of the new element pass on to the inner 
group. (Definition, Art. 24.) 

At each addition many schemes may drop out, viz. those in which none of 
the &+1 columns admit of the introduction of the new element, but there will 
always remain one or more schemes into which it can be entered. 


29. In illustrating this theorem, it will be more interesting to show its 
bearing on maps in connection with what has been called the geographical 
problem of the four colors.* 


* A. B. Kempe, B. A. On the geographical (problem of the four colors. American Journal of 
Mathematics, Vol. II. 
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The problem, as well known, is to determine how many colors are necessary 
to paint a map so that two adjacent districts are not painted the same color. By 
adjacent districts are understood those having a common line-boundary, not 
merely touching in a point, and the map is supposed to be drawn on a singly 
connected surface, say a sheet of paper. 

Now the rule prescribing a change of color takes no account of any attributes, 
collective or individual, of the districts, whether in number, shape or space- 
magnitude. As regards the object aimed at, the districts in any map are mere 
elements connected each to each by one or the other of two reciprocal relations, 
which may be called: 


Variation in the case of adjacent districts, 
Permanence in the case of non-adjacent ones. 


Here the second relation is simply the direct negative of the first. If we 
represent the districts by numbers or letters, the notion of coloring them with a 
certain number of colors under the rule stated, is the same as writing them in a 
certain number of columns subject to the condition that no two adjacent districts 
shall have their representative signs in the same column. Each column will then 


stand for a color. 
From this point of view the coloring of a map is only a particular case of 


the annotation of elements treated of in this chapter and in the preceding ones, 
particular in that the connection of the elements is no longer arbitrary but 
subject to restrictions dependent on the configuration of maps, to which, however, 
such of the results so far obtained as are free from any hypothesis respecting the 
connection of the elements will be applicable. 

The theorem of this chapter for instance, admits of an immediate adaptation. 

A map has external districts which are the border districts, giving the map 
its contour. It has also generally internal districts surrounded by others, and 
completely shut in. To add a new district we can join two points arbitrarily 
taken on the contour by a line of any shape drawn outside the map and not 
meeting itself again. Such a line encloses a space which gives a new external 
district. The two points selected on the contour are the end points of the outline 
of the new district; they may or may not coincide with points which were 
common to the boundaries of two former districts, and, as a limiting case, may 
reduce to a single point. 
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The new external district will generally be adjacent to a certain number, 
say m, of the former border districts. In the nomenclature here adopted, it will 
have m variations and according as the end-points of its outline have been chosen 


it will completely cover up: 
m— 2 districts 


m—1 
m 


- 


Fig. 1. 


Fig. 2. 


/ 
! 


Fig. 3. 


It is clear from this graphic process that the variations of every new district 
are found only among the external districts. Jnternal districts can receive no 
further variations. 
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Hence, bearing in mind the definitions of Art. 24, the external and internal 
districts in a map are respectively what we have called the elements of the outer 
and of the inner group, which terms have here an obvious concrete meaning. 

Every map can obviously be drawn through super-addition of external dis- 
tricts. Hence from the remarks just made if we want the ideal elements hitherto 
dealt with, to become symbols for the districts of a map we must lay down the 
rule that whenever a polygeneous element (Ch. II, Art. 15) of the order m is 
added, m — 2 at least of its variation-elements pass on to the inner group (Ch. 
III, Art. 24). 

In Fig. 3 the requirements of the theorem are fulfilled as all the variation 
districts of the new district have passed on to the inner group. 

The inference to be drawn therefrom is the following: 

Suppose it has been ascertained that the minimum of colors necessary to 
paint a certain particular map is &. The map can a fortiori be painted with 
k+1colors. Then without augmenting the number & + 1 of colors we can add 
any number of districts drawn as in Fig. 3, using only two of the colors for them. 


/ 
\ ! S11) 
\ 
Fig. 4, 
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30.—EHzample 4. 


In the map represented Fig. 4, the districts a, a, a, a3, a4, as fulfil the 
requirements of the Theorem, Art. 28. Hence if the elements numbered 
1, 2.... 26, 27 can be annotated in three columns, it will be possible to annotate 
the whole map in four columns; i. e. to paint it with four colors. 

As regards the partial aggregate of elements, 1, 2,.... 20, 21, we certainly 
have k=8. For 1, 2, 3, form a cycle of variations. The next element, 4, has, 
when introduced, only two variations, viz. 2 and 8; the next one, 5, when intro- 
duced, only two, viz. 2 and 4, etc. In fact, all the elements, 4, 5,.... 20, 21 are 
duogeneous (Ch. II, Art. 15), and we obtain at once the unique scheme of three 
columns here given, in which we have repeated the elements, so that each line 
may show the successive cycles of variations. 


I II III I II Ill 
1 2 3 11 12 10 
3 13 12 #10 
4 5 13 14 10 
4 6 5 13 14 15 
7 6 5 16 14 15 
7 6 oF 16 14 17 
8 16 18 17 
16 18 19 

11 9 10 20 19f 
20 19 


The remaining elements 


22, 23, 24, 25, 26, 27 


are all trigeneous, and follow the type of Fig. 1. Element 22 has, when added, 
the variations 1, 3, 4, shutting in element 3, which drops into the inner group ; 
23 has the variations 11, 12, 13, element 12 passing on to the inner group, ete. 
But the three variations of every one of these remaining elements always occupy 
two columns only of the scheme so far written, which circumstance enables us 
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to enter them successively into the same scheme of three columns, as here done, 
each bracket showing the three variations of the elements as and when added: 


24 


18 
21 


18 
14 


We have then &£= 3 for the elements numbered 1, 2, .... 26, 27; hence, 
the whole map can be annotated in. four columns; in other words, be painted 
with four colors, two only being required for the a-districts. 


31. Below the detail of the operations (comp. Arts. 23, 24). 


Original Aggregate of Elements E =1, 2, .... 26, 27. 


We have here from the start an outer and an inner group, viz. 

Outer group: E'=1, 2, 4, 5, 6, 7, 8, 9, 10, 11, 14, 15, 16, 18, 19, 
21, 22, 23, 25, 26, 27. 

Inner group : = 38, 12, 13, 17, 20, 24. 

A first partition must now be made in order to introduce the first addi- 
tional element a; but as its variations can only be contained in the original 
outer group E’, we have here 

First partition: E' = A+B, 

A=4, 6, 8, 9, 10, 11, 14, 15, 16, 18, 19, 21, 22, 23, 25, 26, 27; 
B=1, 2, 5, 7 variation-elements of a. 


I II III. 
22 3 
11 12 28 
13 
13 24 23 
15 
| 23 
15 
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Writing a in the scheme of three columns, we have symbolically | 


a 
° A A A 
‘ B B B 
E' E" E' 


Observe that the elements of the set B” might be written in four columns. 
The above scheme is explicitly 


4 6 
11 9 8 
10 
A 16 14 15 |; outer group, A+a 
18 
25 21 19 
27 22 23 
26 |) 
B 7 
- inner group, B + EH” 
Rn 13 12 3 
20 24 17 | 


First sub-partition : 
A + a= A, a B,, 


A, = 8, 9, 10, 11, 14, 15, 16 18, 19, 21, 28, 25, 26, 27; 
B,= a, 4, 6, 22, variation-elements of «a,. 


Representative scheme : 
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B B B 

E' E' E' E' 
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Specimen: 


+ outer group, > ; 


} inner group, BL +B+ E". 


Second sub-partition : 
A, + «= A, + B,, 
A,=10, 11, 14, 15, 16, 18, 19, 21, 23, 25, 26, 27; 


B,= «a, 8, 9, variation-elements of a,. 


Representative scheme: 


/ 
Oy 
11 9 8 
16 14 10 
A, 2 18 165 
27 21 19 
23 
26 
4 6 . |} 
B, 
wy 1 2 5 
Br 13 12 3 | 
20 24 17 
Og 
A, A, A, A, 
B, B, B, 
Oy 
B, B, B, 
; a 
° B B B 
E' E' E' 
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Specimen: 
Qs 11 
16 
A, 25 
27 
4 
B, 
1 
a ° 7 
E! 
20 
Third sub-partition : 


24 


17 


> outer group, A, + ay; 


+ inner group, B, + B, + B+ E". 


A, + a,= A, + By, 
A; =, 10, 11, 15, 16, 19, 21, 23, 25; 


B,= 14, 18, 26, 27, variation-elements of a3. 


Representative scheme : 


ee 409 | 
14 10 
18 15 
21 19 
23 
26 
9 
8 
6 
22 
2 5 | 
12 3 
| 
A, <A, A, A; 
Qs 
e B, B, B, 
a 
B B B 
E' E' E' 
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Specimen: 


Ag 


+ outer group, A; + a3; 


| inner group, + B,+B,+ B+ 


Fourth sub-partition : 


A,+a;= A,+ B,, 
A,=da, 10, 11, 15, 23, 25; 


B,=a, 16, 19, 21, variation-elements of a,. 


Representative scheme : 


_ | Oe 11 21 10 
A; 16 15 
25 19 
23 
27 #14 26/f! 
Bs; ° 18 
9 
| | 
a 4 6 
22 ° 
1 2 5 
7 
| Br 13 12 3 
20 24 17 } 
A, A, A, A, 
Ag 
x & « 
BR 
a 
B B B 
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+ outer group, A, + a; 


+ inner group, B, + B;+ B,+B,+ B+ EB". 


Specimen: 
11 10 
A, 25 Qe 
15 
23 
16 21 
B, 
as 
27 14 
18 26 
9 
B, Oy 
4 6 a 
22 
1 2 
a 7 
13 12 3 
20 24 17] 
Fifth sub-partition : 


Representative scheme : 


A, + a= A; + B,, 


11, 28, 25, 15, 10, ag, a4, variation-elements of a; . 


B; 


& 
411 
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B HB; 
B, B, B, ° 
B, B, B, 
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a 
B B B 4 
E" E" E" 
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Specimen : 
| as |} outer group, a,; 
} 


inner group, B,+B,+B,+B,+B,+B+E". 


a e 
etc., identical with the 
precedent. 


J 


The outer group reducing to the single element, a,, the process of sub-par- 
titioning is closed, and the whole map stands annotated in four columns, the 


a-elements in two. 


32. If we add two new elements, ¢, €&, forming a cycle of variations with 
a,, the unique external element of our map (Fig. 6), we find ourselves pre- 


cisely in the same situation as in the original map, when we started with the 
cycle of variations given by the elements 1, 2, 3. We could designate the 
three elements, ¢,, ¢,a,, in their turn by the numbers 1, 2, 3, and on these 
elements build up the same map as before, or another, first by adding any quan- 
tity of duogeneous elements, thus leaving the minimum of columns k= 3 
unaltered; next adding, as we did before, polygeneous elements so chosen as to 
preserve the same minimum 3, and, finally, a new set of a-elements fulfilling the 
requirements of the theorem, i. e. symbolizing districts drawn as in Fig. 3. 


25 15 
23 
| 
| 
\ 
Ay 
Fig. 5. 
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In annotating this second map, the elements of the inner group in the first 
map may be entirely disregarded, and the new map annotated separately with- 
out reference to the first. When completed, the two final schemes representing 
the first and the second map, can be superposed, they having only one element 
in common, viz. a;; they then combine into one scheme descriptive of the aggre- 
gate of the two maps. 

We have supposed, for clearness, all the duogeneous elements to be added 
first, and next all the polygeneous elements which leave the minimum of columns 
unaltered, but the two operations can be alternated at will. 

If, instead of making A, = 0 in the fifth sub-partition, we had assigned two 
elements to that set, e. g. 


By, =a», 10, 16, 26, 


the outer group would have been a, 11 23 and the final scheme 


ai 11 93 } outer group, 
° 25 10 |} 
15 
RE. |f inner group. 
ete. 


The elements 11, 23 are connected by a variation, and both with a, by a 
permanence (Fig. 6), but as in the final scheme, these three elements occur in 


three different columns, we can consider them fictitiously as forming a cycle of 
variation, and build up a new map on them just as before. Whei? completed, 
the two final schemes will be superposable as the only three elements they have 
in common, viz. a,, 11, 23, can be written in both in the same three columns, 


in 


| 
| 
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Fig. 6. 
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A glance at the map (Fig. 6) shows that our fictitious hypothesis is tanta- 
mount to tracing the last a-district, viz. a, after the type of Fig. 1 instead of 
Fig. 3, for then the three contour-districts, a;, 11, 23, will actually form a cycle 
of variations. In this case, the last a-element does not fulfill the requirements 
of the theorem, yet no increase in the number of colors is necessary. 

Superconstructions of maps in the two cases just recorded can evidently be 
repeated indefinitely, but if the last a-element left more than two of the original 
elements on the border, the argument would fail, as on account of the sub-parti- 
tions in the second map one cannot assert a priori that the elements common to 
both maps can be made to occupy the same columns in both final schemes. 


33. The illustrations here given of the theorem of Art. 28, shows that a 
great variety of maps can be painted with four colors in consequence of Propo- 
sition I alone. That this proposition cannot of itself cover the whole ground is 
evident, and it is hardly necessary to observe that the example has not been 
introduced as leading to a solution of the geographical problem, but merely in 
order to illustrate how general results in the annotation of ideal elements can be 
applied to maps. 

The problem in the annotation of ideal elements to which the general geo- 
graphical problem corresponds, depends on Proposition II. 
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